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INTRODUCTION 

Structural  mechanics  is  a  science  which  studios  the  strength, 
the  rigidity  and  the  stability  of  engineering  structures  and  parts 
thereof.  The  strength  of  materials  dealing  with  the  strength, 

rigidity  and  stability  of  isolated  members;  the  theory  of  elastici¬ 
ty,  which  is  concerned  with  the  same  problems  but  gives  more 
strict  solutions;  the  theory  of  plasticity  which  investigates  the 
stresses  and  strains  of  plastic  and  elasto-plastic  materials,  and 
finally  the  theory  of  structures  which  studies  the  strength,  rigid¬ 
ity  and  stability  of  whole  structures — all  form  parts  of  this 
discipline. 

It  was  Leonardo  da  Vinci  (1452-1519),  the  great  Italian  scien¬ 
tist  and  artist,  who  was  the  first  to  formulate  a  number  of  valuable 
ideas  on  the  strength  of  materials.  These  ideas  never  became  widely 
known  and  remained  confined  to  his  manuscripts  on  mechanical 
research.  In  those  days,  large-scale  studies  of  problems  which  form 
the  subject  of  contemporary  structural  mechanics  were  utterly 
impossible.  Only  partial  solutions  of  isolated  problems  related  to 
the  strength  of  certain  structural  members  could  be  obtained. 
The  eminent  physicist,  mathematician  and  astronomer  Galileo 

Galilei  (1564-1642)  is  generally  considered  to  be  the  father  of  scien¬ 
tific  studies  in  the  strength  of  engineering  materials  and  structures, 
in  those  days  the  expansion  of  maritime  trade  called  for  large 
increases  in  the  tormage  of  cargo  vessels  and  for  improvements 
in  their  design.  Dealing  with  these  questions  Galilei  discovered 

that  the  ship’s  overall  strength  and  sea-worthiness  could  not  he 
satisfactorily  ensured  simply  increasing  the  dimensions  of  her 
members  in  direct  proportion  to  her  size.  He  also  proved  that  the 
dead  weight  to  ultimate  load  ratio  may  differ  for  geometrically 
similar  bodies. 

Galilei’s  studios  of  beams  subjected  to  bending  led  him  to  a  num¬ 
ber  of  valuable  conclusions  which  have  not  lost  interest  up  to  dale 
hut  he  was  unable  to  develop  a  true  flexural  theory,  as  he  proceeded 
from  a  false  conception  that  the  whole  cross  section  of  the  beam  is 
uniformly  extended.  Neither  had  Galilei  any  knowledge  of  the  rela¬ 
tion  existing  between  stresses  and  strains.  The  simplest  form  of 
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this  rotation  was  discovered  in  1078  by  Robert  Hooke  who  expressed 
it  as  “ul,  tensio  sic  vis"  (“the  extension  is  as  great  as  the  force”). The  lac l  that  compressive  stresses  as  well  as  the  tensile  ones  exist 
in  the  cross  section  of  a  beam  subjected  to  bending  was  discovered 
in  the  second  hali  of  the  18th  century  as  the  outcome  of  a  series  of 
tests  conducted  with  great  thoroughness.  At  that  time  the  rapid 
development,  of  trades  and  industries  was  constantly  calling  for 
new  scientific  achievements  among  which  was  the  correct  solution 
of  the  problem  of  bending  put  by  Galilei. 

Significant  advances  in  higher  mathematics  ancl  mechanics 
achieved  in  the  18th  century  contributed  greatly  to  the  develop¬ 
ment  of  studies  in  the  strength  of  materials  and  structures.  Works 
by  J.  Lagrange  and  L.  Euler  were  of  particular  importance  in  this 
respect . 

Vigorous  growth  of  industry  in  the  15.1th  century,  the  introduc¬ 
tion  of  the  steam  engine,  the  construction  of  railways,  bridges, 
dams,  canals,  large  steamships  and  great  buildings  accelerated 
the  studies  in  the  strength  of  engineering  materials  and  structures. 
The  evorgro wing  complexity  of  structural  forms  and  the  pressing 
demand  for  a  reduction  in  building  costs  resulted  in  the  develop¬ 
ment.  of  new  methods  of  strength  computation  and  in  the  formation 
of  a  new  engineering  science— structural  mechanics  (also  called 
the  theory  of  structures). 

Trusses,  arched  systems,  retaining  walls  and  rigid  frames  form 
the  main  classes  of  structures  dealt  with  by  modern  structural mechanics. 

In  their  simplest  form  many  of  these  structures  had  been  already 
used  by  the  ancients,  but  the  methods  of  their  computation  remained unknown. 

At  present,  trusses  and  triangulated  systems  are  widely  used 
in  bridge  and  roof  construction  (bridge  and  roof  trusses)  as  well 
as  in  travelling  cranes,  tower  cranes,  power-line  towers,  aerial 
supports  and  in  a  largo  number  of  other  structures. 

Arched  systems  made  their  appearance  in  ancient,  Rome,  where 
they  were  successfully  used  fur  the  construction  of  masonry  bridges 
and  aqueducts.  In  the  second  half  of  the  19th  century  these  systems 
became  used  in  steel-bridge  construction  and  in  the  20th  century 
reinforced  concrete  becomes  the  main  material  used  for  that  type 
of  structures.  At  present  arched  systems  are  widely  used  in  many 
kinds  of  large-span  construction  work. 

Retaining  wails  have  keen  used  to  prevent,  the  sliding  down  of 
sleep  slopes  in  various  branches  of  engineering  activities  since  times 
immemorial.  Rigid  frames  became  widespread  in  modern  times, 
reinforced  concrete  and  steel  frames  being  currently  used  for  the 
construction  of  single  and  multistoried  industrial  and  other  buildings. 
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As  a  result.,  methods  of  compulation  of  compli
cated  redundant 

structures  have  been  further  peri'eetioned  and  s
implified  to  such 

an  extent  that  today  they  are  used  in  everyday 
 design  practice. 

Important  advances  have  also  Leon  made  in  the  s
tudies  01  Ihui- 

walled  tubular  sections  which  are  frequently  utili
sed  in  aircraft 

construction  as  well  as  in  other  branches  or  engine
ering.  Various 

problems  related  to  the  stability  of  structures  have  b
een  successfully 

solved.  Of  laic  the  dynamics  of  engineering  structu
res  have  been 

acquiring  an  ever  increasing  importance.  It  form
s  now  a  separate 

branch  of  the  structural  mechanics,  same  as  the  th
eory  ot  naval 

and  aeronautical  architecture. 

Among  the  Soviet  scientists  and  research  worke
rs  the  following 

have  made  the  greatest. contributions  to  the  develo
pment  of  structur¬ 

al  mechanics:  A.  Krylov,  B.  Galerkin,  A.  Gvozdev
,  B  Zhemochkin, 

1.  Rabinovich,  N.  Slretelsky,  I.  Prokofyev,  N.  Bcz
ukhov  ft.  Belya¬ 

ev,  V.  Bolotin,  K.  Zavriev,  A.  Smirnov,  S.  Ponom
arev,  V.  Vlasov 

M.  Filonenko-Borodich,  P.  Papkovicli  and  ft.  Smtko.
 





1. KINEMATIC  ANALYSIS 

OF  STRUCTURES 

1.1.  SUPPORTS 

Structural  mechanics  deals  with  unyielding  systems  or  structures, 
in  other  words,  with  such  structural  systems  no  point  of  which 

can  bo  displaced  without  a  deformation  of  their  elements.  The  ini  mu¬ 
tability  of  such  systems  (their  geometrical  stability)  with  relation 

to  the  ground  *  is  ensured  by  means  of  supports.  Reactions  arising 
at  these  supports  together  with  the  applied  loads  form  a  balanced 
system  of  outer  or  external  forces  which  maintain  the  structure  in 

equilibrium. 
Let  us  first  examine  the  different  types  of  supports  which  may 

be  encountered  in  plane  structures. 
The  first  type  as  represented  in  Fig.  1.1  consists  of  two  rockers 

(the  upper  and  the  lower  one)  with  a  pin  in  between  permitting 
the  rotation  of  the  upper  rocker  with  respect  to  the  lower  one. 
At  the  same  time  both  rockers  can  move  together  on  rollers  along 

the  bearing  plate. 
Thus,  the  system  has  two  degrees  of  freedom,  the  friction  developed 

in  the  hearing  being  usually  neglected.  The  reaction  of  this  type 

of  support  passes  through  the  centre  of  the  pin  and  is  perpendicular 
to  the  bearing  plate  surface,  i.e.,  to  the  surface  along  which  the 
rollers  may  travel.  Thus,  only  one  parameter  of  the  reaction,  i.e., 
its  magnitude,  has  to  be  known  in  order  to  determine  this  reaction 
completely. 

Supports  of  this  type  are  known  as  free  end  or  movable  roller 
supports.  Schematically  they  are  represented  by  one  bar  with  hinged 

ends**  (Fig.  2.1). 
The  bar  is  conventionally  considered  to  be  of  infinite  length; 

its  upper  extremity  may  move  only  along  a  straight  line,  normal 

♦ 

*  The  word  ground  will  hereafter  refer  to  any  rigid  invariable  body. 

**  In  some  cases  movable  supports  actually  consist  of  a  vertical' element 
with  hinges  at  both  extremities,  in  whictl  case  they  are  referred  to  as  pendulum 

supports. 
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to  its  axis,  a  straight  line  being  a  circumference  of  infinite  radius. 

The  bar  is  also  regarded  as  infinitely  rigid  so  that  its  strains  can 

be  completely  disregarded.  These  two  conventions  fit  very  closely 
into  the  actual  working  conditions  of  supports  of  the  type  just 
described. 

The  second  type  of  supports  differs  from  the  first  one  by  the  fact 
that  the  lower  rocker  is  fixed  and  cannot  move  (Fig.  3.1).  This  type 

of  bearing  possesses  only  one  degree  of  freedom.  It  is  usually  termed 

hinged  immovable  or  fixed  end  support. 
The  reaction  will  still  pass  through  the  centre  of  the  pin,  but 

its  direction  may  be  arbitrary,  and  accordingly  to  determine  it 

completely  two  parameters  have  to  be  found— its  magnitude  and 

direction  (or,  which  "is  the  same,  the  magnitude  of  two  of  its  compo¬ 
nents,  say,  the  vertical  and  the  horizontal  one). 

Schematically  the  second  type  of  support  may  be  represented 

by  two  bars  with  hinges  at  their  ends,  the  top  hinge  being  common 

to  both  bars  (Fig.  4.1).  That  fixes  the  point  of  application  of  the 
reaction  which  coincides  with  the  top  hinge,  but  in  this  case  the 
direction  of  this  force  remains  unknown. 

The  directions  of  the  bars  themselves  may  be  chosen  at  will  as 

any  force  may  be  resolved  into  two  components  of  any  direction. 

The  third  type  of  support  is  the  built-in  end  (Fig.  5.1)  whose 

degree  of  freedom  is  nil.  The  determination  of  the  reactions  devel¬ 

oped  by  this  support  requires  the  knowledge  of  three  parameters — 
the  direction  and  magnitude  of  a  force  passing  through  any  point 

chosen  at  will  and  the  magnitude  of  the  moment  about  tho  same 

point.  Actually  this  forms  a  combination  of  the  reaction  of  a  hinged 

immovable  support  with  the  reactive  moment. 

This  type  of  support  may  be  represented  by  three  bars  as  in 

Fig.  6.1.  To  attain  perfect  rigidity  of  the  support  the  distance 

must  be  regarded  as  extremoly  small  or  tho  built-in  end  of  the  beam 
as  absolutely  rigid. 

It  is  worth  noting  that  the  number  of  bars  in  these  schematic  repre¬ 

sentations  of  supports  is  always  equal  to  the  number  of  parameters 

determining  completely  the  reaction  at  this  support. 

2.1.  GEOMETRICAL  STABILITY  OF  FRAMED  STRUCTURES 

Framed  or  through  structures  consist  of  a  series  of  separate,  usually 

straight,  members  connected  together  by  welded,  riveted,  bolted 

or  other  types  of  joints.  One  of  the  simplest  two-dimensional  forms 
of  framed  structures  is  tho  plane  truss. 

In  most  cases  the  joints  of  framed  structures  are  not  hinged  and 

possess  a  certain  degree  of  rigidity.  The  exact  computation  of  trusses 

with  rigid  joints  is  extremely  complicated  as  the  system  becomes 

2—863 
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many  times  statically  indeterminate.  On  the  other  hand,  when  rigid 
joints  are  conventionally  replaced  by  hinged  ones,  the  analysis 
becomes  greatly  simplified  and  under  certain  conditions  equations 
provided  by  statics  alone  will  suffice. 

Tests  carried  out  as  well  as  the  results  of  theoretical  analysis 

indicate  that  in  general  the  conventional  introduction  of  hinges 
does  not  lead  to  any  substantial  errors  in  stress  computations  per¬ 
taining  to  through  structures  loaded  with  a  system  of  forces  acting 
at  the  joints.  Therefore,  for  design  purposes  ordinary  trusses  are 

always  regarded  as  being  hinge- join  ted. 
Let  us  now  examine  a  system  consisting  of  three  rigidly  con¬ 

nected  straight  bars  as  represented  in  Fig.  7.1a.  If  the  rigid  joints 
are  replaced  by  hinges,  the  system  will  continue  to  be  unyielding 
(Fig.  7.1b),  i.e.,  it  will  be  uncapable  of  undergoing  any  distortion 
without  the  deformation  of  at  least  one  of  the  bars. 

Should,  however,  the  quadrilateral  system,  shown  in  Fig.  8.1a, 
undergo  the  same  treatment,  we  shall  obtain  a  system  whose  shape 
can  be  altered  (Fig.  8.16)  without  any  deformation  of  its 
members. 

The  simplest  unyielding  system  consisting  of  a  number  of  separate 

pin-jointed  bars  is  a  triangle  with  hinges  at  all  the  three  vertices 
(Fig.  7.16). 

Let  us  establish  the  rules  governing  the  formation  of  geometri¬ 
cally  stable  systems  comprising  more  than  three  pin-jointed  bars. 

In  the  first  instance  let  us  examine  a  system  consisting  of  two 
bars  (Fig.  9.1)  placed  along  a  straight  line  and  connecting  joint 
C  with  two  fixed  points  A  and  B.  If  the  bars  AC  and  BC  were 

disconnected  at  point  C,  the  extremity  C  of  bar  AC  would  become 

free  to  move  along  the  circular  arc  m-m ,  while  the  extremity  C 

of  bar  BC— along  the  arc  n-n,  the  two  arcs  having  a  common  tangent 
at  point  C.  It  follows  that  if  the  extremity  C  of  one  of  the  two  bars 
moves  over  a  very  short  stretch  along  a  perpendicular  to  AB,  the 

other  bar  will  offer  no  resistance.  Thus,  the  system  is  geometrically 
unstable,  as  its  shape  can  be  altered  without  any  change  occurring 

in  the  length  of  its  members  or,  in  other  words,  without  any  defor¬ 
mation  of  the  bars. 

Hereunder  we  shall  refer  to  systems  consisting  of  two  bars  placed 

along  a  straight  line  (see  Fig.  9.1)  as  instantaneously  unstable, 
these  systems  becoming  rigid  as  soon  as  a  small  shift  of  point  C 
along  the  perpendicular  to  AB  has  been  completed. 

The  situation  would  change  entirely  if  the  two  bars  AC  and  BC 
were  not  in  alignment  (Fig.  10.1).  In  this  case  the  circumferences 

m-m  and  n-n  have  no  common  tangent,  and,  therefore,  even  the 
slightest  displacement  of  joint  C  is  impossible  without  a  correspond¬ 
ing  deformation  of  the  bars. 
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It  follows  that  each  additional  joint  forming  part  of  a  geomet¬ 
rically  stable  system  must  be  attached  thereto  by  means  of  two  sepa¬ 

rate  bars  the  axes  of  which  do  not  lie 
on  the  same  line. 

Consequently,  any  system  devel¬ 
oped  from  a  hinged  triangle  by  suc¬ 
cessive  addition  of  joints,  each  new 

joint  being  connected  to  two  existing 
ones  by  two  bars  not  in  alignment, 

will  be  geometrically  stable  (invar¬ 
iable).  Systems  so  formed  will  bo 

called  hereafter  simple  framed  struc¬ 
tures  in  order  to  distinguish  them 
from  the  complicated  ones,  usually 

derived  from  the  former  by  replace¬ 
ment  of  a  number  of  bars  or  by 

superposition. 
All  the  plane  trusses  represented 

in  Fig.  11.1  belong  to  the  simple 

frames,  each  having  been  obtained 
successively  by  adding  hinged  joints 

to  a  basic  pin-connected  triangle 
abc,  in  the  sequence  indicated.  Any 

triangular  combination  of  three 

pin-jointed  bars  may  serve  as  a  basis 

for  verifying  the  geometrical  stabil¬ 
ity  of  simple  framed  structures. 

Thus,  any  system  consisting  solely 
of  triangles  is  obviously  unyielding 

(geometrically  stable).  This  property 

may  be  checked  with  equal  success 
in  a  reverse  order,  viz.,  by  rejecting 

one  by  one  all  the  hinged  joints 
together  with  the  two  bars  abutting 
to  each  of  them.  If  in  the  outcome 

a  pin-jointed  triangle  is  obtained  the 

Fig.  11.1 
system  is  geometrically  stable. 

Let  us  now  establish  the  rela¬ 
tion  between  the  number  of  bars 

and  joints  forming  a  simple  truss.  As  stated  above,  such  a  truss 

consists  of  one  basic  pin-jointed  triangle,  to  which  a  number  of 

additional  joints  have  been  successively  attached,  each  by  means 

of  two  separate  bars  not  in  alignment.  Let  S  be  the  number  of  bars 

and  K  the  number  of  joints.  The  basic  triangle  consists  of  three  bars 

and  three  joints;  all  the  other  joints,  numbering  (K  —  3)  are 
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attached  by  means  of  two  bars  each.  Therefore,  the  total  number 
of  bars  in  a  simple  truss  will  be 

S  =  3  +  2(£-3)  =  2K-3  (1.1) 

If  the  number  of  bars  S  <.2 K  —  3,  the  truss  does  not  contain 
a  number  of  bars  sufficient  to  ensure  its  geometrical  stability  and 

(a)  ( b )  (c) 

Fig.  12.1 

the  system  will  ovidcntly  be  unstable.  An  example  of  such  a  system 

is  furnished  by  a  quadrangle  (Fig.  12.1a)  characterized  by  S  =  4 
and  K  =  4.  Consequently 

S  =  4<2A  — 3  =  2x4  — 3  =  5 

This  quadrangle  may  be  converted  into  an  unyielding  system 
by  adding  a  fifth  diagonal  bar,  as  shown  in  Fig.  12.1b.  Should 

we  introduce  a  second  diagonal  bar  which  would  give  a  total  of 

six  bars  as  against  four  joints  (Fig.  12.1c),  this  sixth  bar  would 

be  redundant  from  the  view-point  of  geometrical  stability.  This 
example  shows  that  we  may  encounter  geometrically  stable  systems 
for  which  S  >  2 K  —  3. 

It  should  be  noted  that  the  condition  S  ̂  2K  —  3,  though  neces¬ 

sary,  is  not  sufficient  to  ensure  the  geometrical  stability  of  a  hinge- 
connected  system.  Thus,  the  truss  represented  in  Fig.  13.1a  is 

unstable  although  the  number  of  its  bars  totals  exactly  2 K  —  3. 
The  truss  shown  in  Fig.  13.1b  has  an  even  greater  number  of  bars 

but  still  remains  unstable.  This  is  due  to  tho  fact  that  the  right- 
hand  panels  of  both  these  trusses  consist  of  hingejointed  rectangles. 
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'Furthermore,  in  certain  cases  framed  structures  for  which  tho  con¬ 
dition  S  —  2 K  —  3  is  fulfilled  may  be  instantaneously  unstable. 

Let  us  now  consider  the  problem  of  connecting  geometrically 
stable  systems  to  the  ground  by  means  of  supports. 

In  the  majority  of  cases  a  plane  structure  (which  may  he  regarded 
as  a  rigid  disk  or  plate)  will  rest  on  two  hinge  supports— one  movable 
and  the  other  fixed  (Pig.  14.1a).  This  type  of  connection  between 

Common 

structure  and  ground  is  geometrically  stable  (unyielding).  It  is  not 
essential  that  two  of  the  three  supporting  bars  should  have  a  common 
hinge;  indeed  they  may  have  none  (Fig.  14.16). 

However,  should  the  directions  of  all  the  supporting  bars  intersect 
at  one  and  the  same  point  (Fig.  15.1a),  this  point  will  constitute 
an  instantaneous  centre  of  rotation  about  which  the  whole  system 
will  he  able  to  accomplish  an  infinitely  small  rotary  movement. 
(Practically  such  a  displacement  may  become  quite  appreciable.) 

Once  this  movement  accomplished,  the  supporting  bars  will  no  long¬ 
er  concur  at  the  same  point  and  all  further  displacements  will 
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become  impossible  without  a  corresponding  deformation  of  these 
bars. 

A  system  connected  to  the  ground  in  the  way  just  described  will 
be  instantaneously  unstable  and,  therefore,  such  an  arrangement 

of  supports  cannot  be  tolerated.'1' 
On  the  contrary,  three  nonconcurring  and  non  parallel**  bars 

will  always  provide  a  geometrically  stable  support. 

Fig.  16.1  Fig.  17.1  Fig.  16.1 

All  the  above  applies  equally  to  the  connection  of  any  two  geo¬ 
metrically  stable  structures  (or  rigid  plates)  between  themselves 

thus  permitting  to  formulate  the  following  rule:  two  rigid  plates  will 
form  a  geometrically  stable  ( unyielding )  system,  if  they  are  connected 

together  by  means  of  three  bars  which  are  not  parallel  and  do  not  con¬ 
verge  at  a  common  point  of  intersection. 

If  a  hinge  is  placed  at  the  point  of  intersection  of  any  two  of  the 
three  bars  and  is  connected  to  the  plate,  the  system  will  remain 

unyielding  and  may  be  regarded  as  consisting  of  two  separate  plates 
connected  by  means  of  one  common  hinge  and  one  bar  (Fig.  1.1.1b). 
It.  follows  that  two  disks  may  be  rigidly  connected  together  using  one 

hinge  and  one  bar  provided  the  direction  of  this  bar  does  not  pass  through 
the  centre  of  this  hinge. 

Three  plates  may  be  connected  to  form  one  single  unyielding 

system  with  the  aid  of  three  hinges  placed  at  the  vertices  of  a  trian¬ 
gle,  each  of  these  hinges  connecting  one  pair  of  plates  (Fig.  16.1). 

Alternatively  the  same  result  will  be  obtained  by  placing  six  inde¬ 
pendent  bars  (Fig.  17.1),  as  each  hinge  may  be  replaced  by  two  bars 
intersecting}  at  the  centre  of  this  hinge. 

However, l  the  system  represented  in  Fig.  18.1  is  instantaneously 
unstable,  the  intersections  of  the  bars  connecting  each  pair  of  plates 

♦ 

•As  will  bo  shown  in  Art.  6. <5,  even  very  small  external  loads  may  stress 
the  instantaneously  unstable  systems  very  heavily. 

••Parallel  lines  having  a  point  of  intersection  in  the  infinity. 



Fig.  20.1 
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being  in  alignment.  This  system  is  similar  to  the  one  shown  in 
Fig.  9.1. 

Thus,  three  rigid  plates  connected  together  with  six  bars,  provided 

each  pair  of  plates  is  connected  by  two  bars  and  provided  also  the  inter¬ 
sections  of  these  two  bars  do  not  lie  along  one  straight  line,  will  always 
form  an  unyielding  combination. 

Fig.  19.1  shows  a  number  of  systems  constituted  as  just  described. 

A  plausible  arrangement  of  a  statically  determinate  multispan 
(cantilever)  beam  is  illustrated  in  Fig.  20.1  (such  systems  being 

Fig  21.1 

described  in  greater  detail  in  Art.  9.2).  Let  us  check  the  geometrical 
stability  of  this  beam.  For  this  purpose,  let  us  first  select  some 
unyielding  portion  of  the  structure  rigidly  connected  to  the  ground 
and  then  let  us  see  whether  all  the  other  geometrically  stable  parts 
of  the  structure  are  connected  to  the  former  by  means  of  a  sufficient 

number  of  bars.  It  should  be  kept  in  mind  that  the  ground  and  any 

portion  of  the  structure  connected  to  it  with  the  required  minimum 
of  three  bars  constitute  an  unyielding  combination  and  therefore 

it  is  quite  immaterial  on  which  of  the  two  the  connecting  bars  will 
take  support. 

In  the  system  under  consideration  bar  /  is  rigidly  connected 
to  the  ground  with  the  aid  of  three  bars  which  have  no  common 
point  of  intersection  and  which  are  not  parallel.  Bar  II  rests  on  two 
uprights  standing  directly  on  the  ground  and  is  attached  to  bar 
/  by  means  of  the  insert  ab.  Bar  III  is  connected  to  bar  II  in 
a  similar  way.  Finally,  the  hinge  e  and  an  upright  connect  the  last 
member  ef  to  bar  III  and  to  the  ground,  respectively.  Consequently 
the  system  as  a  whole  will  be  geometrically  stable. 

Another  illustration  is  afforded  by  the  structure  of  Fig.  21.1. 

The  lateral  parts  /  and  III  may  be  regarded  as  simple  stays  AD 
and  CF,  and  then  it  becomes  apparent  that  plate  II  is  connected 
to  the  ground  by  means  of  three  bars  (one  vertical  B  and  two  inclined 
ones  AD  and  CF)  all  of  which  intersect  at  one  and  the  same  point  E. 

This  system  is,  therefore,  instantaneously  unstable. 
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3.1.  STATICALLY  DETERMINATE  FRAMED  STRUCTURES 

As  has  been  stated,  an  unyielding  connection  of  a  structure  with 
the  ground  may  be  schematically  represented  by  three  nonconcurrent 
bars.  This  type  of  connection  is  statically  determinate  as  the  number 
of  reactive  forces  in  these  bars  is  equal  to  the  number  of  equations 

furnished  by  statics  for  coplanar  forces  in  equilibrium  (for  instance, 
2X  =  0,  2Y  =  0,  1M  =  0). 
Any  plane  structure  will  be  externally  statically  determinate  (i.e., 

statically  determinate  with  reference  to  the  supports)  if  the  number 

Fig.  22.1 

of  parameters  determining  the  reactions  at  these  supports  is  equal  to 
three.  The  supports  in  the  following  examples  fulfil  this  condition: 

(1)  A  combination  of  one  fixed  and  one  roller  support  for  two- 
dimensional  structures  supported  at  two  points  (Fig.  22.1a). 

(2)  A  combination  of  three  roller  supports  for  the  same  type 
of  structures  resting  on  three  fulcra,  provided  the  directions  of 
the  three  reactions  are  neither  concurrent  nor  parallel  (Fig.  22.16). 

If  a  geometrically  stable  system  rests  on  four  or  more  supporting 
bars,  three  of  which  have  no  common  point  of  intersection  and  are 

not  parallel,  the  structure  as  a  whole  is  statically  indeterminate 

or  redundant  (Fig.  23.1).  Equations  provided  by  statics  become 
insufficient  for  the  analysis  of  such  structures,  additional  equations 

based  on  the  study  of  deformations  or  strains  becoming  indispensable. 

Having  formulated  the  conditions  under  which  a  structure  is 

externally  statically  determinate,  let  us  now  examine  those  which 
render  a  framed  structure  internally  statically  determinate,  i.e., 
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such  where  the  forces  acting  in  all  of  its  bars  may  be  computed  using 
equations  of  equilibrium  alone. 

It  may  be  easily  shown  that  stresses  in  the  bars  of  a  hinged  truss 

subjected  to  concentrated  loads  acting  at  the  joints  will  bo  always 
normal  to  the  cross  sections  of  these  bars.  Indeed,  having  separated 
one  of  the  bars,  say,  bar  ab,  let  us  analyte  the  conditions  of  its 
equilibrium  (Fig.  24.1a,  6). 

If  no  external  load  is  applied  directly  to  this  bar,  its  equilibrium 

will  be  ensured  only  in  the  case  when  the  forces  N  acting  on  the 
bar  through  the  hinges  a  and  b  are  equal  in  amount  but  opposite 
in  direction.  These  forces  will  always  pass  through  the  centres  of 
the  hinges  since  in  our  analysis  these  are  assumed  to  be  frictionless. 

It  follows  that  forces  N  will  act  along  a  line  connecting  the  hinge 
centres  and,  therefore,  the  cross  sections  of  bar  ab  will  be  subjected 
either  to  direct  tension  or  to  direct  compression. 

Should  the  truss  contain  curved  bars,  these  will  be  subjected  to 
bending  moments  in  addition  to  the  normal  forces  just  mentioned, 
the  maximum  value  of  these  moments  equalling  Mmns  =  Xf 
(Fig.  25.1). 

When  the  truss  as  a  whole  is  in  equilibrium  under  the  action 

of  external  loads  and  reactions  (Fig.  26.1a),  each  of  its  joints  is 
also  in  equilibrium  (Fig.  26.16).  Accordingly,  the  external  load 

applied  to  any  joint  and  the  internal  forces  in  the  bars  converging 
at  this  joint  must  he  balanced. 

Statics  will  furnish  each  joint,  subjected  to  a  system  of  concurrent 
coplanar  forces  with  two  equilibrium  equations 

=  0  and  2Y=0 

If  the  truss  contains  K  joints,  we  may  form  2 K  equations  of 
equilibrium  which  must  provide  for  the  determination  of  all  the 

internal  forces  in  the  members  and  of  the  throe  unknown  param¬ 
eters  of  the  reactions.  Any  other  equilibrium  equations  which 
may  be  formed  for  the  truss  as  a  whole  or  for  any  part  thereof  can 

be  derived  from  the  above  and  consequently  will  contain  no  addi¬ 
tional  information. 

Hence  the  truss  will  be  statically  determinate,  if  the  number 

of  its  bars  S  is  equal  to  double  the  number  of  joints  K  less  3 

S  =  2K  —  3  (2.1) 

As  will  be  readily  observed,  this  is  the  same  relation  as  the  one 

giving  the  minimum  number  of  bars  of  a  geometrically  stable  system 
(expression  (1.1)]. 

Consequently,  any  simple  truss  obtained  by  the  successive  addition 

o)  joints  to  a  hinged  triangle ,  each  joint  being  connected  by  means 
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of  two  bars  not  in.  alignment,  is  both  geometrically  stable  and  statically 
determinate. 

If,  when  counting  the  number  of  bars  of  a  truss,  those  forming 
its  supports  were  also  taken  into  consideration,  expression  (2.1)  will 
become 

Stot  =  2K  (3.1) 

This  formula  becomes  particularly  useful  when  the  structure 

though  being  geometrically  unstable  (the  number  of  its  bars  totalling 

less  than  2 K  —  3)  is  connected  to  the  ground  in  such  a  way  that 
together  they  form  a  single  unyielding  and  statically  determinate 
system.  A  structure  of  that  type  is  represented  in  Fig.  27.1.  Here 

K  =  8  while  the  number  of  bars  (supporting  bars  are  omitted) 
totals  12.  Thus  the  structure  is  unstable  for 

5=12  while  3  =  13 

However,  S,ol  (including  the  supporting  bars)  is  equal  to  1G  which 
satisfies  equation  (3.1)  and  therefore  the  whole  system  may  he  (and 

in  this  case  actually  is)  both  geometrically  stable  and  statically 
determinate.* 

In  a  statically  determinate  system  all  the  bars  are  absolutely  indispen¬ 
sable  to  ensure  its  geometrical  stability,  in  other  words,  in  such  a  struc¬ 
ture  there  is  not  a  single  superfluous  ( redundant )  member. 
When  a  geometrically  stable  system  contains  more  bars  than  is 

strictly  necessary  it  becomes  statically  indeterminate  or  redundant. 
The  theory  of  structures  analyzes  only  geometrically  stable 

systems  both  statically  determinate  and  statically  indeterminate  or 
redundant. 

The  reader  is  invited  to  find  out  on  his  own  to  which  of  these  two 

categories  the  structures  represented  in  Fig.  28.1  belong. 

♦ 

♦The  analysis  of  suoli  systems  is  considered  in  detail  later  (see  Art.  6.4). 
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The  reader  having  already  studied  the  strength  of  materials  must 

be  familiar  with  methods  permitting  the  determination  of  stresses 

acting  over  the  cross  sections  of  statically  determinate  simply  sup¬ 
ported  beams,  as  well  as  with  the  construction  of  diagrams  showing 
the  distribution  of  these  stresses  along  a  beam  subjected  to  a  system 

of  fixed  loads.  The  same  methods  are  used  in  structural  mechanics. 

The  following  sign  convention  will  bo  adopted  hereunder:  The 

shearing  force  Q  (or  simply  the  shear)  will  be  considered  positive  when 

it  tends  to  uplift  the  left  extremity  of  the  right-hand  portion  of  a  beam 

with  reference  to  the  right  extremity  of  the  left-hand  portion.  The  bend¬ 

ing  moment  M  will  be  reckoned  positive  when  it  tends  to  rotate  the  left 

extremity  of  the  right-hand  portion  of  a  beam  clockwise  and  the  right 

extremity  of  the  left-hand  portion  counterclockwise. 
When  the  loads  are  not  at  right  angles  with  the  axis  of  a  beam, 

the  latter  will  also  be  subjected  to  forces  N  normal  to  its  cross 

sections.  These  will  be  regarded  as  positive  when  they  cause  tensile 

stresses  and  negative  when  these  stresses  are  compressive. 
Positive  directions  of  bending  moments,  shearing  and  normal 

forces  are  shown  in  Fig.  1.2.  It  will  be  seen  that  a  positive  bending 

moment  causes  compression  of  the  top  fibres  of  a  beam  and  an  exten¬ 

sion  of  the  lower  ones,  while  a  positive  shear  will  tend  to  rotate  eac  h 

portion  of  the  beam  clockwise  with  respect  to  its  other  end. 

When  plotting  the  diagrams  of  shearing  and  normal  forces  their 

positive  values  should  bo  scaled  off  above  the  x-axis  and  the  negative 
ones  below.  It  is  good  practice  to  indicate  prominently  on  the  stress 

diagrams  the  signs  of  the  corresponding  stresses.  As  for  bending 

moments,  their  positive  values  shall  be  scaled  off  below  the  x-axis 

and  the  negative  onos  above  it;  thus,  bending  moment  diagrams 

will  always  appear  on  the  side  of  the  extended  fibres  of  the  beam.* 

♦ 

*  jn  certain  treatises  on  the  strength  of  materials,  positive  bending  rnomen Is 

are  plotted  on  the  side  oi  compressed  fibres. 
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The  sign  of  the  shearing  force  can  be  also  ascertained  with  the  aid 

of  the  bending  moment  diagram,  using  the  following  rule:  The  shear 
is  positive  in  any  cross  section  where  the  superposition  of  the  axis  of  the 
element  with  the  tangent  to  the  bending  moment  diagram  requires 
a  clockwise  rotation  of  the  former,  provided  the  angle  of  rotation  does 

Fig.  1.2  Fig.  2.2 

Assume,  for  example,  that  it  is  required  to  find  the  sign  of  the 
shearing  force  at  cross  section  i  of  a  beam,  whose  bending  moment 

diagram  is  represented  in  Fig.  2.2.  In  this  case,  the  axis  of  the  beam 
should  be  rotated  clockwise  in  order  to  bring  it  in  coincidence  with 

the  tangent  to  the  bending  moment  diagram  (the  direction  of  rotation 
is  indicated  by  a  dotted  arrow),  hence,  the  shearing  force  is  positive. 

However,  in  cross  sections  close  to  the  right-hand  extremity  of  the 
beam  the  shear  will  be  negative,  for  the  superposition  of  the  axis 

with  the  tangent  would  require  counterclockwise  rotation  (see 
Fig.  2.2). 

The  shear  Q  in  any  cross  section  is  equal  in  amount  and  sign  to  the 

sum  of  projections  of  all  the  external  forces  acting  to  the  left  of  this  cross 
section  on  a  normal  to  the  beam  axis  passing  through  this  cross  section, 

or  to  the  sum  of  projections  of  all  the  external  forces  to  the  right  of  the 
cross  section  on  the  same  normal  but  taken  with  an  opposite  sign 

<?  =  2Y=-2y  (1.2) 
l  n 

the  projections  being  reckoned  positive  when  they  are  directed 

upwards. 

The  bending  moment  M  in  any  cross  section  is  equal  in  amount 

and  sign  to  the  sum  of  moments  about  the  z-axis  ( this  axis  passing 
through  the  centroid  of  the  cross  section  normally  to  the  plane  of  the 

beam)  of  all  the  external  forces  acting  to  the  left  of  the  cross  section 
or  to  the  sum.  of  moments  of  all  the  external  forces  acting  to  the  right 
of  this  section  but  taken  with  an  opposite  sign 

SAf** 

L  R 

♦ 

The  index  z  may  be  omitted. 

(2.2) 
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the  moments  being  reckoned  positive  when  they  tend  lo  rotate 
the  cross  section  clockwise. 

The  normal  force  N  is  equal  in  amount  and  sign  to  the  sum  of  pro¬ 
jections  of  all  the.  external  forces  to  the  left  of  the  cross  section  under 
consideration  on  the  beam  axis,  or  to  the  sum  of  projections  (on  the 
same  axis)  of  all  the  external  forces  to  the  right  of  this  section  but  taken 
with  an  opposite  sign 

.V  =  IX  —  IX  (5.2) 
L  B 

these  projections  being  reckoned  positive  when  they  are  directed 
from  right  to  left. 

There  is  a  set  of  relations  between  the  M  and  Q  diagrams  and  the 

loading  of  the  beam,  these  relations  facilitating  the  plotting  of 
these  curves  and  permitting  their  verilicalion.  These  relations  arc 

of  great  importance  for  they  apply  not  only  to  beams  but  equally 
to  bonis  and  frames  of  various  types. 
The  basic  relation  can  be  represented  as  follows 

(4.2) 

in  other  words,  tiie  shear  is  equal  to  the  first  derivative  of  the  bend¬ 

ing  moment  in  terms  of  dx  (theorem  of  Zhuravsky),  the  sign  conven¬ 
tion  as  set  out  above  remains  in  force  for  M  and  Q,  while  the  positive 

direction  of  the  .r-axis  is  from  left  to  right. 
Moreover,  there  is  equally  the  relation 

<1 d0_ 

■rc 

(5.2) 

which  means  that  the  intensity  of  the  distributed  load  applied  nor¬ 
mally  to  tho  beam  axis  is  equal  to  the  first  derivative  of  the  shear, 
the  distributed  load  being  reckoned  positive  when  it  is  directed 

upwards. 

The  following  cun  lie  easily  deducted  from  these  two  relations*. 
1.  Negative  shears  correspond  to  decreasing  bending  moment 

values*  indicated  by  an  increase  of  the  bonding  moment  diagram 
ordinates  from  left  to  right.  Similarly  decreasing  bending  moment 

diagram  ordinates  will  signify  that  the  corresponding  shears  are 

positive. 

♦ 

♦It  is  deemed  unnecessary  to  dwell  in  detail  on  the  corresponding  demonstra¬ 
tions. 

;i— 8SS 
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2.  The  steeper  the  slope  of  the  tangent  to  the  bending  moment 
diagram,  the  greater  in  absolute  value  is  the  shear,  for  the  latter 

is  numerically  equal  to  the  natural  tangent,  of  the  angle  formed 
by  the  tangent  to  the  diagram  and  the  beam  axis. 

3.  The  bending  moment  will  pass  through  a  maximum  or  a  mini¬ 
mum  at  those  cross  sections  whore  the  shear  is  nil. 

4.  The  bending  moment  diagram  between  two  concentrated 
loads  (no  distributed  loads  intervening)  forms  a  straight  line, 

generally  inclined,  while  that  of  the  shear  reduces  to  a  hori¬ 
zontal. 

5.  A  conic  parabola  for  bending  moment  diagram  will  correspond 
to  a  uniformly  distributed  load,  the  shear  diagram  becoming  in 
that  case  an  inclined  straight  line. 

fl.  The  convexity  of  the  bending  moment  diagram  is  always  turned 
in  the  direction  of  the  distributed  loads. 

7.  Concentrated  loads  cause  breaks  in  the  direction  of  the  bonding 

moment  diagram  and  jumps  in  the  shear  diagram.  The  rises  and  falls 
in  the  latter  case  are  equal  in  amount  and  direction  to  the  magnitude 
of  the  concentrated  loads  as  met  when  moving  from  left  to  right 

along  the  beam. 
8.  The  change  in  the  magnitude  of  the  bending  moment  occurring 

over  a  certain  portion  of  the  beam  length  is  equal  to  the  area  of 
the  shear  diagram  over  the  same  hcam  length  provided  no  external 
momonts  are  applied  thereto. 

9.  The  change  in  the  magnitude  of  the  shear  occurring  over  a  cer¬ 
tain  portion  of  the  beam  length  is  equal  to  the  area  of  the  distributed 
load  diagram  over  the  same  beam  length. 

In  the  present  chapter  we  shall  study  the  methods  of  stress  compu¬ 
tation  in  cross  sections  of  simply  supported  beams  carrying  moving 
loads  and  in  those  of  multispan  cantilever  beams  subjected  hoth 
to  fixed  and  moving  loads.  Moving  loads  are  frequently  encountered 
in  the  computation  of  bridges,  overhead  cranes  and  other  engineering 
structures.  An  example  of  a  moving  load  is  furnished  by  a  train 

travelling  along  a  railway  bridge,  or  an  overhead  crane  moving 
along  crane  tracks,  etc. 

Stresses  and  strains  in  the  different  elements  of  a  structure  depend 

on  the  position  of  the  moving  load.  Tn  order  to  determine  the  maxi¬ 
mum  design  stresses,  it  is  always  necessary  to  know  the  most  unfa¬ 
vourable  position  of  the  load  or  loads  for  the  element  concerned. 
Thus,  when  designing  the  cross  section  of  any  truss  member,  the 

moving  load  must  be  so  placed  as  to  cause  the  greatest  possible  stress 
in  this  particular  member.  This  loading  position  is  usually  referred 

to  as  the  most  unfavourable  or  dangerous.  A  distinct  most  unfavoura¬ 
ble  load  position  can  be  always  found  for  each  truss  member,  every 
cross  section  of  a  beam,  etc. 
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It  should  be  noted  that  tills  remains  true  not  only  for  stresses 

but  also  for  reactions  at  the  supports,  for  deflections  and  so  forth. 
The  design  of  structures  subjected  to  moving  loads  is  greatly 

facilitated  by  the  possibility  of  applying  the  principle  of  superposi¬ 
tion.  This  means  that  the  internal  forces,  fibre  stresses  and  strains 

p--\ 

3, 
FU.  1.2 

caused  in  a  structure  by  different  loads  will  add  to  one  another. 
It  follows  that  if  some  particular  load  increases  a  certain  number 
of  times,  the  stresses  and  strains  set  up  by  this  load  will  increase 
in  the  same  ratio. 

It  also  follows  that  if  two  different  groups  of  loads  are  applied 
to  n  structure,  the  total  stress  in  each  member  will  be  equal  to  the 

sum  of  stresses  caused  separately  by  each  of  the  two  groups.* 
We  shall  start  with  our  analysis  of  the  effect  of  moving  loads 

with  the  simplest  case  possible— that  of  a  single  vertical  unit  load 

P  moving  along  a  simply  supported  beam  (Fig.  3.2).  Let  us  investi¬ 
gate  the  changes  sustained  by  each  of  the  parameters  under  consid¬ 
eration  (reaction  at  the  support,  internal  force  in  a  truss  member, 

bending  moment  in  a  particular  cross  section  of  a  beam,  the  beam’s 
deflection  at  a  certain  point,  etc.)  when  the  load  P  =  1  travels 
along  the  structure.  We  shall  represent  graphically  the  alterations 
of  the  parameter  chosen  in  terms  of  the  load  position. 

The  diagram  which  depicts  the  fluctuation  of  some  particular  param¬ 
eter  (say,  the  bending  moment  in  a  cross  section  of  a  beam)  when 
the  load  P  =  1  travels  along  the  structure  is  termed  the  influence  line 

for  the  said  parameter.** Influence  lines  should  never  be  confounded  with  the  stress 

diagrams.  In  fact,  the  ordinates  to  the  latter  represent,  the  varia¬ 
tion  of  the  parameter  under  consideration  (say,  of  the  bending 

♦ 

*  The  principle  of  superposition  applies  not  only  to  the  case  of  concentrated 
loads  hut  equally  to  distributed  loads,  bending  moments,  temperature  stresses, 
etc.  It  does  not  apply  in  the  case  of  buckling  with  bending,  in  all  cases  when 

the  material  dees  not  follow  Hooke's  law  and  in  some  other  cases. 
**  Influence  lines  representing  the  variations  of  either  stresses  or  strains  can 

also  be  plotted  for  unit  bending  moments,  external  forces  normal  to  the  cross 
section  and  other  types  of  loads  moving  along  the  structure. 

a* 
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moment)  in  all  cross  sections  of  the  beam  for  one  definite  position 
of  the  load,  whereas  those  of  tho  influence  line  indicate  the  variation 

of  a  parameter  (say,  of  the  same  bending  moment)  in  one  particular 
cross  section  when  the  load  unity  travels  along  the  whole  length  of 
the  beam. 

2.2.  II 15 ACTION  INFLUENCE  LINES  FOR  SIMPLY  SUPPORTED 
REAMS  WITH  OK  WITHOUT  OVERHANG 

Let  iis  assume  that  a  unit  load  P  =  1  moves  along  a  simply 

supported  beam  AB  (Fig.  4.2a)  and  let  us  designate  by  x  the  dis¬ 
tance  from  the  load  to  the  right-hand  support.  This  distance  will 

vary  from  zero,  when  the  load  is  directly  over  this  support,  to  l 

when  it  is  over  the  left-hand  one.  In  order  to  determine  the  reaction 
A  in  terms  of  ar,  we  can  write  the  equation  of  equilibrium  of  moments 

of  all  the  external  forces  about  the  right-hand  support. 

whence 
ZM„  =  Al—  /\r  =  <> 

However,  since  P=i, then 

A  -•= 
lx 

T 
X 

T 

This  equation  gives  us  the  law  governing  the  variation  of  the  reaction 

A  as  the  load  P  =  1  shifts  from  one  point  to  another. 
Plotting  out  the  relation  just  established  we  obtain  the  influence 

line  for  (lie  reaction  A  at  the  left-hand  support.  Since  this  equation 
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37 is  of  the  first:  degree  in  terms  of  .r,  the  influence  line  will  be  recti¬ 
linear  (Fig.  4.2 b)  and 

for  .r  =  (J  .4  -  0 

for  x  —  l  ,1=1=1 

The  ordinates  to  the  influence  line  for  the  reaction  arc*  dimen¬ 
sionless,  for  both  a;  and  l  are  expressed  in  units  of  length. 

Some  scale  must  be  selected  in  order  to  plot  the  influence  line, 
if,  for  instance,  we  adopt  a  scale  of  1  in  1  cm,  we  shall  lay  off  I  cm 

over  the  left-hand  support  where  ,4  =1.  The  ordinate  to  the  influ¬ 
ence  line  for  the  reaction  at  A  measured  a  distance  x  from  the  right- 

hand  support  will  equal  -j .  This  ordinate  will  be  numerically  equal 
1o  the  reaction  A  when  the  distance  to  the  load  P  =  \  as  measured 

from  the  right-hand  support  equals  x.  In  other  words,  the  ordinate 
to  the  influence  line  for  the  reaction  A  at  a.  given  cross  section  represents 
to  scale  the  value  of  the  said  reaction  at  the  instant  when  the  unit  load 

P  is  placed  direclly  over  this  cross  section.  Accordingly,  the  magnitude 
of.  the  reaction  A  corresponding  to  a  given  position  of  the  load  P  =  1 
can  be  obtained  by  simply  scaling  off  the  ordinate  to  the  influence 

line  at  the  point  of  load  application. 
When  the  load  actually  applied  to  the  beam  amounts  to  Pi.  the 

reaction  A  will  he  obtained  by  multiplying  the  ordinate  to  the  influ¬ 
ence  line  at  the  point  of  loading  (this  ordinate,  as  already  mentioned, 
representing  the  reaction  ,1  corresponding  to  a  unit  load)  by  the 
magnitude  of  force  Py.  Should  a  number  of  concentrated  vertical 
loads  act  on  the  beam  simultaneously,  the  total  reaction  A  will 

be  found  as  the  sum  of  separate  reactions  due  to  each  of  those  dif¬ 
ferent  forces. 

Lot  us  now  proceed  with  the  construction  of  the  influence  line 
for  reaction  B.  For  this  purpose  we  may  equate  to  zero  the  sum  of 
all  the  moments  of  external  forces  about  the  hinge  centre  at  /l: 

2Ma=  —  Bl  -\-P(l—x)  =  0 
leading  to 

n  PH-*)  _  1(1—  *)  l  —  x 
U-  ,  t  -  j 

This  equation  represents  Ihe  variation  of  reaction  B  in  terms 
of  the  position  of  load  unity  P.  In  order  to  trace  the  influence 
lino,  let  us  put 

then  B— j-=  1 
x  —  0 
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and 

x  =  l  then  B—~ —  =  0 

Fig.  4.2 c  represents  the  influence  line  for  the  reaction  B.  The 
ordinates  to  this  line  are  again  dimensionless  and  the  scale  should 
be  Ihe  same  as  for  reaction  A.  These  ordinates  represent  the  amount 
of  reaction  B  when  a  unit  load  is  applied  at  the  cross  section  corre¬ 
sponding  to  the  given  ordinate.  Hence  we  can  determine  this  reaction 

for  a  load  unity  by  simply  measuring  tho  ordinates  to  the  influence 
line. 

The  significance  of  influence  linos  represented  in  Fig.  4.2 b  and 

c  is  greatly  enhanced  by  the  fact  that  they  permit  immediate  deter¬ 
mination  of  the  load  position  causing  tho  greatest  reactions.  Thus, 
it  is  readily  seen  that  the  reaction  A  will  reach  its  maximum  when 

load  P |  will  stand  directly  over  the  left-hand  support.  The  same  is 
true  for  reaction  B  when  the  load  P\  is  applied  to  the  right-hand 
support,  i.e.,  when  it  coincides  with  tile  maximum  ordinate  to  the 
influence  line. 

it  should  l>e  kept  in  mind,  however,  that  each  influence  line  will 

depict  solely  the  varia  tions  of  the  parameter  lor  which  U  has  been  plotted. 

Thus  the  influence  lines  for  reactions  A  and  B  will  convey  informa¬ 
tion  on  these  reactions  respectively. 

Let  us  consider  now  the  influence  lines  for  the  reactions  of  a  beam 

cantilevering  over  one  of  its  supports  as  shown  in  Fig.  5.2 a.  The 
influence  line  for  reaction  A  will  be  derived  from  equation 

'LMu=Al—Px-^  0 
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39 
whence  (with  P  —  1) 

4  —  — 

This  equation  is  identical  wilh  that  obtained  before  for  a  simply 

supported  beam,  with  the  sole  difference  that  in  the  latter  equation 

can  vary  from  0  to  l  while  in  the  present  case  it  can  do  so  from 

to  (l  +  k)  where  k  is  the  length  of  the  overhang.  The  ordinates 
to  the  influence  line  at  pertinent  points  arc 

for  x  =  0  A  =  0 

Uit  x  =  l  A  =  y  =  1 

lorx  —  l  —  k  A  —  —j~-  —  1  +  -y- 

We  can  now  proceed  with  the  construction  of  the  influence 

line  for  reaction  A  by  simply  laying  off  the  ordinates  obtained 

(Fig.  5.2 b).  It  should  be  noted  that  there  is  no  real  necessity  to 
•determine  all  Lhc  three  ordinates,  as  the  influence  lino  is  rectilinear 

and  in  this  case  the  knowledge  of  only  two  ordinate  values  (say, 
at  x  =  0  and  at  x  —  l )  is  sufficient. 

A  comparison  of  an  influence  lino  for  a  beam  with  overhang  with 
the  influence  line  represented  in  Fig.  4.26  shows  that  the  first  one 
can  he  easily  obtained  by  a  simple  extension  of  the  latter  until  its 

intersection  with  the  vertical  passing  through  the  eud  of  the  over¬ 
hang. 

The  following  equation  will  be  used  for  the  construction  of  the 
influence  line  for  reaction  D 

2AfA  =  —  BUrP(l-x)-=0 
whence 

„  P(l-x)  1  (i-x)  l-x 
B-  j  -  i  —  i 

Comparing  this  equation  with  the  one  relating  to  a  simply  supported 
beam  we  find  that  they  are  exactly  the  same,  the  only  difference 
residing  in  the  limits  between  which  x  may  vary. 

Let  us  now  determine  the  ordinate  values  of  this  influence  line 

for  a;  —  0 

for  x  —  i  B  =  —~j—-  =  0 

B  _l-(l+k)_  k 
for  x  =  l  +  k 
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Plotting  these  ordinates  as  in  Pig.  r>.2 c  we  obtain  the  influence 
line  for  reaction  B.  As  in  the  case  of  reaction  A ,  the  compulation 
of  I  ho  ordinate  for  x  —  l  -f  k  proves  superfluous. 

The  influence  line  for  the  reaction  B  of  a  beam  with  overhang  can 
also  be  derivod  from  the  one  pertaining  to  a  simple  beam  by  extend¬ 
ing  the  line  until  its  intersection  with  the  vertical  drawn  through 
the  extremity  of  the  overhang. 

The  fact  that  some  of  the  ordinates  to  the,  influence,  tines  are  this 

lime  negative  indicates  that  when  the  load  point  coincides  with 
these  negative  ordinates,  the  reaction  B  itself  is  also  negative  or, 
in  other  words,  directed  downwards. 

The  same  procedure  as  described  above  should  bo  followed  for 
the  construction  of  influence  lines  for  the  reactions  of  a  beam  canti- 

levering  over  its  right-hand  support. 
Fig.  0.2  represents  the  influence  lines  for  the  reactions  of  a  bean) 

with  two  overhangs.  The  reader  is  invited  to  write  the  corresponding 
equations  on  his  own. 

3.2.  RENDING  moment  and  shear  influence  lines  for 

SIMPLY  SUPPORTED  REAMS  WITH  OR  WITHOUT 
OVERHANG 

Let  us  now  analyze  the  construction  of  influence  lines  for  bending 
moments  and  shearing  forces  induced  by  a  moving  load  in  a  simply 
supported  beam.  We  shall  begin  our  investigation  by  examining 
the  influence  line  for  the  bending  moment  in  cross  section  /  located 

a  distance  a  from  the  left-hand  support  and  a  distance  b  from  the 

right-hand  one  (Pig.  7.2a).  The  bending  moment  in  this  section 
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is  equal  to  the  algebraic  sum  of  moments  o£  the  outer  forces  
to  the 

left  of  this  section  about  its  centroid  or  to  the  sum  of  moments  o
f 

forces  to  its  right  but  taken 

with  on  opposite  sign  {see  expres¬ 
sion  (2.2)]. 

As  long  as  the  load  is  situated 
to  the  right  of  sec  tion ./  (Fig.  7.2n), 
i.e.,  as  long  as  x  ̂   b,  the  only 
external  force  to  the  left  is  the 

reaction  A  and  therefore  the 

bending  moment  Mi  in  section  ./ 

is  equal  to  Aa. 
Accordingly  the  influence  line 

for  this  bending  moment  may 
he  derived  from  the  influence 

line  for  reaction  A  by  multi¬ 
plying  its  ordinates  by  ft. 

Substituting  for  A  its  value 
found  in  Art.  2.2  we  obtain 

The  graphical  representation  of 

this  equation  requires  the  knowl¬ 
edge  of  two  distinct  values  of  Mt 

fora;—  0  0 

for  x  b ,,  ab 

Mt  =  - j- (f) 

i. Influence  line  for 

H 
\  Influence  Line  for j 

w 

Using  these  values  we  can 

now  trace  the  right-hand  portion 
of  Lho  influence  line  for  M , 

(Fig.  7.2 c).  Its  ordinates  will 

furnish  the  values  of  the  bend¬ 

ing  moment  in  section  /  when 
the  unit  load  is  situated  to  the 

right  of  this  section,  i.e.,  when 

x  4  b. 
When  the  load  passes  to  the 

left  of  section/,  i.e.,  when  x  >  b  (Fig.  7.2  b)  it  becomes  more- 

convenient  to  use  the  equations  pertaining  to  the  right-hand  por¬ 
tion  of  Lho  beam. 

In  that  case  the  bending  moment  M ,  =  —  Bb  for,  although 

the  moment  of  reaction  D  about  the  centroid  of  section  I  acts  coun¬ 

terclockwise  and  is  therefore  negaLive,  the  bending  moment  caused 

by  it  in  the  beam  remains  positive  [see  expression  (2.2)1. 

Fig.  7.2 
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Substituting  the  value  of  B  (see  Art.  (2.2)1  we  obtain 

M,  =  ̂ ~~b 

For  a  graphical  representation  of  this  expression,  wo  shall  onco 
•again  find  two  values  of  Mt 

for  x^b  = 

for  x=  l  M,  =  —lb  =  0 

These  data  permit  the  construction  of  the  left-hand  portion  of 
the  influence  line  for  Mt  (Fig.  7.2 d).  Its  ordinates  will  furnish 
the  bending  moment  values  for  section  I  when  load  unity  P  is  to 
the  left  of  the  section,  i.e.,  when  x  varies  from  b  to  l  * 

If  the  left-  and  the  right-hand  portions  of  the  influence  line 
(Fig.  7.2 c  and  d)  are  now  brought  together  (Fig.  7.2<?)  they  will 
intersect  under  cross  section  I.  Should  these  lines  he  extended  until 
they  meet  with  the  verticals  passing  through  the  supports  they  would 
intercept  thereon  the  following  ordinates:  over  the  left-hand  one 
an  ordinate  equal  to  a ,  and  over  the  right-hand  one  an  ordinate  equal 
to  b  (Fig.  7.2e).  This  can  be  easily  proved  by  substituting  0  and 
l  for  x  in  the  expressions  of  the  right-  and  left-hand  portions  of  the 
influence  line  respectively.  Therefore,  in  practice  the  Mt  influence 
lino  is  frequently  constructed  in  the  following  way:  ordinate  a  is 
plotted  over  the  left-hand  support  and  ordinate  b  over  the  right-hand 
one.  a  and  b  being  respectively  the  distances  from  section  I  to  these 

two  supports.  1'his  being  done  two  straight  lines  connecting  each  of these  ordinates  with  the  zero  ordinate  point  at  the  base  of  the  other  are 
traced ,  the  two  lines  intersecting  exactly  under  cross  section  I. 

The  above  procedure  may  he  simplified  as  follows:  first  draw  the 
line  corresponding  to  any  of  the  two  portions  of  the  influence  line  (say, 

to  the  right-hand  one) ,  and  then  connect  its  point  of  intersection  with 
the  vertical  passing  through  the  section  concerned  with  the  zero  point 
at  the  other  support  (in  our  case  at  the  left-hand  one). 

I’he  ordinates  to  the  bending  moment  influence  line  are  expressed in  units  of  length.  This  for  example  may  be  seeri  from  the  fact  lhat 

the  ordinate  over  the  left  support  is  taken  equal  to  the  length  a. 

Hence  the  same  sealo  may  bo  adopted  for  both  the  beam  length 
and  the  bonding  moment  influence  line. 

♦ 

•Ordinates  of  positive  bending  moments  are  directed  upwards.  Accordingly, 
when  the  bonding  moment  influence  line  is  above  the  beam  axis  the  lower  fibres 
•of  the  beam  are  extended. 
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Any  ordinate  to  the  influence  line  for  M,  will  furnish  the  value  of 
the  bending  moment  in  section  I  when  the  unit  load  is  situated  over 

this  particular  ordinate.  Accordingly  the  determination  of  the  banding 
moment  in  section  I  for  a  given  position  of  load  P  =  1  requires  solely 
the  measurement  of  the  influence  line  ordinate  at  the  load  point. 

It  should  be  borne  in  mind  that  the  influence  line  for  M ,  expresses 

the  variation  of  the  bending  moment  only  in  section  /.  If  it  were 
required  to  find  the  law  governing  the  variation  of  the  bending 
moment  in  some  other  section,  a  new  influence  line  corresponding 

to  that  particular  section  should  be  constructed. 
Let  us  now  examine  the  construction  of  the  shear  influence  line 

for  section  I.  As  already  stated,  the  shear  in  any  section  is  equal 
to  the  algebraic  sum  of  vertical  projections  of  all  external  forces 

acting  to  the  left  of  the  section  concerned,  or  to  the  same  sum  taken 

with  the  opposilc  sign  and  pertaining  to  the  external  forces  to  the 
right  of  this  section  [see  expression  (1.2)1. 
Examining  two  unit  load  positions,  one  when  the  load  is  to  the 

right  of  section  /  and  the  oilier  when  it  is  to  the  left  of  it,  we 
find: 

(1)  In  the  first  case,  i.e.,  when  x  b  (see  Fig.  7.2a)  the  equi¬ 
librium  equation  relative  to  the  left-hand  portion  of  the  beam  fur¬ 
nishes 

Qi  —  A  —  -j- 

Graphical  representation  of  this  relation  requires  the  compu¬ 
lation  of  two  distinct  values  of  Qt 

for  2  —  0  Qi=  0 

for  r—b  Q,  «=  -j- 

Using  these  values  we  can  construct  the  right-hand  portion  of 
the  Qi  influence,  line  (Fig.  7.2/),  its  ordinates  giving  Lhe  values 
of  the  shear  in  section  /  when  the  unit  load  is  to  Lhe  right  of  this 

section,  i.e.,  when  x<^.b. 

(2)  In  the  second  case,  i.e.,  when  xf^,b  (Fig.  7.2  b)  the  same  con¬ 
siderations  as  above  give  Qt  —  —  D  [although  reaction  B  is  directed 
upwards  and  is  therefore  positive,  it  must,  be  taken  with  the  minus 
sign,  in  accordance  with  expression  (1.2)1. 
Since 

<2;  becomes - — 
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Computing  two  distinct  values  of  Qi 

Q‘~ — ~r~- — r 

foiz=f  &  =  — ^  =  0 

and  plotting  them  as  in  Fig. 7. 2/  we  obtain  the  left-hand  portion 
of  l he  shear  influence  line  (as  the  ordinates  are  negative  they  are 
plotted  downwards). 
Had  we  extended  the  influence  lines  obtained  until  tlieir  inter¬ 

section  with  the  verticals  passing  through  the  supports  the  corres¬ 
ponding  intercepts  would  equal:  at  the  left  support  -pi,  and  at  the 
right  one  —1.  This  can  bo  easily  proved  by  substituting  x  =  0 
and  x  =  /  in  the  equations  relative  to  the  right-hand  and  to  the  left- 
hand  portions  of  the  influence  line,  respectively. 

It  follows  that  the  shear  influence  line  can  be  constructed  as  indi¬ 
cated  in  Fig.  7.2 g  by  plotting  the  ordinates  -\-l  ( upwards )  and  —  / 
( downwards )  along  the  verticals  passing  through  the  left-hand  and 
the  right-hand  supports  respectively  and  by  joining  each  of  the  two 
points  so  obtained  with  the  base  point  at  the  other  support.  It  is  obvious 
that  these  two  lines  will  be  parallel.  This  being  done,  a  vertical 
i,s  traced  through  the  section  under  consideration  as  in  Fig.  7.2 g. 

J  he  ordinates  of  the  shear  influence  lines  are  dimensionless,  hence 
their  scale  may  he  the  same  as  in  the  case  of  abutment  reaction 
influence  lines. 

Ordinates  to  the  die  or  influence  lines  represent  the  shear  values  in 
section  I  arising  from  unit  load  P  acting  in  the  section  corresponding 
to  the  said  ordinate.  Therefore ,  the  amount  of  the  shearing  forces  in 
section  I  for  a  given  position  of  the  unit  load  P  can  be  obtained  by  simply 
measuring  the  ordinate  of  the  shear  influence  line  at  the  load  point.. 

If  the  ordinate  at  load  point  is  negative,  the  shear  in  the  section 
will  also  be  negative  for  this  position  of  the  load.  The  ordinates 
lo  the  Qt  influence  line  represent  the  shear  variation  only  in  section 
J.  Should  it  ho  required  to  find  the  shear  variation  in  some  oilier 
section,  a  new  influence  line  would  have  to  be.  constructed. 

Let  us  now  investigate  bending  moment  and  shear  influence  lines 
for  a  beam  can ti levering  over  the  left  support,  as  shown  in  Fig.  8.2a. 

Construction  of  the  influence  lines  for  a  cross  section  located  be¬ 
tween  the  supports  A  and  B  remains  exactly  the  same  as  in  the  pre¬ 
vious  case,  i.e.,  as  in  the  case  of  a  simply  supported  beam  with 
no  overhang.  Two  load  points— one  to  the  right  of  the  section  and 
one  to  its  left  should  be  considered,  the  bonding  moments  and  the 
shears  being  expressed  in  both  cases  through  the  reactions  A  and  D. 

Since  the  equations  of  the  abutment  reaction  influence  lines  are 
tli  e  same  for  a  simply  supported  beam  with  or  without  overhang 
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(sec  Art.  2.2),  it  is  obvious  that  the  corresponding  equations  for 

the  bending  moment  and  shear  will  also  be  the  same  lor  bolli  types 

of  beams,  with  the  sole  difference  that  x,  which  varied  in  the  lirsl 

case  from  0  to  l.  will  now  vary  from  0  to  (l  k). 

Ibis  will  affect  the  construction  of  shear  and  bonding  moment 

influence  lines  in  the  same  way  as  those  for  the  reactions,  in  other 

words,  these  lines  will  simply  have  to  be  extended  to  the  left  extrem¬ 
ity  of  the  overhang  (Fig.  8.2c  and  d).  The  reader  is  once  again 
invited  to  check  himself  analytically  tho  influence  lines  so  obtained. 

Now  let  us  see  what  happens  in  section  II  situated  a  distance 
c  from  the  left  end  of  the  overhang  (Fig.  8.2a).  Once  again  we  must 
consider  two  positions  of  the  unit  load  P. 

(1)  The  load  point  is  to  the  right  of  section  II  (Fig.  8.2«).  In  this 
case  there  arc  no  external  forces  to  the  left  of  section  fl  and  therefore 
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the  bending  moment  in  this  section  is  nil.  Tho  appropriate  portion 
of  the  influence  line  is  represented  in  Fig.  8.2c  by  a  horizontal  line- 
coinciding  with  the  2-axis,  as  all  the  ordinates  are  nil  along  the 
whole  stretch  from  section  II  to  the  support  at  B. 

(2)  The  load  is  to  the  left  of  section  II  (Fig.  8.2b).  In  this  case 

there  is  only  one  force  to  the  left  of  the  section,  hence  the  bend-ing- 
mornent  in  section  II  will  bo 

Mu  —  - 1-2, 

where  is  the  distance  from  the  load  point  to  section  II.  This 
distance  may  vary  from  0  (when  the  load  point  coincides  with  the 
section  concerned)  to  c  (when  the  load  reaches  the  end  of  the  over¬ 
hang). 

For  these  two  extreme  values  of  x,  we  have,  respectively,  M ,  t  —  0 
and  Mit  =  —  1-c.  This  portion  of  the  influence  line  is  represented 
in  Fig.  8.2c,  negative  ordinates  being  plotted  downwards.  Thus, 
Fig.  8.2c  represents  the  bending  moment  influence  line  for  section 
II  for  any  position  of  the  load. 

Let  ns  proceed  with  the  construction  of  the  shear  Qlt  influence 
line  for  section  II. 

(1)  /Is  long  as  the  load  remains  to  the  right  of  the  section  there  are 
no  forces  whatsoever  to  its  left  and  therefore  Qu  -  0.  The  corre¬ 
sponding  part  of  the  influence  line  (from  section  II  to  the  support 
at  B)  is  represented  in  Fig.  8.2/  by  a  horizontal  stretch  coinciding 
with  the  2-axis. 

(2)  When  the  unit  load  Is  to  the  left  of  section  II,  tho  shear  Qlr  = 
=  —  1  which  means  that  the  shear  remains  constant  irrespective 
of  the  position  of  the  load  point,  provided  it  lies  to  the  left  of  the 
section.  This  portion  of  the  influence  line  is  represented  in  Fig.  8.2 f 

by  a  line  parallel  to  the  2-axis,  negative  shears  being  plotted  down¬ 
wards.  Fig.  8.2/  gives  the  shear  influence  line  for  section  II  in  its- 
entirety. 

As  will  be  noticed,  the  bending  moment  and  shear  influence  lines 

for  sections  selected  within  the  overhang  differ  very  substantially 
from  those  relating  to  sections  situated  hetwoen  the  supports. 

in  Fig.  0.2  we  have  represented  the  bending  moment  influence 
lines  for  a  number  of  sections  of  a  beam  cantilever! ng  over  both- 
supports,  sections  II  and  VI,  coinciding  with  tho  left-hand  and 

right-hand  supports,  respectively.  The  shear  influence  lines  for  the- 
same  sections  are  presented  in  Fig.  10.2.  Two  sections  correspond 
to  each  support,  sections  I  la  and  Via  being  immediately  to  the 
left  thereof,  and  sections  lib  and  VIb  immediately  to  the  right. 
It  will  bo  noted  that  shear  influence  lines  for  sections  I  la  and  I  lb 

as  well  as  for  sections  Via  and  VIb  are  quite  different. 
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Problem.  II  is  required  to  construct  the  bending  moment  and  shear  influence 
lines  for  section  m  of  a  beam  represented  in  Fig.  i  1 .2 «,  the  unit  load  P  travelling from  r  to  s. 

Solution.  First  construct  the  Influence  lino  for  reaction  A .  Jionrn  rs  being 
rigidly  ciinnected  to  beam  AH  by  means  of  the  stanchion  pq ,  the  reaction  A 
will  equal  (son  Fig.  It. 26) 

l  —  x 

Jbo  bending  moment  in  section  m  for  any  position  of  the  unit  load  on 
beam  rs  will  equal 

Accordingly,  the  bending  moment  influence  line  for  section  m  will  bo  geoiuul- 
liciilly'  similar  to  that  of  the  left-hand  reaction,  the  lattor’s  ordinate  values 

being  multiplied  by  a  constant  factor  equal 

„  .  p=f  ~V%  to  a.  This  influence  line  is  represented  in 
p IJh,  I  *  A  Fig.  11.2c. 

,  .  f  1/  t  si  Tbe  shear  influonc©  line  will  be  ob- 

°  |  c  ~l  tained  through  the  same  procedure  and  will n  *1 1  differ  in  no  reaper t  from  llial  for  leuc- 
I  Influence  line  for  A  A  tion  A  . 

4.2.  INFLUENCE  LINES  FOB 

SIMPLE  CANTILEVEK  BEAMS 

Let  us  first  find  the  influence  line 
for  reaction  A  at  the  support 
(Fig.  12.2a).  The  equilibrium  equa¬ 
tion  for  the  vertical  projections  of 
the  external  forces  gives 

21'=  —  1-M  =  f> 

hence 

A=  1 

''Influence  line 
I  fnn  M. 

\W)r  Inf luence  line  |  Accordingly,  for  any  position  of 
1  Jflnfiuence  line  for  Q*  the  point,  of  application  of  (he  unit 

■IlfTIll  "  load  P  the  reaction  remains  equal 
to  1.  AdopLing  an  appropriate  scale 

J  u  as  explained  in  Art.  2.2,  tve  can  trace 
Fig.  12.2  the  influence  line  shown  in  Fig.  12.2 b. 

In  order  to  find  the  bending  moment 
influence  line  for  section  /  located  a  distance  c  from  the  left-hand 
extremity  of  the  beam,  we  shall  proceed  in  the.  same  way  as  in  the 
case  of  a  beam  with  overhang  represented  in  Fig.  8.2,  i.e., 

(1)  when  the  Joad  is  to  the  right  of  section  1  (solid  line  in 
Fig.  12.2a) 

M,  =  0 

Fig.  12.2 
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(2)  when  the  load  is  to  the  left  of  section  I  (dash  line  in 
Fig.  12.2a) 

Mt  =  — \-Xi  -  —X\ 

where  z,  is  the  distance  from  load  point  to  section  /; 

forajj^O  M,  —  0 

for  =  c  Mi  —  —  c 

The  corresponding  influence  line  is  represented  in  Fig.  12.2c. 

11  is  quite  similar  to  the  Lending  moment  influence  line  for  a  section 

within  the  cantilcvcring  portion  of  a  beam  with  an  overhang  (see 
Fig.  8.2c). 

If  section  I  is  chosen  directly  at  the  support  /I  (c  being  equal 

to  l),  we  shall  obtain  the  influence  line  of  the  fixed-end  moment 
M A.  This  line  is  shown  in  Fig.  12. 2d. 

For  obtaining  the  shear  influence  line  we  shall  proceed  as  described 
in  the  previous  article. 

(1)  When  the  unit  load  is  to  the  right  of  section  /  the  shear  is  nil, 

no  forces  existing  to  the  left  of  this  section. 

(2)  When  the  nnit  load  is  to  the  left  of  section  1  the  shear  Q ,  — 
=  —  1,  which  means  that  the  ordinates  to  the  influence  line  will 

remain  constant  and  equal  to  —1  over  the  whole  stretch  from  section 
/  to  the  left  extremity  of  the  beam. 

The  shear  influence  line  Qj  is  represented  in  Fig.  12.2c.  Jt  has 

exactly  the  same  shape  as  the  one  for  section  II  in  the  cantilcvcring 

part  of  the  beam  with  overhang  shown  in  Fig.  8.2/. 

5.2.  INFLUENCE  LINES  IN  CASES  OF  INDIRECT  LOAD 
APPLICATION 

Thus  far  we  have  been  considering  cases  when  the  external  loads 

were  applied  directly  to  the  beams.  In  practice,  especially  in  bridge 
construction,  the  loads  are  usually  transmitted  to  the  main  beam 

or  girder  by  secondary  or  floor  beams,  which  in  their  turn  support 

auxiliary  beams  or  stringers  (Fig.  13.2a).  The  stringers  are  single¬ 
span  simply  supported  beams,  each  stringer  span  being  called  a  panel 

and  each  point  where  a  floor  beam  bears  on  a  girder — a  panel  point. 
When  the  load  is  applied  to  the  stringer  somewhere  between  panel 

points  m  and  n,  it  will  be  transmitted  to  the  girder  only  at  these  two 

points.  This  mode  of  transmission  will  have  no  effect  on  the  girder 

abutment  reactions  as  will  be  readily  seen  from  the  equilibrium  equa¬ 
tion  of  moments  about  any  one  of  the  supports.  Hence  the  influence 

lines  for  the  reactions  will  be  exactly  the  same  as  if  the  load  were 

applied  directly  to  the  girder  (Fig.  13.26  and  c). 

The  influence  line  for  tho  bending  moment  will  also  remain  unal¬ 
tered  for  any  cross  section  /  lying  within  the  panel  mn,  as  long  as 
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the  load  point  is  either  to  the  loft  of  in  or  to  the  right  of  n.  In  other 

words,  as  long  as  the  load  is  situated  outside  the  panel  containing 
the  section  under  consideration,  the  bending  moment  influence  line 
may  be  drawn  in  the  same  way  as  in  the  case  of  direct  load  applica¬ 
tion.  This  is  easily  confirmed  by  the  corresponding  expressions  of 
the  bending  moments.  Thus,  in  section  I  situated  a  distance  a  from 

the  left  support  M s  =  Aa  when  the  load  point  is  between  n  and 
„  .  B  and  Mx  =  B  (l  —  a)  when 
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the  load  point  is  between  in 
and  A.  These  two  expressions 
coincide  exactly  with  those 
obtained  in  Art.  3.2  for  ordi¬ 

nary  beams,  and  therefore 

having  constructed  the  bond¬ 
ing  moment  influence  line 
for  section  /  as  explained 
above,  we  may  shade  the  areas 

abounded  by  portions  Am  and Bn  of  this  line  indicating  thus 

that  these  portions  are  definite 

(Fig.  13. 2d). 
However,  when  the  load  is 

within  the  panel  mn,  its  effect 

will  be  transmitted  to  the  gird¬ 
er  at  panel  points  m  and  a, 
its  components  Bm  and  7?n, 
shown  in  dash  lines  in  Fig. 

14.2a,  being  equal  to  the  cor¬ 
responding  reactions  of  the 
stringer  beam. 

In  order  to  find  the  shape 
of  the  influence  line  when  the 

load  is  within  the  panel  con¬ 
taining  tho  section,  let  us  find 

the  value  of  any  function  S x  set  up  in  section  /  by  a  unit  load 

(P  —  1)  situated  as  stated  above.  Assuming  that  ym  and  yn  are 
the  ordinates  to  the  influence  line  at  the  corresponding  panel 

points  (Fig.  14.26)  and  using  the  method  of  superposition  we  can 
write  the  following  equation 

. ffUliHimw 
i  i Yn 

i  i  | Influence  line 

Connecting  line  j 

Fig.  13.2 

Sx  =  2Py  --  Rmym  4-  Rnyn 
1-2     _2_ 
~d  d 

where 
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and 

„  P(d— z)  1  (d—z)  d—z 
Un  —  —  d  ~~d  dT~ 

where  d  —  panel  length 

z  =  distance  from  the  load  point  to  the  right-hand  panel 

point. 
Substituting  the  values  of  Rm  and  Rn  in  the  first  equation,  we 

obtain 

Accordingly,  when  the  load  is  situated  between  the  panel  points 

m  and  n,  the  function  Sr  varies  linearly  with  z  from  Sr  —  yn  for 

z  =  0  to  Sj  =  ym  for  z  =  d. 

lienee  the  influence  line  for  such  a  function  is  a  straight  line 

connecting  the  panel  point  ordinates  ym  and  yn.  It  follows  that 
in  the  case  of  the  influence  line  for  bending  moment  Mj  wo  must 

simply  connect  by  a  straight  line  the  ordinates  at  panel  points 
m  and  n  determined  previously,  obtaining  thus  the  influence  line 

represented  in  Fig.  13.2 d. 
The  construction  of  the  shear  influence  line  for  section  /  is  quite 

similar.  From  A  to  m  and  from  n  to  B  the  ordinates  to  this  line  will 

be  exactly  the  same  as  if  the  load  were  applied  directly  to  the  girder. 
Within  the  panel  mn  which  contains  the  cross  section  I  the  influence 

line  will  be  represented  by  a  straight  line  connecting  the  ordinates 
at  panel  points  (Fig.  13. 2e). 

Thus,  when  the  load  is  applied  through  an  intermediate  beam 
the  influence  line  may  be  constructed  in  the  following  sequence: 

(1)  first  draw  the  line  as  though  the  load  were  applied  directly 
to  the  main  beam  or  girder; 

4* 
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(2)  this  being  done,  find  the  intersection  of  the  line  with  the  ordi¬ 

nates  passing  through  the  panel  points  pertaining  to  the  panel  which 
contains  the  cross  section  under  consideration  and  connect  these 
intersection  points  by  a  straight  line. 

lrig.  15.2  represents  the  influence  line  for  M  and  Q  corresponding 
to  sections  7  and  II  of  a  beam  with  an  overhang. 

Influence  lines  for  the  reactions  have  been  omitted  as  they  do  not 
differ  in  any  respect  from  those  of  a  beam  subjected  to  direct  loading. 

0.2.  DETERMINATION  OF  FORCES  AND  MOMENTS  WITH  THE 
AID  OF  INFLUENCE  LINES 

The  construction  of  influence  lines  having  been  discussed  in  detail 
in  the  previous  articles  of  this  chapter,  let  us  now  examine  the 

determination  offerees  and  moments  with  the  use  of  these  lines  (they 
can  also  be  used  for  the  determination  of  strains,  deflections,  and 

other  deformations). 
Two  cases  will  be  considered: 

(a)  concentrated  loads  and 
(b)  uniform  loads. 
Case  oj  concentrated  toads.  As  already  explained  in  Art.  2.2,  the 

determination  of  any  function  caused  Ivy  a  load  P{  requires  the 
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measurement  of  the  ordinate  to  the  influence  lino  for  this  function 

and  its  multiplication  by  the  magnitude  of  load.  If  the  structure 
carries  several  loads  at  a  time  (Fig.  16.2a),  the  full  value  of  the 
function  in  a  section  will  be  obtained  by  measuring  the  ordinate 

under  each  load,  these  ordinates  being  then  multiplied  by  the  mag¬ 
nitude  of  the  corresponding  loads  and  the  products  summed  up. 

Thus,  in  order  to  obtain  the  bending  moment  in  section  I  (the 

influence  line  for  M ,  is  represented  in  Fig.  16.2b)  we  must  multiply 
the  load  Pi  by  the  ordinate  ht  (since  this  ordinate  is  negative,  the 

product  P\hi  will  also  be  negative),  the  load  P2  by  the  ordinate  h2 
and  the  load  P3  by  the  ordinate  h3.  The  bending  moment  resulting 
from  the  combined  action  of  loads  Pt,  P3  and  P3  will  equal 

Mi  —  YiPh—  ■ —  P\hi  +  P  jbj  -f-  P3h3 

The  ordinates  to  the  bending  moment  influence  lino  being  meas¬ 
ured  in  length  units,  say,  metres,  if  the  loads  are  measured  in  tons, 
the  product  Ph  representing  the  bending  moment  will  be  expressed 
in  tons  multiplied  by  metres. 

A  similar  procedure  may  be  used  for  the  determination  of  the 
shearing  force  Qj  in  section  /  (the  influence  line  for  Qt  is  represented 
in  Fig.  16.2c) 

QI  =  Pih'l  —  P3Kt+P3h3 

where  h[,  fej  and  h\  are  the  ordinates  to  the  shear  influence  line 
under  the  loads  P,,  P3  and  P3. 
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The  ordinates  to  the  shear  influence  line  are  dimensionless  and 

therefore  the  product  Ph'  giving  the  shear  value  will  be  expressed 
in  the  same  units  as  the  load  P. 

The  support  reactions  can  be  found  in  a  similar  way,  using  the 
relevant  influence  lines. 

Thus,  in  order  to  compute  any  function  ( abutment  reaction,  bending 
moment,  shear,  internal  force  in  any  truss  member,  etc.)  arising  under 
the  action  of  several  concentrated  loads  the  ordinates  to  the  corresponding 

influence  line  must  be  measured  at  all  the  load  points,  they  must  be 
then  multiplied  by  the  respective  loads,  the  products  so  obtained  being 
finally  summed  up. 

Problem.  Using  the  influence  line  for  the  bending  moment  Mi  represented 
in  Fig.  17.26  determine  the  value  of  this  moment  in  section  I  of  the  beam  shown 
in.Fig.  17.2a.  This  beam  carries  three  concentrated  loads  the  amounts  of  which 
are  also  indicated  in  the  same  figure.  Ordinate  values  at  load  points  are  shown 
on  the  influence  line,  but  they  can  also  be  scaled  off  the  drawing  or  calculated. 

Solution.  The  bending  moment  in  section  /  equals 

M,=  —  />ihi  +  ftyI2+*V*3“  — 4X0.5+8X  1.0+lOx  1.0=16.0  ton-metres 

The  first  term  of  the  right-hand  part  of  the  equation  is  preceded  by  a  minus 
sign,  the  ordinate  ht  being  negative. 

Case  of  uniform  loads.  The  sequence  of  operations  is  illustrated 
by  the  following  example:  a  uniform  load  of  intensity  q  is  distributed 
along  a  certain  length  of  a  beam  represented  in  Fig.  18.2a  and  it 

is  required  to  determine  the  bending  moment  in  section  I  (the  influ¬ 
ence  line  for  Mt  is  shown  in  Fig.  18.26).  Let  us  replace  the  uniform 
load  acting  along  an  infinitely  small  length  dx  by  a  concentrated 

load  qdx  (Fig.  18.2a).  The  moment  in  section  I  due  to  this  "load  will 
amount  to  qdxhx  where  hx  is  the  influence  line  ordinate  under  the 
load.  Proceeding  in  the  same  way  we  can  replace  the  whole  load 

distributed  along  the  beam  by  an  infinitely  great  number  of  concen- 



6.2.  Determination  of  For and  Moments 

trated  loads  qdx  and  the  bending  moment  in  section  /  due  to  all 

of  these  loads  will  be  then  obtained  by  a  summation  of  all  the  prod¬ 
ucts  qdxhx  or 

d  d 

Mj  =  ̂  q  dxhx  =  q^hxdx 

the  load  intensity  q  remaining  constant. 
The  integration  limits  c  and  d  indicate  that  the  summation  must 

be  carried  over  the  whole  length  of  the  beam  section,  along  which 
the  load  is  distributed. 

The  terra  ̂   hx  dx  represents  the  area  bounded  by  the  influence 

line,  the  ordinates  corresponding  to  the  limits  of  loading  and  the 

z-axis  (this  area  being  shaded  vertically  in  Fig.  18.26)  for  hx  dx 

Fig.  18.2 

is  an  elementary  area  shaded  with  slanting  lines  in  the  same  figure. 
If  we  denote  the  whole  area  by  co  the  bending  moment  in  section 
I  will  be 

Mi  =  qu> 

Thus,  in  order  to  determine  the  amount  of  any  function  arising  in 
a  given  section  as  a  result  of  the  application  of  a  uniform  load,  the 

intensity  of  this  load  must  be  multiplied  by  the  area  bounded  by  the 

influence  line,  the  x-axis  and  the  ordinates  passing  through  the  load 
limits. 

When  the  influence  line  within  the  load  limits  changes  sign  the 
areas  will  be  taken  with  their  signs.  Thus,  the  total  shear  in  section 
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I  (the  corresponding  influence  line  is  drawn  in  Fig.  18.2c)  will  be 
obtained  by  summing  up  the  areas  toj  and  to2 

^/  =  9(“i  +  o)*) 

a),  being  reckoned  negative. 

Problem  1.  Assume  that  a  simply  supported  beam  is  uniformly  loaded  over 
the  whole  of  its  length  with  an  intensity  g  (Fig.  19.2a).  It  is  required  to  find  the 
bending  moment  and  the  shear  in  the  middle  of  the  beam  and  the  reaction  at 
the  left  support  using  the  influence  lines  represented  in  Fig.  19.26,  c  and  d. 

Solution.  As  this  load  is  spread  over  the  whole  length  of  the  beam  the  areas 
bounded  by  the  influence  lines  must  be  calculated  for  the  entire  span. 

Determination  of  reaction  A.  The  area  bounded  by  the  influence  line  being 

A  1l A  =  qb>|  =  -  j- 

the  bending  moment  will  equal 

bounded  by  the  influ- 
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Determination  of  the  shear  Qt.  The  influence  line  consists  ol  t' 
bounding  areas  equal  in  size  but  opposite  in  sign 

111  l  ,  l 

?/  =  9(®3+®*)  =  7  ( — |-+-g-)  =0 

Problem  2.  Determine  with  the  aid  of  influence  lines  the  bending  moment 
and  the  shear  in  section  /  of  a  simply  supported  beam  with  an  overhang  loaded 
as  indicated  in  Fig.  20.2a. 

Solution.  Start  by  drawing  the  influence  lines  for  the  bending  moment  and' shear  in  section  /  (Fig.  20.26  and  e). 
Determination  of  the  bending  moment  Mi.  The  ordinate  hi  to  the  bending 

moment  influence  line  under  the  concentrated  load  P  is  equal  to  —1.6  m  and 
the  area  oi,  under  the  influence  line  of  the  uniformly  loaded  stretch  totals 

ce1=-2-x8xl.6=6.4m* 
Therefore  the  required  bending  moment  will  amount  to 

Af/=—  —  3x  1. 6+2  x  6.4=8. 0  ton-metres 

Determination  of  the  shear  Qt.  The  ordinate  h,  to  the  influence  line  for 

Qi  under  the  load  P  equals  0.2  whilst  the  area  hounded  by  the  influence- 
line  over  the  uniformly  loaded  portion  of  the  beam  is 

o»a=-i-X8x0.8=3.2  m 

Accordingly 

Qi  =  Ph2+qa>2  =  3x  0.2  +  2  X  3. 2  =  7.0  tons 
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We  shall  now  show  that  the  function  S  of  any  load  (whether  con¬ 
centrated  or  distributed)  acting  over  a  straight  portion  of  an  influence 
line  will  be  equal  to  the  resultant  li  of  this  system  of  loads  multiplied 

by  the  ordinate  h0  corresponding  to  this  resultant.  In  effect  let  us  con¬ 
sider  the  influence  line  for  function  S  presented  in  Fig.  21.2  and 

a  set  of  concentrated  loads  Pt,  P2,  .  .  .,  Pn  with  a  resultant  P 
situated  over  the  straight  portion  cd  of  this  influence  line.  Then 

&  =  hPh  =  Piht  4~  P 2h2  -j-  P 2hg  ■+•...  -f-  P,Jun 

Let  us  express  the  ordinates  hu  h2,  etc.,  in  terms  of  their 
distances  alt  a2t  etc.,  to  the  point  of  intersection  0  of  the  line 

cd  with  the  r-axis  (Fig.  21.2) 

hi  —  tan  a;  hs  =  a2tana;  /i3  =  agtana,  ..., 
=  tan  a 

Substituting  these  values  in  the  formula  giving  the  value  of 
function  S  wo  obtain 

S  —  ( P jO\  +  P  2a2  +  P^a^  +  Pitfln)  tan  <x 

As  will  be  readily  seen,  the  expression  in  parentheses  represents 
the  moment  of  the  loads  Px,  P 2,  P3,  .  .  .,  Pn  about  point  O,  the 
moment  being  equal  to  the  moment  of  their  resultant  about  the  same 

point,  i.c.,  to  Raa  (Fig.  21.2).  Consequently,  S  —  Ra0  tan  a  =  Rh0. 

7.2.  DETERMINATION  OF  THE  MOST  UNFAVOURABLE 

POSITION  OF  A  LOAD 

We  have  just  seen  how  the  influence  lines  for  various  functions 
(abutment  reactions,  bending  moment,  shears,  etc.)  may  be  used 
for  the  determination  of  the  value  of  the  appropriate  function 
for  any  given  position  of  a  load. 
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We  shall  now  endevonr  to  find  the  position  of  the  load  correspond¬ 

ing  to  the  maximum  value  of  the  function  considered.  Such  a  position 

is  usually  termed  the  most  unfavourable  or  dangerous  position. 

Hereafter  the  maximum  positive  values  of  the  function  will  be 

denoted  by  Amax,  Mmax,  QmaX,  etc.,  whilst  the  maximum  negative 

values  by  -4mm.  ^min.  etc- 

1.  Case  of  a  single  concentrated  moving  load.  In  this  case  the  posi¬ 
tion  of  the  load  producing  the  maximum  value  of  function  S  is 

found  very  easily.  It  coincides  with  the  position  of  the  maximum 

ordinate  to  the  influenco  line.  By  multiplying  the  amount  of  the 

load  by  this  ordinate  we  shall  obtain  the  maximum  value  of  the 
function  under  consideration.  Positive  maximums  of  the  function 

are  furnished  by  the  largest  positive  ordinates  whilst  the  negative 
maximums  or  minimums— by  the  largest  negative  ordinates. 

2.  Case  of  a  set  of  concentrated  moving  loads.  In  this  case  we  must  find 

such  a  position  of  the  given  set  of  loads  which  would  provide  the 

maximum  value  of  XPh,  whore  h  stands  for  the  ordinate  to  the  influ¬ 
enco  line  corresponding  to  the  respective  load  P.  When  the  number  of 
loads  is  not  very  great  the  problem  is  solved  by  trial,  the  set  of 

loads  being  shifted  from  one  position  to  another.  When  the  maxi¬ 
mum  value  of  the  function  is  sought  the  loads  are  made  to  coincide 

alternately  with  the  maximum  positive  ordinates  and  when  the 

minimum  one  is  required — with  the  negative  ones.  It  may  happen 
that  the  loads  will  be  simultaneously  situated  over  the  positive 

and  negative  portions  of  the  influence  line.  Such  a  case  would  arise, 
for  instance,  if  it  were  desired  to  find  Smax  for  an  influence  line 

represented  in  Fig.  22.2  due  to  a  set  of  loads  (say,  a  locomotive)  whose 
total  length  would  exceed  the  length  a  corresponding  to  the  positive 

part  of  the  line. 

Fig.  23.2  shows  the  most  unfavourable  position  of  a  twin-axle 
bogie  with  equal  wheel  loads  for  various  influence  lines.  Fig.  23.2 a 
represents  the  loading  corresponding  to  MImaX.  In  this  case  the 

greatest  value  of  SPfe  is  obtained  when  the  left  wheel  coincides 
with  the  maximum  positive  ordinate.  Should  we  bring  the  right 
wheel  over  this  ordinate,  the  left  one  would  shift  to  ordinate  mn. 

.and  as  the  latter  is  smaller  than  man. t  the  sum  ZPh  would  also  be 
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smaller  than  in  the  first  case.  Any  other  position  of  the  set  of  loads 

considered  would  equally  lead  to  a  smaller  value  of  the  bending 
moment. 

Fig.  23.26  shows  the  position  of  the  same  set  of  loads  providing 
for  1\I jrrnin* 

Fig.  23.2c  and  d  indicates  the  load  positions  corresponding  to 
the  maximum  and  minimum  values  of  the  shearing  force.  In  the 

first  ease  it  is  assumed  that  the  left-hand  load  stands  an  infinitesi¬ 
mal  distance  to  the  right  of  section  /  and  therefore  its  amount  must 
be  multiplied  by  the  ordinate  ab  (Fig.  23.2c).  In  the  second  case 

it  is  assumed  that  it  is  the  right-hand  load  which  is  infinitely  close 
to  section  I  from  its  left  and  therefore  the  amount,  of  this  load  must 

be  multiplied  by  tho  ordinate  abt  (Fig.  23. 2d). 
Let  us  consider  now  the  influence  lino  for  a  function  S  consisting 

of  a  number  of  straight  portions  intersecting  at  points  a,  6,  c,  d,  e,  /, 

and  g  and  a  set  of  concentrated  loads  as  indicated  in  Fig.  24.2, 
the  loads  being  in  position  /.  As  will  he  seen,  none  of  these  loads 
stand  over  the  vertices  mentioned  above.  Assuming  that  the  whole 

set  of  loads  is  shifted  over  a  distance  x  to  the  right  (position  IT), 
the  ordinate  corresponding  to  a  load  Pt,  will  be  increased  by 

Ahi  —  Ax  tan  a,  * 
while  the  increment  of  function  S  will  equal 

t«»n  i=n  i=« 

AS  =  2  PfAhi=  T]  Pt  •  Ax  tan  a,  =  Ax-  2  IV  tana*  (6.2) 
in|  1=1  l'=t 

Should  we  shift  the  set  of  loads  again  by  Ax  to  the  right  (posi¬ 
tion  III)  the  now  increment  of  function  S  would  still  be  given 
by  the  expression  (6.2).  Assume  now  that  position  II  corresponds  to 
the  maximum  value  of  the  function  S  (in  other  words,  that  this 
position  is  the  most  unfavourable  or  the  most  dangerous  one).  Ju 
that  case  the  increment  AS  will  be  positive  when  the  set  of  loads 
is  shifted  from  position  I  to  position  II  and  negativo  when  the  loads 

move  from  position  II  to  position  III.  Thus,  when  the  set  of  loads 
passes  through  its  most  unfavourable  position,  the  increment  of 

i 

the  function  S  (and  accordingly  the  sum  2  Pi  tan  ai)  must  change 
i-l 

.sign.** As  will  be  easily  seen  from  expression  (6.2),  a  change  in  sign 
of  the  increment  AS  may  occur  only  when  one  or  more  loads  which 

♦ 

•In  Fig.  24.2  the  angles  a, ,a2,  <X;,.  <x4,  anil  a.-,  are  positive  whilst  tho  tingles 
a-,  and  a,,  are  negative. 

••The  same  remains  true  for  minimum  values  of  Ihe  function  S. 
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were  previously  situated  over  one  rectilinear  portion  of  the  influence 
line  have  shifted  to  an  adjacent  portion. 

It  follows  that  a  dangerous  position  of  the  set  of  loads *  will  occur 
when  one  or  more  load  points  coincide  with  the  ordinates  passing 
through  the  apices  of  the  influence  line.  This  important  remark  greatly 
facilitates  the  search  for  the  most  unfavourable  position  of  the 
loads,  as  it  reduces  the  number  of  trials  to  the  cases  when  one  or 

several  load  points  stand  over  the  said  apices. 
Hereafter  both  the  load  and  the  apex  in  the  influence  line  over 

which  this  load  must  stand  to  induce  a  maximum  of  tho  function 
under  consideration  will  be  termed  critical. 

Let  us  assume  now  that  position  II  is  the  most  unfavourable 

one  and  that  it  occurs  when  the  critical  load  P 3  stands  over  the 
critical  apex  c  of  the  influence  line  (Fig.  24.2).  In  that  case  the  incre¬ 
ment  AS  must  be  positive  when  the  system  of  loads  shifts  towards 

the  right  from  position  I  to  position  II  and  it  must  be  negative  as 

soon  as  the  load  IJ3  passes  to  the  right  of  point  c.  For  the  same  reason. i—  n 

the  sum  2  Pi '  tan  must  be  positive  when  the  loads  stand  to i— 1 

the  left  of  the  dangerous  position  and  becomes  negative  as  soon  as 

they  have  shifted  to  the  right  of  the  latter  [see  exp.  (6.2)1.  We  must 

also  have  P3-tana2  >F3tan  a3  which  leads  to  u2  >a3.  Thus, 
tho  slope  of  that  portion  of  the  influence  line  which  is  to  the  left  of 

tho  critical  apex  must  be  greater  than  the  slope  of  the  portion  situat¬ 
ed  immediately  to  the  right  of  this  apex.  This  condition  is  satisfied 

in  Fig.  25.2a  only.  It  follows  that  a  critical  point  in  the  influence 
line  will  always  coincide  with  one  of  its  convex  apices  or  peaks ,  the 
same  remaining  true  in  the  case  when  tho  minimum  value  of  a  func¬ 

tion  is  sought.  This  again  reduces  the  number  of  trials  necessary 
to  find  a  dangerous  position  for  a  given  set  of  loads. 

It  should  be  noted  that  the  intersection  points  of  an  influence' 
line  which  form  peaks  when  the  maximum  value  of  a  function  is 

sought  cease  being  such  when  its  minimum  is  required,  and  vice 
versa.  Thus,  in  Fig.  25.2c  points  c,  e,  ang  g  of  the  influence  line  form 
peaks  when  SmaX  is  sought,  while  points  a ,  b,  d,  and  /  would  become 
such  were  the  minimum  of  S  required.  In  order  to  ascertain  the 
nature  of  the  extreme  points  a  and  g  of  the  influence  line  the  x-axis 
should  be  extended  in  both  directions  (as  shown  by  dash  lines  in 

♦ 

*  It  may  happen  that  having  reached  its  maximum,  the  function  remains 
constant  during  the  passago  of  certain  loads  from  one  of  the  apices  to  the  next 
one.  In  that  case  a  maximum  will  exist  even  though  A S  is  nil  and  no  load  is  at 
an  apex,  but  the  rule  just  mentioned  still  holds  good,  for  initially  this  maximum 
occurred  when  the  critical  load  (or  loads)  stood  over  an  apex  (or  apices)  of  tho 
influence  line. 
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Fig.  25.2c),  these  portions  being  considered  as  part  of  this  influence 
line  with  zero  ordinates. 

i=n 

We  have  already  stated  that  when  seeking  Smax  the  su  m  2  Pt  x  tan  at 
t=s  1 

is  positive  when  the  set  of  loads  is  situated  to  the  left  of  its  most 

unfavourable  position  and  negative  when  this  set  has  shifted  to  the 
right  of  the  latter.  It  is  clear  that  when  5mirl  is  required,  the  sum 

n 

2  P i ■  tan  at  will  be  negative  when  the  loads  are  to  the  left  of  their i=  1 

dangerous  position  and  positive  when  they  are  to  its  right.  This  also 
.simplifies  the  determination  of  the  most  unfavourable  loading. 

b 

As  an  example,  let  us  find  the  most  unfavourable  position  of 
system  of  loads  shown  in  Fig.  26.2  providing  for  Sniax  when  the 

influence  line  for  S  consists  of  three  rectilinear  portions  as  shown 

in  Fig.  27.2.  The  tangents  of  the  angles  formed  by  these  three  por¬ 
tions  with  the  x-axis  are 

1  0  25  t  1 

tan  a,= +-g-;  tana2  = - u-=— tana3— — g- 

We  know  that  the  most  unfavourable  position  of  the  loading 
cannot  occur  without  at  least  one  of  the  loads  coinciding  with  the 

peak  b  or  c  of  the  influence  line*. 
i=n 

The  loads  being  shifted  from  right  to  left  the  sum  2  Pi  tan  <*; 
i=«l 

will  remain  negative  as  long  as  all  the  loads  are  situated  over  por- 
lions  be  and  cd  of  the  influence  line  forming  negative  angles  with 

the  x-axis.  As  stated  before  when  the  loads  pass  through  a  dangerous 
position,  this  sum  must  change  sign  and  become  positive.  Accord¬ 
ingly,  we  must  continue  to  move  the  loads  in  the  same  direction, 

♦ 

*  Apices  a  and  d  do  not  form  peaks  ami  therefore  the  passage  of  a  load  over 
one  of  these  two  points  is  of  no  danger. 
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i.e.,  from  right  to  left  until  this  sum  becomes  positive.  Let  us  consid¬ 
er  the  loading  represented  in  Fig.  28.2.  So  long  as  the  loads  remain 
to  llie  right  of  this  position 
i—n 

2  Pftan cti  =  (8 .5  +  3 .5)  -g — (3.5  +  3 .5 + 3.5) -jg — 

-(3  +  3)1 

But  as  soon  as  they  shift  to  the  left  this  sum  becomes 
i=n 

2  IV  tan  ai  =-(3.5  +  3. 5+  3.5)4  — (3-5  +  3.5)4-  — i=  1 

-(3  +  3)4-=4->0 

This  means  that  the  passage  of  the  set  of  loads  from  a  position 

slightly  to  the  right  from  the  one  indicated  in  Fig.  28.2  to  a  posi¬ 
tion  slightly  to  its  left  causes  a  change  in  the  sign  of  the  increment 

A  S'  from  negative  to  positive.  Therefore,  the  position  represented 
in  Fig.  28.2  is  a  dangerous  one  and  load  3  is  a  critical  load. 

Suppose  now  that  the  loads  l^fos.  8  and  9  (see  Fig.  20.2)  which  arc 
still  beyond  the  limits  of  our  structure  when  the  first  dangerous 
loading  occurs  are  considerably  greater  than  all  the  other  loads  and 
total  15  tons  each.  In  that  case  if  the  train  of  loads  is  shifted  further 

to  the  left  so  that  loads  8  and  9  would  reach  portions  be  and  cd  of 
i*=u 

Lite  influence  line  the  sum  2  V  -tan  Oj  would  again  become  nega- 
i— 1 

tive,  and  at,  the  moment  one  of  these  loads  passes  the  peak  b  it  will 

change  sign  again.  Accordingly  there  would  be  a  second  dangerous 
position  of  the  set  of  loads  considered,  for  which  the  value  of  Smax 
should  be  again  calculated.  The  larger  of  the  two  maxiraums  should 

be  adopted  for  design  purposes. 
Let  us  now  consider  the  case  when  the  influence  lino  forms  a 

triangle  as  represented  in  Fig.  29.2.  Let  Pcr  denote  the  critical  load, 

2  P  —the  sum  of  the  loads  situated  over  the  left-hand  portion  of L 

the  influence  line,  and  2  P— the  sum  of  these  loads  over  the  right- n 
hand  one. 

Wc  have  shown  previously  that  when  the  set  of  loads  is  to  the i=n 

left  of  its  dangerous  position,  the  sum  2  ̂i'tan  at  is  positive  and 

when  it  shifts  to  the  right  the  sum  becomes  negative.  In  other  words, 

6-853 
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Fig.  32,2 
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in  the  present  case 

tan  aL  (2 P  4-  P„)  +  tan  an  2 P  >  0 
L  R 

tan  aL  2 P  +  tan  aR  (2 P  +  Per)  <  0 
L  R 

h  h 

Substituting  in  the  above  expressions  m*x  for  tan  aL  and - 

for  tan  an  (see  Fig.  29.2)  and  carrying  011I;  some  elementary 
transformations,  wo  obtain 

'ZP-T-Pcr  ZP 
L  ^  R 

a  >  b 

ZP  I  p,r 

Adding  to  both  sides  of  the  first  expression  — — ^ -  and  to  both 

2.P sides  of  the  second  one  — we  get 

,  ,  ZP  +  Pcr  +  ZP 

VP  +  P*  r)^->~ - X - ~ 

.  ZPi-P„-ZP 
ZP^±C— - r - — 

L  ah  6 

Substituting  l  for  (a  +  b)  and  denoting  the  sum  of  all  the  loads 

by  2 P,  these  expressions  will  easily  reduce  to 

2P+/>cr>2P-f 

L  ' 

2P<TP~ 

L  1 
These  two  inequalities  show  that  the  critical  load  is  the  one  which 

renders  the  sum  2  p  4-  Per  greater  than  2  P  T  ’  Provided  that  2  P 
L  tr 

is  smaller  than  the  latter. 

In  most  cases  the  moving  load  (say,  a  locomotive)  may  enter 

the  structure  (say,  a  bridge)  from  both  sides,  and  to  each  of  these 

cases  there  will  correspond  its  own  maximum  value  of  the  function  S. 
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In  order  to  obtain  the  larger  of  these  two  values  the  front  wheels 

of  the  locomotive,  which  are  usually  the  heaviest,  should  be  placed 

over  the  left-hand  portion  of  tho  influence  line  when  a  <  b  (see 

Fig.  29.2)  and  over  its  right-hand  portion  when  a  >  b. 

Problem.  It  is  required  to  find  llie  most  dangerous  position  of  a  train  of 

loads  sliottm  in  Fig.  31.2  with  respect  to  the  influence  line  for  function  S  represent¬ 

ed  in  Fig.  30.2  and  characterized  by  t  =  8  m,  a  =  2  tn  and  hmaK  —  1. 
Solution.  Tho  sum  of  loads  which  can  find  place  on  a  span  8  metres  long 

equals  /(  =  5  X  3.5  =  17.5  tons. 
Shifting  the  train  of  loads  from  right  to  left  and  making  use  of  the  inequalities 

(7.2)  and  (8.2),  wo  shall  find 

2P  +  Ptr  >17.5x4-  =4.375  tons 
L  8 

and 

2P  <  •-'1.375  tons L 

This  shows  that  tho  second  load  is  tho  critical  one  for  only  in  that 
case  both  of  the  inequalities  become  satisfied.  Effectively,  let  2P  =  3.5  tons 

and  Pcr  =  3.5  tons,  then 

2P  +  Pcr  =  3.5-f  3.5  =  7. 0  >4.375  tons 

and 

2P  =  3.5<  4.375  tons 
L 

Tho  most  unfavourable  position  of  tlic  train  of  loads  thus  found  is  indicated 
in  Fig  32.2.  In  order  to  find  tho  value  of  Smnx  corresponding  to  this  loading 
let  us  find  the  ordinates  A(,  Aj,  h3,  A4,  and  A., 

hi  =0.4  tan  ot=0.4-^-=0.2 

1*2  “  hmax  ̂   1 

A3— (1 .6  X  2  +  1.2)  tan  P  =  (1.6x  2  + 1 .2)  ~  =  0.733 

A*  =-(1.6  +  1. 2)  tan  p  =  (1.6  +  1.2) -^-=0.467 

A5  =  1 .2  tun  p  =  1 .2  x -^-  =  0.2 

wherefrom 

Smax  =  SPA  =  PSA  =  3. 5  (0. 2+ 1  +  0. 733  +  0. 467  +  0 . 2)  =  9. 1 

if  the  ordinates  of  the  influence  line  were  measured  in  metres,  the  function 

^max  ”  9.1  would  be  expressed  in  ton-metres.  On  the  other  hand,  if  thoso  ordi¬ 
nates  were  dimensionless  the  result  obtained  would  bo  expressed  in  tons. 

3.  Case  of  a  moving  uniformly  distributed  load.  In  Art.  6.2  we 
have  seen,  that  the  value  of  a  function  S  induced  by  a  uniformly 
distributed  load  is  equal  to  the  product  of  the  intensity  of  that 
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load  q  by  the  area  co  bounded  by  the  influence  line  and  the  ordinates 

passing  through  the  limits  of  the  load,  i.e.,  S  =  r/co.  The  intensity 
of  the  load  q  being  constant,  the  maximum  value  of  the  function 
will  correspond  to  the  maximum  of  co  which  in  its  turn  will  occur 
when  the  load  q  will  occupy  the  whole  of  that  portion  of  the  structure, 

over  which  the  influence  line  does  not  change  sign.* 

In  Fig.  33.2  we  have  represented  the  most  unfavourable  cases 

of  loading  for  a  beam  with  overhang  carrying  a  uniform  load.  Case  a 
indicates  the  load  position  for  M lmax\  case  b  for  case  c 

for  Q,max  and  case  d.  for  Qrmtn ■  It  will  be  noted  that  in  all  the  four 

cases  these  portions  of  the  beam  which  correspond  to  the  positive 
or  negative  parts  of  the  influence  line  are  fully  loaded. 

♦ 

*)t  is  assumed  that  the  loads  may  he  distributed  over  a  stretch  of  any  length. 
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8.2.  DETERMINATION  OF  MAXIMUM  MOMENTS  AND  FORCES 
USING  EQUIVALENT  UNIFORM  LOADS 

Wo  have  seen  that  the  determination  of  the  maximum  value 
of  a  function  by  the  direct  application  of  a  train  of  concentrated 
loads  to  the  influence  line  involves  a  considerable  amount  of  cal¬ 
culations  due  to  the  necessity  of  finding  the  most  unfavourable 
position  of  the  loads,  in  the  case  of  triangular  influence  lines,  all 
the  operations  may  be  considerably  simplified  through  the  use  oF 
so-called  equivalent  loads,  whoso  values  can  be  taheu  from  appro¬ priate  tables  and  graphs. 

ihe  equivalent  load  may  be  defined  as  a  uniformly  distributed  load 
which  will  induce  in  a  given  member  {or  section)  of  the  structure  under 
consideration  the  same  force  or  moment  as  the  corresponding  system  of 
concentrated  loads  in  their  most  unfavourable  position. 

Denoting  by  geq  the  intonsity  of  the  equivalent  load  and  by  Q 
the  area  bounded  by  the  influence  line,  we  may  write  the  following 
equation 

2/Vii  =  qeqV. 

front' which  it  may  be  seen  that  there  will  be  always  only  one 
definite  value  of  the  equivalent  load  for  each  particular  loading. 
Indeed,  solving  the  above  equation  for  qeq  we  obtain 

In  our  example  of  Art.  7.2  we  have  found  that  for  the  train  of 
loads  considered  the  maximum  value  of  a  certain  function  S  to¬ 
talled  9.1.  In  this  case 

q^q  =  =  2.275  tons  per  metre 

It  might  seem  that  this  leads  us  exactly  nowhere,  for  in  order 
to  find  an  equivalent  load  we  must  first  determine  the  maximum 

value  of  the  function  by  trial.  In  reality  this  is  not  so.  For  a  triangu¬ 
lar  influence  line  the  intensity  of  an  equivalent  load  for  a  given  set 
of  concentrated  loads  is  independent  of  the  actual  value  of  the 
ordinates  to  the  influence  line  and  will  alter  only  with  a  change 

in  the  length  of  that  portion  of  the  structure  which  carries  the  loads 
and  with  a  variation  in  the  position  of  the  influence  line  apex  with 
respect  to  its  extremities.  This  permits  computation  and  tabulation 

(or  representation  in  the  form  of  graphs)  of  equivalent  load  inten¬ 
sities  pertaining  to  typical  loading  schemes  and  to  the  more  coin- 
mom  shapes  of  triangular  influence  lines. 
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Let,  us  call  similar  two  influence  lines  when  the  ordinates  of  one  of 

them  man  be  obtained  hi)  multiplying  those  of  the  other  by  a  constant 

factor,  and  let  us  show  that  the  intensity  of  the  equivalent  loads  for  two 
similar  lines  remains  Ihe  same. 

Fig.  34.2a  and  b  represents  two  such  lines;  the  base  lengths  of 
those  lines  arc  the  same  while  their  ordinates  differ  by  a  constant 

factor  equal  to  n. 

The  equivalent  load  for  the  line  in  Fig.  83.2b  is 

<7m  —  — -  with  hi  =  nhi 

and 

Cl'  —  0 . 5 nh  (a  +  h)  —  nil 

where  lit  and  Q  are  the  ordinate  and  the  area  of  the  influence  line 
represented  in  Fig.  34.2a,  respectively. 

Substituting  Q'  and  h\  by  their  values  expressed  In  terms  of  £2 
and  h  we  find 

nXPihi  XPfki 

Q-n  “  ~1)  ̂  
for  line  a. 
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We  have  thus  proved  that  equivalent  loads  for  similar  influence 
lines  are  identical. 

The  intensity  of  the  equivalent  load  depends  on  three  factors  only: 
(1)  the  distribution  and  magnitude  of  the  loads;  (2)  the  length  of 
the  loaded  portion;  (3)  the  position  of  the  apex  of  the  influence  line 
over  the  span  (or  over  the  loaded  portion  of  the  structure). 

-T-  _  .  kl  v.  Vj  to  HO  HO  'M  i-v,  Ho  Vj 

Train  Wa  ̂   ̂   T.  V.  ^  ^  c*  Wa ,  w-j  ̂   VJ  **  ^  ̂   r-i  ,  t 
//,  "i  »s  '•>  *5  *5^>  ret-Z' 

-4c  -=c  <  -Oc 

*  *  ,*C  *  * 'r,  v,  h  'o  'e 
rvj  c-i  n->  OS 

•*;  "fc  -'C't  *: 
X  *  *  X  X 
to  ‘o  *0*0  to 

<*5  **5  ̂  

fl/sM  3.0  l/ifT 4.7  IwTj \o\b]iAs 

•4c  ̂  

it,  *  icnf/tcr "Si>i  metre 
4.5  \is\l5\ 

2  3  4  5 W  11  1Z  13  14 

Tram 

Us 

GO  ̂  

CM  *M  c3 

°o  'O r.M  CM 

ho  So 

M-  *> CM  CM 

HO  HO 
Cm  cm 

HO 

s 

'iV’MM  Vj 

03  QO  «X>  0o 
cm  cm  cm  cm 

CM  Cm 

Hw.  *0 

•«>  -> 

CM  CM 

8  tons-  per 

metre 

Train 

V 

to  to  Ho 
*0*0^ 

CM  CM  CM ^  *-r"V N  M 

HO  M 

•*o  to 

^  s- 

cm 

-vf* 

•-  CM 

Ho  Ho  Ho  X. 

Sh  
*' 

PM  CM  CM 
v>  HO 
CM  CM 

CM  CM 

7  tori-  per 
met’e 

Train 
»„■  . 

♦j  u  *-* 

1\(  CN|  N 

•M 

CM  N 
Ho  Ho 

2S  S? 

Ho 

Cm HO  HO  -VJ  Ho 
S.  M 

CM  CM  CM  CM 

<£>  ̂  

Ho  HO 
jo  2S 

6’  tors  per 

met  r  e 

w j.o]ie} 
4.5 

sh*i«|/D1  3.o 
l/tfj  45 

If 
ooo 

OO 

OO OO 
O OOOO 

OO OO 

W'//y/A 

/  2  3 4  5 
e  7 8  3 

10  ’1 12  13 14 

is  Iff 
17  M 

mails  per  title  are  given  in  tons 

Fig.  35.2 

Intensities  of  equivalent  loads  computed  for  a  standard  train 

fi i  (Fig-  35.2)*  used  in  the  U.S.S.R.  for  designing  railway  bridges are  tabulated  hereunder. 

As  will  be  observed,  the  table  contains  the  values  of  equivalent 
loads  for  various  lengths  of  the  loaded  portion  (up  to  200  in) 
and  for  three  different  positions  of  the  influence  line  apex,  namely 
when  the  latter  is  over  the  edge,  at  quarter  span  and  at  mid-span. 
When  the  apex  falls  at  some  intermediate  point,  the  value  ot  the 
equivalent  load  may  he  obtained  by  interpolation. 

♦ 

*  The  distances  between  loads  in  Fig.  35.2  are  given  in  metres. 



8.2.  Determination  of  Maximum  Momenta  and  Forces 

7$ 
Table  1.2 

Equivalent  Loads  per  Running  Metre  of  Track  for  Stand
ard  ffj 

Train  in  Tons  _ . 



My  multiplying-  all  the  axle  loads  of  the  standard  trail)  by  a 
factor  k  which  characterizes  the  class  of  loading,  we  shall  obtain 

loading  schemes  for  different  classes  of  trains.  Thus,  the  design 
of  trunk  lines  is  carried  out  for  trains  of  class  7  or  8  (//7  or  //s)  whilst 
lines  of  local  importance  are  designed  for  H0  and  //?  trains. 

Problem  1.  tVuig  the  method  of  equivalent  loads  determine  the  stress  produced 

by  a  standard  U1  train  In  member  4-5  of  a  single  track  bridge  truss  represented 
in  Fig.  3<i .-a .  tfie  corresponding  influence  lino  being  shown  in  Fig.  3(>.2 b. 

•Solution  In  order  to  obtain  the  maximum  value  of  the  tension  induced  the 

whole  portion  of  the  spun  corresponding  to  the  positive  ordinates  of  the  influence 

line  should  he  loaded-,  the  length  of  this  portion  totals  8,0  m.  In  column  3  of 
Table  1.2  we  liud  that  the  equivalent  load  for  train  //,  would  equal  in  that 
case  2.28  tons  per  metre.  The  maximum  tension  produced  by  an  11 1  train  will 
then  bo  derived  from  the  following  expression 

=  -|x4-  =-39.90  tons* 
whence 

7>45 = 0. 5  X  39.  »W  19. 95  Ions 

The  maximum  compression  will  lie  obtained  by  loading  the  whole  stretch 
•over  the  negative  portion  of  the  influence  line.  From  Table  l  .2  we  find  that 

♦ 

*  The  factor  2  in  front  of  lire  left-hand  term  of  this  expression  is  due 
to  the  fact  that  the  equivalent  loads  in  Table  1.2  are  given  for  one  track, 
i.e,  for  both  trusses  of  u  single-track  bridge. 
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for  a  length  l—  4  m  the  equivalent  lead  is  2.5?  tons  por  metre  (see  column  3). 
The  maximum  compression  will  then  lie  given  by 

2/J« «=  kqeqU  =  7  X  2.57  X  -jjrX  -|-  =  11.24  tons 
whence 

Z)4S  =  0.5x  11.24—5. 02  tons 

Problem  2.  Using  the  method  of  equivalent  loads  line!  M f  UMX.  Q  f  mnx, 

and  O  ir„ arising  in  an  end  supported  pinto  girder  bridge  <  Fig.  37.2«)  during 

the  passage  of  an  K 7  train.  The  influence  lines  for  bending  moiiient  and  shear 

in  sort i ou  1  of  0110  girder  are  represented  in  Fig.  37.26  and  c.  Tho  bridge  is  again 

a  single  track  erne,  Iho  rails  being  fixed  to  stringers  and  cross  beams  supported  by 

two  parallel  girders.  Accordingly  the  equivalent  load  for  one  girder  will  be  half 
of  that  given  in  Table  1.2. 

Solution.  Determination  of  M,max.  The  length  of  the  loading  should  bo 

taken  equal  to  the  whole  span  of  the  girder,  i.e.,  to  1O.0  m.  As  the  apex  of  the 

inliuence  line  fails  between  the  quarter  span  point  and  the  end  of  the  girder  tho 

equivalent  load  must  ho  found  by  inlorpolation.  For  an  It t  train 

</«  =  *> -M'/(  4  — 7a)  -j-^  =  2.42  J-(2.i6— 2.42)|^= 

—2.42—0.20x0.8  —  2.21  tons  per  metre 

where  r/0  -  equivalent  load  for  a  loaded  length  of  10.0  m  with  the  influence 
lino  apex  over  the  loll  extremity  of  the  girder  (found  in  Table  1.2) 

qt  -  same  equivalent  load  hut  for  an  influence  line  with  tile  apex 

at  quarter-span  (also  found  in  Table  12) 

qn  —  equivalent  load  lor  the  case  when  the  influence  line  apex  is  at  — 

of  the  girder  span  (as  in  Fig.  37.26) 
a  =  distance  from  the  influence  line  apex  to  the  nearest  end  of  the 

girder 
l  —  length  of  loading  equal  in  this  particular  Case  to  the  whole  span 

of  tho  girder. 



7G Beams 

For  an  H-,  train  ihe  equivalent  load  -will  amount  to 

qa  X  7  =  2.21  X  7  =  15.47  tons  per  metre 

For  one  girder  it  will  reduce  to  one  half,  i.e.,  <7,  =  7.735  tons  per  metre. 
Tlio  area  under  the  bonding  moment  influence  line  for  section  I  equals 

\ 
o),  — — X  10  X  1.0  — 8  m2 

Consequently 

to  t  mu*  —  7i<oi  =  7. 735  x  8. 0  =  Cl .  8R  ton-metres 

Be  terminal  ion  of  Qi  maX.  In  order  to  find  the  maximum  positive  shear  in 
section  1  the  load  should  cover  the  entire  positive  portion  of  the  Qi  influence 
line  (Fig.  37. 2e).  The  length  of  this  portion  is  equal  to  8  metres  and  the  influence 
line  apex  is  over  its  left  extremity.  Table  1.2  yields  the  following  value  for  the 
equivalent  load  corresponding  to  tho  standard  //j  train 

q0  =  2. 03  tons  per  metre 

For  an  /f7  train  this  load  will  increase  sevenfold  and  will  total  7  X  2.03  = 

—  18. 'll  tons  per  metre,  while  for  one  girder  this  should  be  halved,  i.e.,  q%  —  9.2 
tons  per  metre. 

Tho  area  hounded  by  tho  positive  portion  of  the  shear  influence  line  equals 

<n2  =  -|-x8x0.8  =  3.2  m 

and  therefore 

<?;m«*  =  9a<o 2  — 9.2  x  3.2  =  29.4!  tons 

Determination  of  <?,  m/n.  The  greatest  negative  shear  in  section  /  will  occur 
when  that  portion  of  tho  girder  where  the  ordinates  to  the  shear  influence  line 
are  negative  (Fig.  37.2c)  is  loaded  in  its  entirety.  This  portion  is  2  metres  long 
and  Lhe  influence,  line  apex  is  at  its  right-hand  extremity.  For  this  case  wo 
find  in  Table  1.2  an  equivalent  load  corresponding  to  a  standard  train  equal 
to  4.2  tons  per  metro.  For  an  Hq  train  this  must  be  increased  by  7  or  to 

7  X  4.20  —  29.4  tons  per  metro,  and  for  one  girder  it  reduces  to  q3  —  6.5  X 
X  29.4  —  14.7  tons  per  metre. 

The  area  under  tho  negative  portion  of  the  influence  lino  equals 

<a3—  — |-X  2X0.2=  —0.2  tu 
Hence, 

Qi  rnin=q 3<<>3=  —0.2  yJ4.7=  —  2.94  tons 

9.2.  MULTISPAN  STATICALLY  DETERMINATE  BEAMS 

By  multispan  statically  determinate  cantilever  beam  we  understand 

a  geometrically  stable  structure  consisting  of  a  series  of  simply 
supported  beams  with  or  without  overhangs  connected  together 

by  means  of  hinged  joints.  Such  beams  might  be  also  called  multi- 
span  hinged  beams.  The  multispan  cantilever  beams  also  belong 
to  tliis  class  of  beams  constituting  a  particular  case  thereof. 

Single  beams  constituting  these  structures  might  be  either  of 

plate  girder  or  trussed  construction  or  both.  The  theory  of  the  multi- 
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span  statically  determinate  beams  has  been  developed  in  1871  b
y 

the  eminent  Russian  engineer  G.  Semikolenov. 

Beams  of  this  type  arc  usually  more  economical  than  a  series  of 

disconnected  simply  supported  beams  spanning  the  same  opening. 

This  may  he  illustrated  by  the  following  example:  assume  that  t
wo 

equal  and  adjacent  spans  AB  and  BC  10  metres  long  each  have 
 to 

be  bridged  over,  the  design  load  being  evenly  distributed  and  equal 

to  2  tons  per  metre.  In  the  first  instance  let  us  try  separate  simply 

supported  beams  (Fig.  38.2a).  The  bending  moments  at  midspan 
of  each  beam  will  amount  to 

Mo  =  -^5-  —  ~ x*112  =  25  ton-metres 8  o 

The  diagrams  of  these  bending  moments  are  represented  in 

Fig.  38.25. 

Now  let  us  envisage  a  double-span  hinged  beam,  and  let  us  use 

a  beam  with  a  two-metre  overhang#/)  across  the  span  BC  (Fig.  38.2c), 
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this  overhang  being  hinge-connected  to  the  end  of  an  8  metre  beam 
AD.  The  maximum  bending  moments  (positive  and  negative)  in 
the  most  dangerous  cross  sections  of  those  two  beams  will  be: 
at  midspan  of  beam  AD 

M,  =  —  ***  -  =  lf>  ton-metres 

Over  the  support  B  of  beam  CD  (beam  AD  transmitting  a  con¬ 
centrated  load  P  —  8  tons  through  hinge  D)  the  bending  moment 

Mj j=  —  (8  x  2  f  — )  =  — 20  tori-mctres 

in  the  middle  of  the  span  BC  the  bending  moment  will  amount  to 

=  ■ — g - —  =  la  ton-metres 

but  this  is  no  longer  a  dangerous  section,  for  the  maximum  moment 
must  coincide  with  zero  shear  and  the  latter  will  occur  at  a  dis¬ 

tance  a:  from  the  right-hand  support,  this  distance  being  derived  from 
the  following  equation 

Qx=  —C  +  qx-x  0 

where  C  is  the  right-hand  abutment  reaction  equal  to 

C=-8_X2-2X2X1T2X10X.5.  =  8  ̂  
and  therefore 

—  8-f-2:r=0  x—  4  metres 

The  bending  moment  in  this  section  will  be 

M„,„x  =  8x4- 2x4  X  2  =  10  ton-metres 

The  bending  moment  diagram  for  the  double-span  hinged  beam 
is  represented  in  Fig.  88. 2d.  It  will  be  observed  that  in  absolute 
value  the  bending  moments  in  this  beam  are  smaller  than  in  each 

of  the  separate  beams  considered  in  the  first  place  and  therefore 

the  double-span  beam  is  obviously  more  economical. 
The  use  of  continuous  beams  also  leads  to  a  substantial  reduction 

of  bending  moments  as  compared  with  single  beams,  hut  the  multi- 
span  statically  determinate  beams  present  certain  additional  advan¬ 
tages:  (a)  their  relatively  short  members  are  well  suited  for  prefabrica¬ 

tion,  transportation  and  installation,  using  standard  hoisting  equip¬ 
ment;  (b)  all  the  forces  induced  therein  are  statically  determinate 
and  will  not  be  influenced  by  any  settlement  of  the  supports.  The 

above  considerations  have  led  to  fairly  wide  use  of  mullispnn  can¬ 
tilever  beams  in  engineering  structures. 

Statically  determinate  multispan  beams  may  always  he  obtained 
introducing  a  number  of  hinges  into  a  similar  continuous  beam. 
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As  will  be  shown  later  the  number  of  hinges  must  be  equal  to  the 

degree  of  redundancy  of  the  continuous  beam. 

Fig.  39.2a  represents  a  five-span  continuous  beam  whose  constraints 

at  the  supports  may  be  schematically  replaced  by  seven  binged  bars, 
in  order  to  determine  the  forces  acting  in  these  bars  wc  have  only 

three  independent  equilibrium  equations  and  therefore  the  stress 

computation  lor  this  beam  cannot  be  carried  out  with  the  aid  of  sta¬ 
tics  alone.  This  beam  has  a  degree  of  a  redundancy  equal  to  four. 

Fig.  39.2 

If  we  denote  hy  C  the  number  of  constraints  at  the  supports, 

then  the  degree  of  redundancy  n  of  the  beam  will  be  equal  to  n  — 
=  C  —  3.  Applying  this  formula  to  the  beam  in  Fig.  39.2a  wo  shall 

obtain  n  =  7  —  3  =  4. 

Each  hinge  introduced  cither  in  the  span  or  over  a  support  of 

a  continuous  beam  provides  for  one  additional  equat  ion  of  statics, 

this  equation  expressing  that  the  sum  of  moments  of  all  the  external 

forces  applied  to  the  beam  either  to  the  right  or  to  the  left  of  the 

hinge  about  its  centre  equals  zero. 

Hence,  when  the  number  of  hinges  introduced  into  the  beam 

equals  its  degree  of  redundancy,  the  beam  becomes  statically  deter¬ 

minate  for  all  the  unknowns  may  be  obtained  in  that  case  with  the 

aid  of  tlio  equations  of  statics  alone. 
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The  hinges  must  be  distributed  along  the  beam  in  such  a  way 
that  each  part  of  the  structure  should  become  statically  determinate 
and  remain  geometrically  stable.* 

Several  ways  of  transforming  the  continuous  beam  represented 
in  Fig.  39.2n  into  a  statically  determinate  one  are  illustrated  in  Fig. 
39.2b,  c,  dand  e.  Fig.  39. 2/ gives  an  example  of  an  unsatisfactory  hinge 
distribution  for  although  their  number  in  this  case  also  equals 
four  and  therefore  corresponds  to  the  degree  of  redundancy  of  the 
initial  beam,  portion  AB  of  the  transformed  beam  still  remains 

statically  indeterminate  while  portion  BC  has  become  unstable. 
(The  possible  displacements  of  that  portion  of  the  beam  are  shown 
in  dash  lines.) 

A  continuous  beam  with  one  built-in  end  is  represented  in  Fig.  40.2a. 
1 1  should  be  remembered  that  a  built-in  end  is  equivalent  to  three 
support  constraints  as  represented  schematically  in  Fig.  41.2. 
Accordingly  the  total  number  of  constraints  of  the  beam  is  C  ~1 
and  its  degree  of  redundancy  is  n  =  C  —  3  =  7  —  3  =  4. 

Thus,  in  order  to  transform  this  beam  into  a  statically  determinate 
one,  four  hinges  should  bo  introduced  as  illustrated  in  Fig.  40.2b. 
A  continuous  beam  with  two  built-in  ends  is  represented  in  Fig.  42.2a; 

the.  right-liand  end  of  this  beam  slill  retains  one  degree  of  freedom 
as  it  can  move  horizontally.  Therefore  at  this  end  the  number  of 
restraints  is  equal  to  two  as  indicated  in  Fig.  43.2.  Thus,  the  total 

number  of  constraints  of  this  beam  is  C  —  8  and  its  degree  of  redun¬ 

dancy  equals  n  —  8  —  3  =  .1.  in  order  to  make  this  beam  statically 
determinate  it  would  be  necessary  to  introduce  five  hinges.  One  way 
of  distributing  these  hinges  is  shown  in  Fig.  42.2b. 

The  host  way  to  find  out  whether  a  mullispan  beam  of  that  type 
is  stable  or  not  and  also  to  get  a  clear  picture  of  its  work  under  load 

is  to  represent  schematically  the  interaction  of  its  separate  parts. 
Assume  for  instance  that  it  is  required  to  investigate  the  stability 
of  the  beam  represented  in  Fig.  44.2a.  The  interaction  of  its  elements 
is  represented  schematically  in  Fig.  44.2b,  where  all  the  intermediate 

hinges  are  replaced  by  fixed  hinged  supports  connecting  the  appro¬ 
priate  beam  members.  This  schematic  drawing  shows  clearly  that 
the  whole  beam  is  geometrically  stable,  for  each  of  its  constituent 
members  is  a  simple  beam  with  or  without  overhang  connected 
to  the  ground  or  to  another  part  of  the  structure  whose  stability  is 
ensured  by  means  of  three  nonconcurrent  bars. 

Effectively,  beam  ABE  is  connected  to  the  ground  by  means 

of  three  supporting  bars  and  is  therefore  geometrically  stable. 

♦ 

*A  method  of  investigating  the  geometrical  stability  of  a  multispan  hinged 
beam  was  presented  in  Art.  2.1. 



81 

9.2.  Mulitspan  Statically  Determinate  Hearns 



Beams 



!/.2.  Multispan  Statically  Determinate  Beams 83 

The  beam  ECU  is  supported  by  two  bars  at  its  end  E  and  rests  on 
a  vertical  bar  standing  directly  on  the  ground  at  C.  The  supports 

of  beam  FD  arc  exactly  similar,  thus  ensuring  its  stability. 
The  examples  presented  above  lead  to  the  establishment  of  the 

following  rules  relative  to  the  distribution  of  hinges  in  beams  which 
have  no  built-in  ends: 

(1)  there  may  be  no  more  than  2  hinges  in  each  span ; 
(2)  there  must  be  no  hinges  in  the  spans  adjacent  to  the  one  provided 

with  2  hinges : 

(<C 

Cb) 

Fig.  Hi.  2 

(
3
)
 
 

spans  containing  one  hinge  only  may  follow  each  other/jvith 

the  exception  
of  one  of  the  extreme  spans  where  there  should  be  no  hinge at  all. 

Thus  far  we  have  considered  cases  where  all  the  supports  but  one 
were  free  to  move  in  a  horizontal  direction.  Let  us  now  examine 

cases  where  two  or  more  supports  are  fixed  and  will  allow  no  hori¬ 
zontal  displacement.  In  Lhis  case  the  introduction  of  ordinary  hinges 
becomes  insufficient  for  the  transformation  of  the  continuous  beam 

into  a  statically  determinate  one.  This  would  require  the  installation 

of  mobile  hinges  which  offer  no  resistance  to  horizontal  displace¬ 
ments.  One  of  these  hinges  is  represented  schematically  in  Fig.  45.2. 

An  example  of  a  statically  determinate  beam  with  three  fixed  sup¬ 
ports  and  two  movable  hinges  is  given  in  Fig.  46.2 a.  the  interaction 
of  its  elements  being  schematically  indicated  in  Fig.  46.25. 

The  reader  is  invited  to  establish  on  his  own  the  relation  between 

the  number  of  fixed  supports  and  of  mobile  hinges  in  a  statically 
determinate  multispan  beam. 

The  most  commonly  used  multispan  hinged  beams  are  represent¬ 
ed  in  Figs.  47.2a  and  48.2a. 

6* 
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The  first  one  is  characterized  by  alternating  double-hinged  spans 

and  spans  devoid  of  any  hinges.*  It  consists  thus  of  a  series  of  beams 

with  two  overhangs  supporting  ‘suspended-  simple  beams.  The 
second  beam  is  characterized  by  the  presence  of  a  binge  in  each 
of  its  spans  with  the  oxceptiou  of  the  last  one;  the  interaction  of 
its  elements  is  represented  schematically  in  Fig.  48.2b. 

It  should  be  noted  that  the  favourable  effect  of  the  overhangs 
may  be  taken  advantage  of  not  only  in  ordinary  solid  web  beams 
but  also  in  trussed  systems  such  as  indicated  in  Fig.  49.2.  The 
reactions  of  such  a  system  will  he  found  in  exactly  the  same  way 
as  for  an  ordinary  statically  determinate  multispan  beam. 

10.2.  DETERMINATION  OF  MOMENTS  AND  FORGES  INDUCED 

BY  A  SYSTEM  OF  FIXED  LOADS  IN  MULTISPAN 

STATICALLY  DETERMINATE  BEAMS 

The  design  of  statically  determinate  multispan  beams  will  be 

now  illustrated  using  as  an  example  the  hinged  beam  represented 
in  Fig.  50.2a.  Fig.  50.2b  contains  the  schematic  drawing  of  the 
interaction  of  its  separate  members. 

The  reactions  Ra>  Rc>  &d  will  be  reckoned  positive  when 
directed  upwards,  while  the  forces  Ru  Rz,  and  arising  in  the 
hinges  from  the  interaction  of  the  different  elements  of  the  beam 

will  be  considored  such  (see  Fig.  50.2b)  when  the  upper  element 
exerts  a  downward  pressure  on  the  lower  one.  Fig.  50.2c,  d,  e,  f 
shows  all  the  separate  elements  of  the  beam  as  woll  as  all  the  forces 
acting  on  these  elements.  All  tho  reactions  and  forces  indicated 
in  these  drawings  are  positive. 
We  shall  start  with  determining  the  reactions  Rt  and  R2  of  the 

upper  most  simply  supported  element  HJI2  spanning  a  length  of 
1  m.  This  element  is  subjected  to  a  uniform  load  whose  intensity 

q  equals  1.2  tons  per  metre  and  also  to  the  reactions  at  the  hinges 

♦ 

♦The  usual  three-span  cantilever  bridge  belongs  to  this  type  of  structures. 
Each  of  its  outer  spans  is  anchored  down  at  the  shore  and  overhangs  into  the 
central  span  about  one  third  of  its  length.  Tho  suspended  span,  resting  on  tile 

“cantilever  arms”,  occupios  the  remaining  third  of  tho  central  span. 
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(see  Fig.  50.2<2)  totalling 

/?t=/f2  =  ‘-22x1  ̂0.6  ton 

Next  we  shall  determine  the  reactions  of  the  element  A  Bfl  (  situat¬ 
ed  just  below  the  element  IIX1I2  and  constituting  a  simply  supported 
beam  with  two  overhangs.  This  beam  is  subjected  to  the  action 

of  loads  and  reactions  indicated  in  Fig.  50.2c.  From  the  equilibrium 
of  moments  we  obtain 

=  PiuiA~  Qat  4-  TT )  d-  -^1  (^i  —  0 
wherefrom 

—  Ptai  +  Raz  +  ~2~j  A~  R i  (h  'h «2) 

=  t[~2x  1  +  1'2x  1  (2  +4")  +0.6(2+  1)]  =  1 .4  tons 

The  equilibrium  of  the  moments  about  point  B  yields 

2. A/ /i - (Ui  -+-  ft)  +  q&i  ■  -y-  4-  \~R-a  -  / 1  =  0 
and  thus 

l‘t  («i  + 1\) — —  lhaz  2  (1  +2)  —  i .2  x  -5 - 0.6  x  1 
Ba  - - - — - - - —  =  2.4  tons 

*1  2 

The  values  of  the  two  reactions  just  found  can  be  checked  using 
the  equilibrium  equation  of  the  vertical  components 

2y  =  —  /-*!  —  qa%  —  Ri  4-  liA  +  Ru  = 

=  —2  —  1. 2x  1-0. 6  +  2. 4+1. 4=  -3. 8  +  3. 8  =  0 

Thus,  t.ho  values  of  reactions  R  A  and  R  H  are  correct. 
Consider  now  reactions  Re  and  R2  of  the  simply  supported  beam 

with  overhang  II ZCH 3 ;  the  forces  and  the  reactions  acting  on  this 
beam  are  shown  in  Fig,  50.2c.  The  equilibrium  equation  furnishes 

again 

2A/c  —  —  Rtfh  —  qa3  -y-  F  /V*  —  R3  (a4  a5)  =  0 
wherefrom 

n  —  H 't'l  3—0  A-  P-2"  i 
3  (U  +  a5 

_  -0  8X1.2-! 1  1  1.5 
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The  other  equilibrium  equation  gives 

2  Af 3  =  —  /?2  («3  H  a*  — h  as)  —  9U3  (“jr-  +  a*  +  — 

—  /Jaas  +  Be  (a*  +  a>>)  =  0 

■wherefrom 

Rc  = 
D 2  (<334  +  (-jp  +  «4  +  as)  -|-/>2a5 

<14-1- «s 

0.0(1. 2+1+1. 5H-1.2X  1-2  (-jr+1+1.5)  +3x1.5 
=  1-1.5 

=  4.474  tons 

These  two  reactions  will  ho  checked  as  above 

2r=  —Rt—qa3—Pt+Rc  +  R3=*  — 0.6— 1.2x  1.2—3  + 

+  0.506+4.474=  -5.04  +  5.04  =  0 

which  shows  that  all  the  compulations  were  carried  out  correctly. 
Next  comes  the  turn  of  the  cantilever  beam  H?P  loaded  at  its 

free  end  by  the  vertical  pressure  Rs  (see  Fig.  50.2 f).  From  the  equi¬ 
librium  of  the  moments  we  obtain 

2AfD  =  —  B,l3  —  Md  =  0 

leading  to 

Md  =  —  R3h  —  —  0 . 566  x  2  =  —  1 . 132  ton-metres 

The  negative  value  of  the  moment  obtained  indicates  that  this 
moment  acts  in  a  direction  opposite  to  the  one  indicated  in 

Fig.  50.2/.  From  the  equilibrium  equation 

we  get 

zr=  —  ff3+f?D=o 

Rd  =  R3  —  0. 566  ton 

Having  determined  all  the  reactions  at  the  supports  and  all  the 
pressures  exerted  by  the  separate  elements  of  the  beam  on  each 
other,  we  may  now  proceed  with  the  determination  of  shears  Q  and 
bending  moments  M  acting  in  the  various  cross  sections  of  the  beam 
and  with  the  construction  of  the  corresponding  diagrams.  There 

are  two  ways  of  carrying  out  these  compulations. 

(1)  The  shearing  forces  Q  and  the  beading  moments  M  for  the 

multispan  statically  determinate  beam  under  consideration 

(Fig.  50.2a)  may  be  determined  in  the  same  way  as  for  an  ordinary 

statically  determinate  beam  taking  into  consideration  only  the 
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loads  applied  and  the  reactions  at  the  supports  but  disregarding 
the  interaction  pressures  at  the  hinges.* 

If  carried  out  correctly,  these  computations  must  show  that  tho 
bending  moments  at  all  the  hinges  arc  nil.  The  values  or  expres¬ 
sions  of  the  shearing  forces  Q  and  the  moments  M  may  be  then  used 
for  the  construction  of  the  corresponding  graphs. 

(2)  The  shearing  forces  and  the  bending  moments  may  be  deter¬ 
mined  separately  for  each  of  the  elements  constituting  the  multi¬ 
span  beam  allowing  the  construction  of  the  Q  and  M  graphs  for 
each  of  these  elements  (Fig.  50.2c,  d,  e  and  /).  Putting  together 
these  graphs  will  give  the  corresponding  diagrams  pertaining  to 
the  full  length  of  the  beam. 

1  he  first  of  the  methods  just  described  may  be  recommended 
for  beams  with  a  reduced  number  of  spans  whilst  the  second  one 
is  better  suited  for  the  beam  consisting  of  a  large  number  of  elements. 

In  our  case  tho  first  of  the  two  methods  will  be  used  for  the  con¬ 
struction  of  the  shear  diagram.  Disregarding  the  intermediate  hinges, 
the  beam  under  consideration  may  be  divided  into  five  portions 
characterized  by  different  expressions  for  the  shearing  forces.  These 
portions  are  denoted  by  corresponding  ciphers  in  Fig.  50. 2g.  Let  x 
represent  the  distance  from  the  cross  section  considered  to  the  left 
extremity  of  the  beam,  the  following  equations  for  each  of  the 
portions  mentioned  will  then  be  obtained. 

Portion  I 

(0  <  ar <  1.0m) :  Q1  =  EF  =  —  Pt  =  —  2  tons L 

Portion  77 

(lm<ar<3m)  :<?n  =  2F=  — 7>,-}-7?A=  —2  +  2.4=  0.4  ton 
Portion  III 

(3m<  s  <  6 . 2m) :  <?"'=  'EY  =  - Pt  +  RA + Ra - q (x - 3)  = 

=  — 2  +  2.4  +  1.4— 1.2(*— 3)  =5.4— 1.2* 
Portion  IV 

(6 .2m  <  7 ,2m) :  QIV  =  -  T.Y  =  —  PD  +  Pt  = n 

=  —0.566  +  3  =  2.434  tons 

Portion  V 

(7 .2 < .r<  10.7m) :  Qv  =  — YY  =  —  =  —0.566  ton n 
♦ 

‘These  interactions  have  been  already  taken  care  of  in  the  determination of  tho  reactions  at  the  supports. 
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The  values  of  the  shears  thus  obtained  for  all  the  five  portions 

of  the  beam  will  furnish  the  shear  diagram  represented  in  Fig.  50. 2g. 

The  bending  moment  diagram  will  be  obtainod  by  the  second 
of  the  two  methods  described.  The  corresponding  graph  for  the 
element  ABII{  will  be  derived  from  the  moments  due  to  the  actions 

of  the  force  Pi  =  2  tons,  to  the  reactions  at  the  supports  R A  = 
=  2.4  tons  and  It  „  —  1.4  tons,  to  the  uniformly  distributed  load 

q  =  1.2  tons  per  metre,  and  to  the  interaction  force  7?(  —  0.& 
ton  (see  Fig.  50.2c).  This  graph  will  be  rectilinear  along  the  left- 
hand  overhang  a t  =  1  metre  and  over  the  span  Z,  —  2  moires,  no 
distributed  load  acting  along  these  parts.  At  the  left  extremity 
of  the  beam  the  bending  moment  will  be  nil,  at  the  support  A  it 

will  total  —Piax  —  —2  ton-metres  and  over  the  support  B  it  equals 

— jp,  (a,  +  Zf)  -f-  It  Al\  =  —2  (1  2)  +  2.4  X  2  =  — 1.2  ton-metres. 
Within  tho  portion  BIIi  (right-hand  overhang)  the  bending 

moment  diagram  will  be  concave,  for  this  portion  of  the  beam  is 

subjected  to  a  distributed  load  acting  in  a  downward  direction. 

At  the  right-hand  extremity  of  the  element  ABIIi  the  bending 
moment  will  again  equal  zero.  The  data  so  obtained  yield  the  diagram 
represented  in  Fig.  50.2 ft. 

Using  the  same  procedure  wc  shall  obtain  tho  bending  moment 
diagram  (Fig.  50.2c).  At  both  extremities  of  the  beam 
(hinges  II 2  and  tf3)  the  bending  moments  will  equal  zero.  Under  the 

load  Pz  the  moment  will  equal  R3as  =  0.566  X  1.5  =  0.849  ton- 
metres  and  over  the  support  C  it  will  amount  to 

Z?3 (<*5  +  a*)  —  =  0 . 566  (1. 5+1.0)  — 3  x  1  =  —  1.585  ton-metres 

Over  the  left-hand  overhang  the  graph  will  be  curvilinear  whilo 
between  the  supports  it  will  be  represented  by  a  straight  line.  These 
data  will  be  again  used  for  the  construction  of  the  bending  moment 

graph  pertaining  to  the  element  HZCII3  (Fig.  50.2 A). 

The  bending  moment  diagram  for  the  element  II  j  H2  will  be  bound¬ 
ed  by  a  conic  parabola  exactly  similar  to  the  one  obtained  for  a  uni¬ 
formly  loaded  similarly  supported  beam  (Fig.  50. 2e).  Its  maximum 

ordinate  will  equal  ~  =  0.15  ton-metre.  The  diagram 

for  the  element  HZD  will  bo  bounded  by  a  straight  lino  passing 

through  zero  at  point  II 3  and  through  the  top  of  the  ordinate  M D  — 
—  — 1.132  m  at  the  wall  as  shown  in  Fig.  50.2ft  for  the  corresponding 
element. 

All  these  separate  graphs  when  placed  together  will  furnish  the 
bending  moment  diagram  for  the  full  length  of  the  beam  appearing 
in  Fig.  50.2ft. 

The  reader  is  invited  to  check  the  Q  and  the  M  diagrams  using 
the  expressions  mentioned  in  Art.  1.2. 



Beams 

Four  different  continuous  beams  are  shown  in  Fig.  51.2.  It  is 
suggested  that  the  reader  should  find  several  alternative  schemes 

1— c 

-  Lii-minmni 

3m m?,  m 
3m  Sm 

Fig.  .52.2 

leading  to  the  construction  of  the  bending  moment  and  shear  dia¬ 
grams  for  the  beam  of  Fig.  52.2  and  to  find  the  length  of  the  overhang 

Fig.  53.2 

h  which  would  equalize  the  bending  moments  at  mid-length  of 
the  three  central  spans  of  tho  beam  represented  in  Fig.  53,2. 
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11.2.  INFLUENCE  LINES  FOR  MULTISPAN  STATICALLY 

DETERMINATE  BEAMS 

In  Art.  5.2  of  the  present  chapter  wo  have  shown  that  when  the 

load  is  transmitted  through  secondary  beams  (stringers)  the  influence 

line  for  the  main  end-supported  beam  remains  rectilinear.  We 
shall  show  now  that  in  this  respect  influence  lines  for  multispan 

statically  determinate  beams  are  quite  similar  to  those  just  men¬ 
tioned. 

Assume  that  it  is  required  to  draw  the  influence  lines  for  reactions 

A,  B  and  C  of  beam  AC  represented  in  Fig.  54.2a. 
The  element  CD  of  this  beam  is  freely  supported  at  one  end,  its 

other  end  being  hinge-connected  to  the  end  D  of  the  cantilever  beam 
AD.  When  the  unit  load  is  applied  to  the  element  CD  the  reactions 

at  points  D  and  C  will  be  exactly  the  same  as  in  the  case  of  a  simply 
supported  beam,  but  when  the  load  shifts  to  beam  AD  the  reactions 
at  points  D  and  C  become  nil.  Accordingly,  the  influence  line  for 
reaction  C  will  have  the  shape  indicated  in  Fig.  54.2 c. 

As  regards  the  reaction  at  support  A  its  value  will  be  the  same 
as  for  an  ordinary  beam  with  overhang  as  long  as  the  load  unity 
is  applied  between  points  A  and  D.  When  this  load  is  applied  at 
point  D  the  reaction  at  A  will  be  directed  downwards  and  will 

reach  its  maximum  negative  value.  When  the  load  unity  moves 
along  the  element  DC  the  pressure  exerted  at  hinge  D  will  equal 

—  ,  in  other  words,  it  will  have  the  same  value  as  though  it  were 

transmitted  to  the  same  point  through  a  stringer  and  cross  beam. 
Accordingly,  the  influence  line  for  reaction  A  of  the  element  DC 
will  be  rectilinear  with  a  zero  ordinate  at  point  C.  This  influence 
line  is  represented  in  Fig.  54.2 d  while  that  for  the  reaction  at  point 
B  is  shown  in  Fig.  54. 2e. 

Let  us  consider  now  the  construction  of  Lhc  influence  line  for 

the  shears  in  sections  I  and  If  of  the  structure  schematically  repre¬ 
sented  in  Fig.  55.2a. 

Section  /  will  be  subjected  to  the  action  of  the  shearing  force 

only  when  the  unit  load  P  is  applied  between  abutment  I  and 
joint  3.  When  this  load  is  applied  at  joint,  2,  it  is  fully  transmitted 
to  the  overhang  of  the  main  beam  with  the  shear  in  section  I  then 

becoming  equal  to  —1.  When  the  load  unity  shifts  to  the  loft  or 
to  the  right  of  points  the  pressure  at  this  joint  will  decrease  becoming 
nil  when  the  load  reaches  point  1  or  point  3,  the  value  of  the  said 
pressure  diminishing  proportionally  to  the  distance  of  the  load 
from  one  of  those  two  points.  Accordingly,  the  influence  line  will 

be  triangular  in  shape  with  an  ordinate  at  section  I  =  — 1 
(Fig.  55.26). 



Influence  line  for  a , 
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In  section  II  the  shearing  force  will  be  exactly  the  same  as  in 
the  case  of  a  direct  application  of  the  load  as  long  as  the  latter 
is  situated  between  points  2  and  5  or  6  and  10.  The  corresponding 

portions  of  the  influence  line  will  therefore  be  represented  by  the 
lines  ac,  and  c2b  which  cut  the  verticals  passing  through  points 

A  and  B  at  +1  and  —1,  respectively.  Between  points  5  and  G  the 
influence  line  must  remain  straight,  its  ordinates  and  68  having 

already  been  found  and  therefore  we  only  have  to  join  points  ct 

and  c2.  When  the  load  unity  is  applied  to  the  terminal  beams  1-2  or 

10-11  tho  value  of  the  shearing  force  in  section  II  will  vary  from 
Si 2  (or  fe10)  to  zero,  the  latter  valuo  corresponding  to  the  case  when 
the  load  reaches  the  abutment.  The  variation  of  any  function  being 
linear  when  the  load  shifts  along  a  secondary  beam,  we  may  simply 
connect  the  ordinates  at  points  2  and  10  with  the  points  of  zero 
ordinate  1  and  11  (Fig.  55.2c). 

Let  us  now  consider  the  construction  of  influence  lines  for  stat¬ 
ically  determinate  beams  of  more  than  two  spans.  In  such  cases 
it  is  always  recommeuded  to  begin  with  tracing  the  interaction 
scheme. 

Fig.  56.2a  represents  such  a  beam,  the  interaction  scheme  of 
its  four  elements  being  shown  in  Fig.  56.26.  Let  us  First  construct 

the  influence  line  for  the  reaction  at  support  A  (Fig.  56.2c).  For 
that  part  of  the  beam  from  its  left  extremity  to  the  hinge  HK  the 
construction  will  bo  carried  out  exactly  in  the  same  way  as  for 
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a  simply  supported  beam  with  two  overhangs  (see  Art.  2.2).  When 
the  Load  unity  is  applied  somewhere  between  points  H\  and  //2 
tlio  reaction  A  will  be  equal  to  the  ordinate  ab  multiplied  by  the 
pressure  P,  exerted  by  the  element  H,H\  on  the  beam  ABIJ j.  This 
pressure  varies  linearly  from  P,  =  1  when  the  unit  load  is  applied 
at  hinge  Jf,  to  zero  when  it  reaches  hinge  ff2  and  therefore  the 
influence  line  over  the  portion  H,H2  of  the  beam  may  be  obtained 
by  simply  connecting  the  ordinate  b  over  hinge  II,  with  a  point 
of  zero  ordinate  at  the  hinge  Ns.  Once  the  ioad  has  shifted  to  the 

right  of  the  hinge  //2,  the  reaction  at  point  A  will  equal  zero*  and 
therefore  the  ordinates  of  the  influence  line  from  IIa  to  D  will  also- 
equal  zero.  The  similitude  of  triangles  will  permit  us  to  find  the 
ordinates  to  the  pertinent  points  of  our  influence  line 

gh  1  -|-2  .  — r  -rr  3  .  3  ,  _ 
—T=^—o—  whence  gh  =  ik-  —  =  1  X  tt  —  1 
IK  «  l  £ 

-=r  =  4-  whence  ab  —  Uc-  ~  —  1  X  4-  —  0-5 

he  I,  us  now  conslrucl  the  influence  line  for  the  bending  moment 
acting  over  section  D  of  our  beam  (Fig.  56. 2d).  When  the  load  travels 
along  portion  11  .,D  the  construction  of  the  influence  line  will  bo  exact¬ 

ly  the  same  as  for  a  cantilever  beam  with  a  built-in  end  (see  Art.  4.2). 
Passing  to  portion  // 6C  we  notice  that  the  pressure  Bs  varies  pro¬ 
portionally  to  the  distance  of  the  unit  load  from  point  C  reaching 
zero  when  the  load  is  over  this  point;  therefore  the  influence  line 

over  this  portion  will  be  represented  by  a  line  connecting  point  d 
with  a  point  of  zero  ordinate  at  C.  Point  e  under  hinge  H%  will  be 
obtained  by  extending  this  line  until  its  intersection  with  the  vortical 
passing  through  this  hinge,  and  the  last  portion  of  the  line  between 

binges  V/2  and  11,  will  bo  obtained  by  connecting  point  e  with  a 
point  of  zero  ordinate  at  the  hinge  Us.  The  similitude  of  triangles 
permits  the  computation  of  the  ordinate  ef  as  follows 

whence  ef  •=  cd-~—2  x  0.48  =  0.96  in 

It.  is  apparent  that  the  influence  line  for  any  function  in  any  section 
of  a  multispan  statically  determinate  beam  may  l)e  constructed 
following  the  procedure  outlined  hereunder: 

(1)  The  influence  line  corresponding  to  that  portion  of  the  beam 
which  contains  the  section  under  consideration  is  constructed  exactly 
in  the  same  way  as  for  a  simply  supported  beam  (with  or  without, 
overhangs). 

♦ 

•This  follows  from  the  equilibrium  of  clement  II, Iln. 
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(2)  The  ordinate  obtained  at  the  point  where  the  beam  member 

containing  the  section  meets  with  the  adjacent  one  is  then  connected 
with  a  point  of  zero  ordinate  under  the  second  support  of  this  latter 
element.  The  same  procedure  may  he  followed  in  order  to  obtain 
the  influence  lino  over  the  more  disLant  elements  of  the  beam. 

(3)  The  ordinates  to  the  pertinent  points  of  the  influence  line 
may  be  derived  from  the  similitude  of  triangles  which  constitute  it. 
The  reader  is  invited  to  check  the  influence  lines  represented 

in  Figs.  57.2  and  58.2. 

12.2.  BENDING  MOMENTS  AND  SHEARING  FORCES  INDUCED 

BY  FIXED  LOADS  IN  STATICALLY  DETERMINATE  BENTS, 

KNEE  FRAMES  AND  BEAMS  OF  POLYGONAL  DESIGN 

The  determination  of  reactions  arising  at  the  supports  of  statically 
determinate  bents  and  beams  of  polygonal  design,  tho  computation 
of  internal  forces  acting  over  their  cross  sections  and  the  tracing  of 

Q,  A'  and  M  diagrams  are  carried  out  in  the  same  way  as  for  ordinary 
rectilinear  beams.  All  the  formulas,  sign  conventions  and  equilib¬ 
rium  equations  mentioned  in  Art.  1.2  remain  valid.  When  dealing 
with  knee  frames  or  other  structures  comprising  vertical  elements 

it  is  good  practice  to  decide  beforehand  which  extremity  of  such 
an  element  will  be  considered  as  the  left-hand  one  and  to  mark 
this  extremity  by  some  conventional  sign  (for  instance,  an  asterisk). 
The  following  examples  will  illustrate  the  construction  of  Q ,  N  and 

M  diagrams  for  structures  in  question. 

Problem  i.  Required  the  Q,  jV  and  M  diagrams  lot  a  beam  represented  in 
Fig.  59.2a. 

Solution.  Having  decided  to  consider  the  lower  extremity  of  the  element  AB 

as  the  left-hand  one,  mark  it  with  an  asterisk.  The  beam  consisting  of  two  (de¬ 
ments,  use  expressions  (1.2)  through  (3.2)  for  tho  determination  of  the  shearing 
and  normal  forces  and  of  the  bending  moments  in  each  of  these  elements. 

Element  I ■  The  interna!  forces  acting  over  a  cross  section  a  distaneo  x,  from, 

the  upper  end  of  the  element  AB  will  be 

r/  =  —  p  iV*=  — sx-o h  n 

;V//  =  2A/=  —  (  —  Px^  —  Pxi B 

Element  II.  Tho  internal  forces  acting  over  any  section  a  distance  from 
the  left  end  or  the  element  BC  will  equal 

=  A’If  —  2Y  =  f> 
L  L 

A/ri=riW=  —Pa 
L 

Graphs  obtained  with  the  aid  of  the  above  expressions  are  reproduced 

in  Fig.  59.2b,  c  and  d.  It  should  be  noted  that  the  expressions  obtained  for  Mr 
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and  (J!  do  not  satisfy  expression  li-2)  of  Ail.  1.2  derived  from  the  theorem  of Zhuravsky.  indeed. 
<W!  (HP.r.Q  j 
(lx  j  (1*1 

,  (  rtl 
instead  of  ~dx~ ~  ® 

This  is  due  to  the  fact  that  in  section  I  of  the  beam  positive  values  of  the  abscis¬ 
sas  were  measured  downwards,  in  other  words,  from  right  to  left,  while  the  rela¬ 

tion  0  —  remains  true  only  when  positive  abscissas  are  measured  from  left 

to  right. 

MK-Pa 
Fig  SO. 2 

Lei  us  now  chock  the  equilibrium  of  joint  M.  Separating  it  from  the 
other  parts  of  the  structure  aud  applying  at  the  cuts  the  internal  forces  computed 
above  we  obtain  the  following  equilibrium  equations  (Fig.  59.2e) 

-  A/jj  —  —  Ml  <  A — Mji  c  =  —lJa  +  Pi I = 0 
SY  =  0 

2,X  =  — JSC  =  —  P-\-P  =  0 

which  shows  that  all  the  internal  forces  were  computed  correctly. 
it  should  he  remembered  that  equilibrium  equations  must  ho  satisfied  what¬ 

ever  the  number  of  liars  meeting  at  one  joint,  provided  all  the  external  loads  ap¬ 
plied  directly  to  this  joint  are  duly  taken  care  of. 

Pvoblem  2.  Required  to  trace  the  Q,  N  and  Af  diagrams  for  a  knee  frame  rep¬ 
resented  in  Fig.  GO. 2a. 



Imwwami 
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Solution.  Choosing  onco  again  the  lower  ends  of  the  vertical  elements  as 
their  left-hand  extremities,  mark  them  with  asterisks.  Subdivide  the  knee  frame 
itself  into  four  separate  portions  and  write  for  each  expressions  (1.2)  through 
(3.2)  giving  the  shearing  and  normal  forces  and  the  bending  moments. 

Portion  I 

<?f«Sy  =  gx,  iVr=2Jr  =  0  A//  =  2/W  =  gjrl^-  =  i^- 
L  L  L  *■  Z 

Portion  II 

Oir=  —  2Y  =  0  N!r=—2X  =  -qa  M1’ =  —2Al-—^£- 
R  R  R  * 

Portion  TIT 

Q111  — —  ZY  =  P  =  qa;  Nnt  =  —  2X=  —  qa 
n  r 

MnI=  —2.M  =  —~  —  P  (xz—a)  =  qa  x3) 

Portion  IV 

QIV  =  — 2Y  =  — qa:  N?v  —  —  2  Jf  =  P  =  —  qa 
R  R 

M,V  —2 M  —qa  - 1- j  —  Pa-\-M  =qa  ̂x4  — —  qai  +  qai  — -<>“  (x«— f) 

The  diagrams  obtained  using  the  above  expressions  are  represented 
in  Fig.  60.26,  e  and  d.  Fig.  60.2c  represents  joint  D  subjoclod  to  the  internal 
forces  and  moments  acting  at  the  cuts.  It  will  be  easily  observed  that  all  tho 

equilibrium  equations  for  this  joint,  aro  satisfied: 

2Af  B - qa?  — 2£i  -If-L  qa*  =  0 

2X  =  -\-qa  —  qa  =  0  2F  =  ga  —  qa  —  0 

Problem  3.  Required  to  construct  the  Q,  N  and  M  graphs  for  the  statically 
determinate  frame  represented  in  Fig.  61.2a. 

Solution.  Determine  reactions  ltA,  Hi,  and  H B  shown  in  Fig.  61. 2a  utilizing 

the  well-known  equilibrium  expressions 

2 M B—  R  A2a-\-  Pa—  q2aa*=  0 

wherefrom  remembering  that  P  —  qa  wo  obtain 

Ra  = 

2qa* —  qa 2 
2a 

a 

and  thus 

giving 

2  A/  A  —  —  Pg2a-\-  qlaa  -|-  Pa  =  0 

n 2  qa2-\-qo2  3 

«  = - s - ~~2^1a 
2X=*P— /fB  =  0 

ffB=P  =  qa 

1* 



too Beams 

Mark  again  tho  lower  ends  of  tile  vertical  elements  by  an  asterisk  as 
in  Fig.  01.2a  considering  them  to  lorm  the  left-hand  extremities  and  subdivide 
the  beam  into  four  portions  for  each  of  which  the  following  expressions  are 
readily  obtained. 
Portion  l 

Q'  =  0;  iV1-  -//x=  -q  ~  ;  M1  nc 0 

Portion  II 

~  p=  -w  Nllr=—  hA^  —  q±-\  M11  =  — Px2~  — qax2 

giving  for 

x2  —  0  Mlr=>0  and  for  x2  —  a  MIr=t — qn- 
Porlion  III 

<jllI  =  IiA-qx3  =  q  (-•-_«*)  ;  N^^-P^-qa, 

Aj‘"  =  nA*3-ra-‘£L  =  q(JLr3-,r--Ji.) 

when  *3=0  Qnl^qJL  ^  _  qa2 

when  x3  —  a  0m*=— ?-|-  MITI~>—qa* 

when  xs=2a  Qln  =. — Mlu=—2iia^ 

The  shearing  force  Q1,I^q  — x3J  becomes  nil  when  r3  =  -|-  and accordingly  tho  bonding  moment  will  puss  in  this  section  through  n  maxi¬ mum  or  a  minimum 

(4— -f  )—!»*■ Portion  IV 

Q,V  =  Iln  —  qo; 
N*v~  -BB  -  -4- 

qo; 

=  II  n:r,i  =  qaxt 

when  .r4  =  0  MIV  —  l) 

when  x,,=s2q  MIV  —  2qa2 

The  corresponding  diagrams  for  Q,  N  and  M  are  represented  in  Fig.  01.2b, e  and  d. 

Problem  4.  Required  to  construct  the  Q,  X  and  M  diagrams  for  a  beam  repre¬ 
sented  in  Fig.  62. 2a. 

Solution.  Replace  tho  inclined  load  P  hy  its  vertical  and  horizontal  compo¬ 
nents  Pv  and  Px 

Px—Py-P- cos  45'  =  0.707 P 

and  determine  reaction  PA  which  will  suffice  in  the  case  under  consideration 

2Afu —RA2l + P„1. 7071-f-  /y).7071  =  0 
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wherefrom 
nA 

—  (1.707^S  +  0.707PX}  l 

21 

—  1.707  —  0.707 

2 XO  707P=—  0.853P 

The  negative  value  of  this  reaction  indicates  that  it  is  directed  downwards. 
For  each  of  the  three  portions  of  the  lieain  the  following  equations  giving  the 
values  of  the  shearing  and  normal  forces  and  of  the  bending  moments  may  be 
now  written  as 

Portion  I 

(?r  =  /fA=.  —  0.85.1P;  JVr  =  0;  M1  .-=7?Aar,  =  —  O.SMPxt 

when  r,  =  0  AfI=0  when  xj  =  21  M1  =  —  1.700PZ 
Portion  II 

Qll  =  py-0 .707 P;  NIl=—Px  =  — 0.707 P 

Mn=—  Px0.im  —  P„  (1.7071-12)=  —  0.707P  (0.7071  +  1.7071  — t2)  = 

=  — P  (1.707!-0.707;r2) 

when  *2==  0  Mn  =  —  1.707P1  when  x2—l  M,r=  —  Pl 
Portion  III 

Qul**P\  7VJX/=0;  Afm=  —  Px3 
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The  corresponding  diagrams  are  represented  in  Fig.  62.2 b,  c  and  d. 
The  reader  is  invited  to 

(1)  check  the  sign  of  the  shear  diagram  represented  in  Figs.  59.2 
through  62.2  using  the  rule  mentioned  in  Art.  1.2  which  stipulates 
that  the  shear  is  positive  when  the  axis  of  the  beam  must  be  turned 

clockwise  in  order  to  superimpose  it  with  the  tangent  to  the  bend¬ 
ing  momont  diagram, 

(2)  check  the  Q,  N  and  M  graphs  represented  in  Fig.  63.2, 
(3)  trace  the  Q,  N  and  M  diagrams  for  the  frames  represented 

in  Fig.  64.2. 



3 THREE-HINGED  ARCHES 

AND  FRAMES 

1-3.  THnEE-IIINGED  SYSTEMS 

A  three-hinged  system  consists  of  two  plates  (I  and  II),  connected 
together  by  means  of  a  hinge  (hinge  C  in  Fig.  1.3),  with  two-hinged 
supports  A  and  B  resting  on  the  ground.  As  the  latter  can  itself 

be  regarded  as  another  rigid  plate,  it  may  he  said  that  a  three-hinged 
system  consists  of  three  plates  connected 

together  by  means  of  three  hinges,  these 
hinges  not  lying  on  one  straight  line. 
We  have  seen  previously  (see  Art.  2.1 

and  Fig.  10.1)  that  connections  of  this 
type  are  characteristic  of  geometrically 
stable  structures. 

When  the  plates  I  and  II  consist  of 

curved  bars  the  system  is  called  a  three- 
hinged  arch  (Fig.  2.3a);  in  the  event 

these  bars  are  straight  or  L-shaped,  the 

system  will  he  called  a  three-hinged  bent 
or  frame  (Fig.  2,36  and  c);  finally,  when  these  plates  are  through 

structures,  the  system  becomes  a  three-hinged  truss  or  spandrel  arch 
(Fig.  2.3d). 

The  distance  l  between  the  centres  of  the  hinges  at  the  supports 
is  called  the  span  of  the  arch  while  the  distance  f  from  the  centre 
of  the  crown  hinge  to  the  straight  line  passing  through  the  former 

two  is  called  its  rise  (Fig.  2.3a). 

A  three-hinged  system  may  or  may  not  have  a  vertical  axis  of 
symmetry.  In  the  first  case  (Fig.  4.3)  the  central  hinge  C  will  lie 
on  this  axis  of  symmetry  and  the  hinges  at  the  supports  A  and  B 
will  be  at  one  and  the  same  level.  Nonsymmctrical  systems  may 
have  tlioir  supports  at  different  levels  (Fig.  3.3). 

In  three-hinged  systems  the  reactions  at  the  supports  A  and  B 
will  be  characterized  by  two  parameters  each — its  magnitude 
and  direction  or  by  any  two  components  of  these  reactions, 
say,  the  vertical  V  and  the  horizontal  H .  (These  two  components 
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ate  frequently  referred  to  as  the  vertical  and  horizontal 
reactions.) 

Accordingly,  the  reactions  of  a  three-hinged  arch  will  be  fully 
determined  by  four  parameters,  for  instance,  the  amounts  of  the 
reactions  If  A,  lip,  VA  and  V  „  (Fig.  4.3). 

C 

These  may  be  obtained  from  the  three  equilibrium  equations 
of  external  forces  (including  the  reactions)  acting  upon  the  system 

and  from  a  fourth  equation,  expressing  that  the  moment  of  all 
the  external  forces  acting  to  the  left  or  to  the  right  of  the  crown 

hinge  about  its  centre  must  be  nil.* 
Thus,  a  three-hinged  system  is  always  statically  determinate. 
When  a  system  of  vertical  loads  acts  on  a  three-Uingcd  system  the 

horizontal  components  H A  and  H  B  of  the  reactions  at  the  supports 

♦ 

*Tbls  is  due  to  the  fact  that  in  any  hinged  system  in  equilibrium  the  moment 
about  any  hinge  must  be  equal  to  zero. 
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will  not  reduce  to  zero.  Accordingly,  the  three-hinged  systems 
usually  develop  a  thrust  which  must  be  absorbed  either  by  the  sup¬ 
ports  or  by  some  other  arrangement. 

It  will  be  shown  later  that  the  bending  moments  and  shears  acting 
over  cross  sections  of  three-hinged  arches  are  considerably  smaller 
than  the  corresponding  stresses  in  a  simple  beam  covering  the  same 

Fig.  S.3 

span  and  carrying  the  same  load.  Therefore,  three-hinged  arches 
are  more  economical  than  ordinary  beams,  particularly  for  large- 

span  structures.* 
However,  when  the  spans  are  small,  three-hinged  arches  become 

less  desirable  than  ordinary  beams,  as  their  construction  is  more 

complicated  and  the  provision  of  hinges  both  at  the  supports  and 
at  the  crown  requires  the  use  of  more  intricate  arrangements. 

In  the  three-hinged  systems  considered  thus  far  both  supports 
were  capable  of  absorbing  a  horizontal  thrust.  In  practice  it  is 
not  unusual  to  encounter  similar  systems  in  which  one  of  the  hinges 

is  movable.  In  this  case  the  geometrical  stability  of  the  system 

♦ 

*'fhe  first  arched  systom  for  a  large  span  was  proposed  in  1776  (i.e.,  some 
hundred  years  before  the  creation  of  the  science  of  structural  mechanics)  by  the 

eminent  Russian  engineer  I.  Kulibin.  On  tho  basis  of  general  principles  of  theo¬ 
retical  mechanics,  ho  designed  an  arched  wooden  bridge  300  m  long  spanning 
the  whole  of  the  river  Neva  at  St.  Petersburg.  He  was  the  first  to  determine  the 

interaction  of  external  forces  and  stresses  in  a  three-hinged  arched  system  and 
to  use  a  funicular  polygon  for  tho  determination  of  the  shape  of  his  arch  many 

years  before  this  method  became  widely  known.  A  huge  30  m  model  of  Kuli- 

bin’s  bridge  was  tested  by  a  load  of  approximately  56  tons  and  approved  by  the 
Russian  Academy  of  Science.  The  great  mathematician  and  member  of  the 

Academy  L.  Euler  checked  all  the  computations  and  drawings  of  Kulibin ’s 
bridge  and  found  them  perfectly  correct. 
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is  ensured  by  ties  established  either  at  the  level  of  the  supports 

or  somewhat  higher  (Fig.  5.3a  represents  a  three-hinged  tied  or 

bowstring  arch;  Fig.  5.35 — a  three-hinged  arch  with  an  elevated 

tie;  Fig.  5.3c— a  three-hinged  tied  bent,  and  Fig.  5.3d—  a  similar 
bent  with  an  elevated  tie). 

2.3.  SUPPOIVr  REACTIONS  OF  A  THREE-HINGED  ARCH 

i.  analytical  method 

As  has  already  been  stated,  when  a  system  of  vertical  loads  is 

applied  to  a  three-hinged  arch  (Fig.  6.3 a)  a  vertical  and  a  horizontal 
reaction  will  arise  at  each  of  the  two  supports  making  four  reactions 

to  be  determined  in  all.  Let  us  designate  the  vertical  reactions  by 

V4  and  V B  and  the  horizontal  ones  by  IT  A  and  II u,  respectively 
(Fig.  6.35). 

In  addition  to  the  three  equilibrium  equations  supplied  by  the 
statics  for  coplanar  systems,  a  fourth  equation  can  be  used  in  the 

case  of  a  three-hinged,  arch,  this  equation  expressing  that  the  bend¬ 
ing  moment  at  the  hinge  C  equals  zero,  or  in  other  words,  that 
the  sum  of  the  moments  of  all  the  external  forces  acting  to  the  right 

or  to  the  left  of  this  hinge  about  its  centre  is  nil 

2Mc  =  Ci  or  2Mc  —  0 
l  n 

These  four  equations  of  statics  will  determine  completely  the 
four  reactions  at  the  supports. 

It  is  recommended  to  avoid  as  much  as  possible  simultaneous 

solutions  of  several  equations  with  several  unknowns.  For  instance, 
in  the  case  of  an  ordinary  arch  represented  in  Fig.  6.3a  we  may 

first  write  the  equilibrium’tequation  for  the  moments  of  all  forces 

about  hinge  B  which  will  contain  only  one  unknown  vertical  reac- 
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tion  VA.  When  this  is  known  we  may  solve  the  equation  ̂   Mc  =  0 

expressing  that  the  sum  of  moments  of  all  forces  acting  on  the  left 
part  of  the  arch  about  hinge  C  is  nil,  this  equation  containing  the 
reaction  VA  which  has  just  been  determined  and  the  unknown  reac¬ 

tion  11 A.  VVe  may  then  proceed  with  the  solution  of  an  equation 

expressing  that  the  moment  of  all  external  forces  about  hinge  A  is 

zero  which  will  give-  us  the  value  of  reaction  V R  and  thou  obtain 

the  magnitude  of  H  „  equating  to  zero  the  projection  of  all  the 
external  forces  on  the  horizontal. 

The  compulations  just  described  may  he  checked  using  the  equa¬ 
tions 

2F=0  and  2Afr  =  0 
R 

If  the  two  .supports  were  at  different  levels  as  in  Fig.  7.3«,  the 

equation  2>f„  =  0  would  contain  two  unknowns  VA  and  IT A , 
thus  requiring  the  solution  of  a  system  of  two  equations  with  two 
unknowns.  This  can  be  easily  avoided  if  both  reactions  were  resolved 
into  components  one  of  which  would  follow  the  line  connecting 

the  two  supports  A  and  B  (Fig.  7.3b).  When  these  components  V'A, 
V'n,  1/ \  and  It ii  are  determined,  the  vertical  and  horizontal  compo¬ 
nents  will  bo  easily  found  using  the  expressions 

VA  =  V’A  II’A  sin  a;  V„  =  V'n — IfB  sin  a 
11^  =  IV A  c  os  a ;  11  u  —  If  b  cos  a 

2.  OP  A  I'll  (CAL  METHOD 

Tile  graphical  determination  of  the  reactions  requires  that  the 
resultants  7ilj  and  /?2  of  all  the  forces  applied  to  the  left  and  to  the 

right  of  the  central  hinge  should  be  found  in  the  first  place.  The 
reactions  induced  by  each  of  these  resultants  fii  and  Il2  will  then 
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be  determined,  their  summation  giving  the  final  value  of  the  reac¬ 

tion  required.  We  may  start  with  determining  the  reactions  at  the 

support  caused  by  the  application  of  the  force  Ji,.  In  this  case  the 

reaction  at  the  right-hand  support  /?,  must  pass  through  the  hinge 

at  this  support  and  the  hinge  at  the  crown  (Fig.  8.3a)  as  otherwise 

the  right-hand  portion  of  the  arch  which  is  subjected  solely  to  the 

reaction  at  B ,  and  the  interaction  of  hinge  C  could  not  remain  in 

equilibrium.  With  reaction  A,  arising  at  the  left-hand  support, 
the  arch  as  a  whole  will  be  in  equilibrium  under  the  action  of  three 

forces  .  1 1 .  Bjf  fl\. 

1 

Theoretical  mechanics  slates  that  three  copianar  forces  acting 

on  a  body  in  equilibrium  must  necessarily  concur  at  one  and  the 
same  point.  The  use  of  this  theorem  enables  us  to  find  immediately 
the  direction  of  reaction  whereafter  the  force  polygon  (Fig.  8.3 b) 

will  give  us  the  magnitude  of  both  support  reactions  A{  and  Bt.  The 

support  reactions  A2  and  Bz  due  Lo  the  application  of  the  right-hand 
resultant  Ii2  will  be  found  in  exactly  the  same  way  (see  Fig.  8.3a). 

Tlie  method  of  superposition  will  enable  ns  to  obtain  the  resultant 
reactions  A  and  B  at  both  supports.  For  this  purpose  a  line  parallel 
to  the  line  of  action  of  the  reaction  A2  will  be  traced  through  point  3 

of  a  force  polygon  (Fig.  8.36)  and  the  magnitude  of  reaction  „-l2 
will  be  laid  off  along  this  Jine.  The  point  0  so  obtained  will  then 
be  connected  with  point  l,  thus  giving  the  magnitude  of  the  full 

reaction  A  at  the  left-hand  support,  the  full  reaction  B  at  the  right- 
hand  support  being  obtained  by  the  same  method.  The  vertical 
and  horizontal  components  V  A,  II A,  V B  and  II n  can  be  obtained 
thereafter  in  the  usual  way. 

'Phe  graphical  method  of  determining  the  reactions  at  the  supports 
of  a  three-hinged  arch  carrying  a  number  of  vertical  loads  is  illu- 
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strated  in  Fig.  9.3.  At  the  outset  resultants  /?)  and  /?2  are  found 
using  the  method  of  force  and  funicular  polygons  whereafter  the 
procedure  followed  does  not  differ  from  the  one  just  described. 

Problem  1.  Using  both  methods  described  above  determine  the  support 
reactions  of  a  three-hinged  arch  supporting  two  vertical  loads  as  indicated 
in  Fig.  10.3a. 

Solution.  1.  Analytical  method .  Replaco  the  support  reactions  by  their  com¬ 
ponents  UA,  Ha  and  V B,  II „  (Fig.  10.3?/).  In  order  to  determine  the  magnitude 
of  Va  equate  to  zero  the  sum  of  all  the  forces  acting  on  the  arch  about 

point  B 
XMB  =  VAl  —  P,  (i  —  a, )  —  P2  (l  —  «2)  =  0 

whence 
P ,  (l~(u)+Pt(l-az) 

l 

Here  M n  is  the  moment  of  all  the  external  Loads  about  the  hinge  at  the  right- 
hand  support. 

The  magnitude  of  II A  will  be  obtained  from  tho  equilibrium  of  the  moments 
of  all  external  forces  acting  on  the  left  half  of  the  arch  about  tho  crown  hinge  C 

2d/c  =  FAf1-7/A/-P1(/i-a1)-=0 

whence 

(I.3> 
Here  Me  is  the  moment  of  all  the  loads  (oxoept  of  HA)  acting  on  the  left- 

hand  portion  of  the  arch  about  point  C, 
The  vortical  reaction  V D  will  be  obtained  by  summing  up  and  equating 

to  zero  the  moments  of  all  tho  external  forces  about  hinge  A 

whence 
SAfA  =  — VBl -{-  P2fl2-t~^>!al  —  0 

v  /Vi  +  M  A 

Here  Ma  is  the  moment  of  all  the  loads  about  the  left-hand  support. 
The  last  unknown  roaction  II B  will  be  found  by  projecting  all  tho  forces 

on  the  i-axis 

2X  =  HA  —  HB*=0 
whence 

II  a=  Hn~  II  (4  3) 

The  last  formula  shows  that  the  thrusts  arising  at  both  supports  of  three-hinged 
symmetrical  arches  subjected  to  vertical  loads  are  equal  in  size  and  opposite  in 
direction. 

Substituting  in  equations  (1.3)  through  (4.3)  the  numorical  values  of  ail 
the  parameters  we  obtain 

,,  4(10-3)4-3(10-6)  28-4-12  ,  . 

- io - - i0~=4  t0ns 4x34-3x6  ,  , 

Pa— - jo - =“3  ‘ons 

Ua^Hb  =  H- 
4x5  —  4  (5  —  3) =  3  tons 
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From  the  expressions  (1.3)  and  (3-3)  it  will  be  observed  that  ike  vertical  support 
reactions  of  three-hinged  arches  carrying  vertical  loads  alone  have  the  same  values 
as  the  reactions  of  simply  supported  beams  of  the  same  span  and  loaded  in  the  same 
way  (Fig.  10.3c).  The  bonding  moment  at  midspan  of  this  beam  being  equal  to 
Mc,  the  thrust  at  the  arch  supports  may  be  obtained  by  dividing  this  bending 
moment  by  the  rise  of  the  arch  [seo  equations  (2.3)  and  (4.3)]. 

2.  Graphical  method.  Using  the  schematic  drawing  of  the  arch  (Fig.  10.3d) 
let  us  connect  hinges  A  and  D  witli  the  crown  hinge  6’,  extending  these  lines (lines  /  and  IT)  to  their  intersection  with  the  direction  of  forces  P2  and  Pu 
respectively,  at  points  K2  and  Kt.  These  points  are  then  connected  directly  to 
points  A  (line  H  )  and  1)  (line  III). 

piniTEifflTmiiiTTiini}? 

bet  us  now  lay  off  to  scale  forces  F,  and  /J2  (vectors  1-2  and  2-3 )  along  a  ver¬ 
tical  as  in  Fig.  10.3*.  Force  Pi  is  then  resolved  into  two  components  A,, 
parallel  to  the  linos  IV  and  II  (see  Fig.  10.3d)  for  which  purpose  rays  2-3  and 
1-3  are  traced  through  its  ends.  Force  P%  is  resolved  in  the  same  way  thus  obtain¬ 
ing  «  ™y  2-4  equal  in  amount  to  A*  and  parallel  to  the  lino  I  and  a  ray  3-4 
equal  in  amount  to  I);.  and  parallel  "to  line  III.  Thereafter  rays  4-0  and.J-6' are  traced  parallel  to  lines  2-5  and  2-4.  respectively.  Hav  t',-1  will  be  equal  to the  reaction  at  A  and  ray  3-0  to  the  reaction  at  D.  The  vertical  and  horizontal 
components  of  those  reactions  VA,  V„  and  IIA,  II B  arc  easily  found. 

Problem  2.  Dotormine  analytically  the  thrust  of  an  arch  represented  in 
Fig.  11.3  uniformly  loaded  over  the  entire  span  with  an  intensity  q. 

Solution.  Start  with  determining  the  reactions  at  the  supports  using  the 
following  equilibrium  equations 

2A/a=0  and  2MA  =  0 

In  the  case  under  consideration  these  equations  bocomo 

SMH~VAl-ql±=  0 

Z*U-~VBl  +  ql  1  =  0 

whence 

vA  =  vn^±<,i 

in  the  caso  of  vertical  loads  alone  the  thrust  FfA  =  tln=lf  may 
he  determined  by  equating  to  zero  the  moments  of  all  external  forces  acting 
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on  Hu1  left  halt  of  1. tic  arch  about  the  crown  bingo  C 

whence 

zm<--va 
l  l  l 

11 

ql* 

8/ 

Problem  3.  Required  to  determine  hol-lr  graphically  and  analytically  the 
reactions  induced  at  the  supports  of  the  three-binged  arch  represented  in 
Fig.  1 2.3a  by  an  inc  lined  force  P  =  5  tons  for  cos  a  —  0.(1  and  sin  a  —  0.8. 

1 

Solution.  I.  Analytical  method.  Let  us  resolve  Iho  force  P  into  its  vertical 
and  horizontal  components 

5x0.8-—  4  tons;  PI==5xO-f)  =  3  tons 

The  vertical  reaction  VA  may  then  be  determined  from  the  equilibrium 
equation  of  the  moments  about  point  13 

2M„  =  12Va-QPu  +  3Px  =  0 
whence —  3PX  3i(_y  27 

12 

12  =12  =2’2
5  t0”S The  f  reaction  Vlt  will  [bo  obtained  from  the  equilibrium  of  moments 

about  point  A 

-12VJt+3P„  +  3P*  =  0 
whence 

y  =  -■*3  +  3x3  =  1.75  tons 12 

We  may  now  determine  the  horizontal  reaction  UA  equating  to  zero  He 
moments  of  all  forces  acting  on  the  left  half  of  the  arch  about  the  crown 
hinge  C 

2MC  =  —  4  llA  —  IP*  -  3P„  =  0 

*s-sr>8 
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whence 

2.25x6— 3  xl  —  4x3 
4 

—  0.375  ton 

The  nogativo  sign  obtainod  indicates  that  the  reaction  II A  'is  directed 
tnwei'iis  the  left.  To  determine  the  reaction  II n  let  us  equate  to  zero  the  sum 
of  horizontal  projections  of  all  tlio  forces; 

2X=iia+px—h„= o 
whence 

II n  =  — 0.375  -)-3  =  2.l!2”>  Inns 

2.  Graphical  method.  Trace  line  II  through  hinges  B  and  C  until  its  intersec¬ 
tion  with  the  direction  of  force  P  at  point  K  (Fig.  12.3a).  Point  K  will  then  he 
connected  by  line  I  with  the  hinge  A.  Thou  lay  to  scale  force  P  parallel  to  its 
direction  as  shown  in  Fig.  12.3b  and  through  its  ends  trace  rays  I  d  and  2-3 
parallel  to  lines  I  and  II  of  Fig.  12.3a,  respectively.  These  two  rays  will  repre¬ 
sent  to  scale  the  reactions  at  the  supports  A  and  B;  their  horizontal  and  vortical 

components  are  II a  and  Hn,  VA  and  V"0. 

3.3.  DETER  MI  NATION  OF  STRESSES  IN  THREE-HINGED 
ARCHES 

1.  ANALYTICAL  METHOD 

The  internal  forces  or  stresses  acting  over  the  cross  sections  of 

a  three-hinged  arch  consist  of  bending  moments  M,  shears  Q  and 
normal  forces  ;V.  They  may  be  computed  on  the  basis  of  loads  and 
reactions  acting  to  the  left  or  to  the  right  of  the  section  considered. 

Wo  shall  use  the  same  sign  conventions  for  the  three-hinged 
arches  as  adopted  in  Art.  1.2  [expressions  [1.2)  through  (3.2)1  for 
ordinary  beams,  with  the  exception  of  the  sign  of  tho  normal  force 
which  in  this  case  will  be  reckoned  positive  when  producing  a  com¬ 
pression. 

In  the  computation  of  stresses  auxiliary  coordinate  axis  will 
he  used  for  each  cross  section  considered,  the  axis  of  abscissas  a 
coinciding  with  tile  tangent  and  the  axis  of  ordinatos  v  with  tho 
normal  to  tho  centre  line  of  the  arch  at  this  section.  The  projections 
of  forces  on  these  axes  will  be  designated  by  U  and  V. 

With  those  conventions  expressions  (1.2)  through  (3.2)  become 

Q  =  YV=  —St7 
L  R 

Af  =  2(l/-  —~LM L  It 

N-W--W  (1.3) L  R 

In  these  expressions  the  moments  will  be  reckoned  positive  when 
they  tend  to  turn  the  section  clockwise,  the  components  V  when  they 
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are  directed  upwards  and  the  components  V  when  they  are  directed 
from  left  to  right.  Using  expressions  1.3  let  us  determine  the  internal 
forces  acting  over  a  cross  section  K  of  an  arch  represented  in 
Fig.  13.3 

Q  =  2F  —  V a.  cos  <p — II A  sin  qp  —  'ZP«  cos  <p —  2P*sin  cp L  L  L 

M  =  2 M  =  V  Ax— H  Ay—  *LPy  (x  —  xp)  —  2  Px  ( y —  yp) L  L  L 

N  —  2 C  —  F  ,i  si  n  <p  —  II a  cos  <f  — 2  P»  si  n  <p  -)-  2 Px  cos  (2.3) 
L  L  L 

where  x  and  y  ~  coordinates  of  point  K  on  the  centre  line  of  the 

arch 
<p  =  angle  between  the  tangent  to  the  centre  line 

of  the  arch  at  point  K  and  a  horizontal 

Py  and  Px  =  vertical  and  horizontal  components  of  force 
P,  respectively 

xp  and  yp  =  coordinates  of  the  point  of  application  of 
force  P. 

In  the  expressions  for  Q,  M  and  N  the  summation  must  comprise 

the  components  Py  and  Px  of  all  the  external  loads  and  forces  applied 

to  the  arch  to  the  left  of  section  K.  In  the  case  of  the  arch  represented 

in  Fig.  13.3  only  one  component  of  force  I\  (Piy  or  Pix)  will  enter 
into  each  of  these  equations.  It  should  be  noted  that  the  stresses 

Q ,  M  and  N  could  be  expressed  with  equal  success  using  the  forces 
to  the  right  of  section  K. 

If  vertical  loads  alone  are  applied  to  the  arch  (Fig.  14.3c)  all  tho 

horizontal  components  Px  are  equal  to  zero,  the  vertical  compo¬ 

nents  Py  equal  P  and  the  thrust  II A  =  II D  =  H.  In  this  case  ex- 

8* 
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press  ions  (2.3)  become 

Q=-  (V.4  —  S/'’)  cos<(  —  ll  sin  <(; L 

M  =  VA x  —  2  P  (x  —  xp)  —  II  y 

N  =  (  Ka — S/*)  sin  rp  -{-  II  cos  <p 

The  expression  ( VA  —  2  P)  re  presents  the  shear  Qa  in  the  corre- L 

spending  section  of  an  utni-supported  “reference"  beam  subjected 

(^i-,  t'-"' 
IF  iV-  14.3 

to  the  same  loads  as  shown  in  Fig.  14.36  and  the  expression 

Ufa*  —  2P  (*  —  *,,)!— the  bending  moment  M*  in  the  same  section 
of  the  same  beam  * 

With  these  designations  the  above  expressions  become 

Q  -  Q 0  cos  <p — II  sin  tp 
M  —  Mn — IJy 

N  -  <?°sin  (p  +  7i  cos  cp  (3.3) ♦ 

might  be  called  the  beam  shearing  force,  and  Mu  tile  beam  bonding moment. 
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Once  l.lie  magnitudes  of  Q.  M  and  N  have  been  determined  for 
a  sufficient  number  of  cross  sections,  the  graphs  of  these  func  tions 

will  ho  easily  constructed.  When  vertical  forces  alone  act  on  the 
arch,  any  of  the  three  sets  of  equations  (1.3),  (2.3)  or  (3.3)  may  be 
used,  in  other  cases  use  should  be  made  of  expressions  (1.3)  or  (2.3). 
It  will  he  noted  that  in  the  event  of  a  vertical  loading  each  graph 

may  be  obtained  by  the  summation  of  two  other  graphs.  For  instance, 

the  bending  moment  diagram  may  be  obtained  by  summing  up 

V 
X 

the  bending  moment  diagram  M°  for  reference  beam  with  the  graph 
of  the  arch  ordinates  y  multiplied  by  ( — //),  this  illustrating  very 
clearly  the  extent  to  which  the  bending  moments  are  reduced  in 
the  arches. 

Problem  1.  ftequirod  to  determine  the  reactions  at  the  supports  as  well  as 

the  hooding  moment,  shear  and  normal  forces  acting  ovei  section  K  of  a  three- 
hinged  arch  represented  in  Fig.  15.3.  The:  centre  line  of  the  arch  follows  a  conic 
parabola  given  by  the  equation 

y 4/  4x4(12—*)*  (12  —  r)  * 

IT  I1"*)  - -  12x72 - " - 9 - 

The  abscissa  a'j,  of  point  K  is  3  metres. 
Solution.  First  determine  the  ordinate  of  point  K 

Uh  = 

(12-3)3  „ 

- 9 - J 
metres 

The  tangent  of  the  angle  formed  by  the  tangent  to  the  centre  line  of  the 
arch  and  the  axis  of  abscissas  will  ho  given  by  the  first  derivative  of  the 
parabola 

,  12  —  2z 
tan  ip*  —  y= - g — 
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For  point  K  (2=  3  metres)  this  tangent  will  be  given  by 

,  12—2x3  2 tan  tpfe  = - g - =  3- 

Tho  corresponding  sine  and  cosine  will  be  derived  from  the  formulas  * 

tan  rf  ft  2 
sin  <fh  - 

COS  Iffe  =  • 

V 1  tan»  <p„ 

1 

vt  T  tan2  rpj, 

-  =  0.555 

ZV  t+T 
1 

/  i+i 

=  0.832 

The  'reactions  at  the  supports  will  be  determined  using  tho  following 
equations 

2A/b=  Fa12  — g6x9  —  f’cos  a3  —  P  sin  a3  =  0 

whence 

=  11.73  tons 2x6x9  +  8(0.5  +  0.866)3 12 

2V  =  —  gii  —  /*  sin  ot  fFj)«0 

and  accordingly 

then 

leading  to 

nA= 

V/,=  2x8+8x0.866  —  11.73  =  7.20  tons 

SATC  =  VX6  — ? <ix3-tfA4=0 

11.73x6  —  2x18  34.38 x  4 

ZX  =  II A  —Iln  =  —  P  cos  a  =  0 

=  8.60  tons 

/fj,  =  8.6Ci— 8x0.5  =  4.60  tons 

The  bending  moment  in  section  K  will  amount  to 

Mk  =  Va3 — //A3  —  <?3X-|-  =  0.39  ton-metre 

while  the  shear  in  the  same  section  will  total 

Qk  =  va.  cos  i) *  —  HA  sin  cpft  —  ,73  cos  <pft  =  0 

and  finally  the  normal  force  Nk  will  lie 

JV*  =  V A  sin  (p4  +  -^A  cos  qpjt — $3  sin  <r&  =  10.34  tons 

Problem  2.  Required  to  construct  the  diagrams  of  bonding  moments  M, 

shears  Q  and  normal  forces  N  for  an  arch  represented  in  Fig.  16.3a  and  fol¬ 
lowing  a  conic  parabola  whose  equation  is 

y=\ 5- <*-**>* 
♦ 

•Their  values  could  also  be  found  directly  using  appropriate  tables. 
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Solution.  Let  us  determine1  fisrt  Uu:  reactions  at  the  supports  VA  ami  V„ 

2MB~VAl-2L  x  lil-  Pb~  0 Z  4 

^ Y  ~  V a 4" Kn  —  (I~2 —  P  —D 
whence* i 

V a  —  -rr  <ll  I — r  P  ~  Id  tons O  t 

vd  =  Q-j  Vl>— V  A  iS<’  U’,1S 

rile  tiirust  II  will  he  derived  from  the  equation 

whence S«c- 
b 

v  1-lL 

v  a  2  2 

11/ =  0 

n= 

v*tr 

£ t 
K 

--(>  tons 

The  anh  carrying  vertical  loads  alone,  expressions  (3.3)  may  be  used  tor  the 
consl.rurl.ioji  of  (lie  (t ,  M  and  JV  graphs  required. 

Fig.  Hi  dh  represents  a  simply  supported  reference  beam  loaded  in  t.lie  same 
way  as  tile  arch  and  Fig-  1(1. dc  and  d  represents  the  diagrams  of  the  shears  ()u  and 
I  lending  moments  Me.  All  further  compiiliitions  are  entered  in  Table  Jd.  column 
I  containing  the  abscissas  *  of  the  points  along  the  arch  centre  line  token  at  one 
metre  increments,  and  column  2  containing  the  corresponding  ordinates,  calcu¬ 
lated  using  the  expression 

X 

Column  3  contains  the  values  of  tan  tp  computed  from 

4  /  H    r 
tanp-ir—jr  (*— 2*)=2  — £j — 

while  the  following  three  columns  contain  the  values  of  ij ,  sin  tp  and  rosip.  The 
values  of  Qo  mid  Me  taint lated  in  columns  7  and  13  are  taken  directly  from  the 
corresponding  diagrams  reproduced  in  Fig.  1.1. 3a  and  d.  Columns  H  through  t2 
contain  the  products  of  the  shear  (1°  and  the  thrust  M  l>y  sin  <[,  cos  tp  and  the 
ordinates  of  tin*  centre  fine  of  the  arch. 

Tito  last  tit  rite  columns  of  Table  1 .3  (columns  14, 15  and  10,1  contain  the  val¬ 
ues  of  Q,  M  and  iV  acting  over  the  corresponding  cross  sections  of  the  arch.  They 
have  hcoii  com  pit  led  using  formulas  (3.3),  whirh  means  that  Lite  magnitude  of  () 
was  obtained  by  summing  up  ciphers  appearing  in  columns  S)  and  Id,  the  value  of 

M  —  tty  summing  up  ciphers  of  columns  12  and  13.  and  the  value  of  A'— those of  columns  H  and  II. 

The  shear,  he  tiding  momont  and  normal  force  diagrams  appearing  in 
Fig.  16.3*.  /  and  g  have  been  constructed  using  the  data  contained  in  Ihe  last 
three  columns  or  Table  1.3.*  in  these  three  diagrams  the  ordinates  have  been 
laid  elT  from  a  horizontal  axis;  in  addition  the  bonding  moment  diagram 
represented  in  Fig.  1ti.3/t  has  been  constructed  by  laying  off  these  ordinates 
from  the  curved  centre  line  of  the  arch. 

♦ 

*  I'm  convenience,  different  scales  have  been  adopted  fur  different  diagrams. 
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2.  GRAPHICAL  METHOD 

The  graphical  determination  of  internal  forces  Q,  M  and  N  acting 
over  the  cross  sections  of  three-hinged  arches  is  carried  out  by  con¬ 
structing  the  so-called  funicular  polygon  or  polygon  of  pressure. 

Fig.  17  3a  represents  a  three-hinged  arch  loaded  by  forces  Pi 
and  P2.  Only  one  force  acts  to  the  right  and  one  to  the  left  of  the 
central  hinge  C  and  therefore  we  need  not  bother  about  the  deter¬ 
mination  of  any  resultants.  The  reactions  at  the  supports  A  and  ft 

are  determined  graphically  using  the  force  polygon  in  Fig.  17.36.* 
; 

Let  us  proceed  now  with  the  construction  of  the  funicular  polygon 
(Fig.  17.3c)  corresponding  to  the  force  polygon  already  mentioned. 
For  this  purpose  we  shall  extend  the  direction  of  reaction  A 
(Fig.  17.3c)  until  its  intersection  at  m  with  the  direction  of  force 

P\.  Through  the  point  of  intersection  we  shall  trace  the  string  II' 
parallel  to  ray  II  of  the  force  polygon,  this  ray  representing  the 
resultant  of  the  reaction  A  and  the  load  Pt.  Let  point  n  be  the 
intersection  of  the  string  IV  with  the  line  of  action  of  the  load 

P2.  Through  this  point  wo  shall  trace  the  string  III'  parallel  to  ray 
III ,  the  latter  being  the  resultant  of  reaction  A  and  loads  P\  and  P>. 

♦ 

*See  Fig.  8.3  of  Art.  2.3  for  explanation. 
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If  all  the  operations  were  carried  out  correctly,  the  string  II' 
representing  the  resultant  of  forces  A  and  Pt  will  pass  through 

the  centre  of  hinge  C  whilst  the  string  III'  whoso  direction  must 
coincide  with  the  direction  of  the  reaction  at  B  will  pass  through 
the  pin  of  this  support. 

The  funicular  polygon  I'-II'-Ill'  (Fig.  17.3c)  is  frequently 
termed  polygon  or  line  of  pressure  as  each  string  coincides  with  the 
direction  of  the  pressure  exerted  by  one  portion  of  the  arch  on  the 
other. 

Hence  these  strings  will  coincide  in  direction  with  the  resultant 
of  all  the  forces  acting  on  the  arch  to  the  left  or  to  the  right  of  the 
section  considered. 

This  may  be  illustrated  by  Fig.  17.3c  where  to  the  left  of  section 
krki  there  is  only  the  reaction  at  the  support  >1  and  thus  string 

/'  of  the  funicular  polygon  will  coincido  with  the  direction  of  force 
A  which  is  the  resultant  of  all  the  forces  to  the  left  of  the  cross 

section  considered.  Passing  to  section  /c2-A:2  we  note  that  there  are 

already  two  forces  A  and  P,  to  its  left.  At  the  same  Lime  string  II' 
represents  the  resultant  of  these  two  forces.  In  the  case  of  section 

k3-k3  there  will  be  already  three  forces  A ,  Pt  and  P2  to  its  left, 
their  resultant  passing  through  the  point  of  intersection  of  string 

If  with  force  P3  as  string  II'  is  itself  the  resultant  of  forces  A 
and  Pt.  Tlicreforo,  this  resultant  coincides  with  string  IIP. 

Accordingly,  any  line  in  the  pressure  polygon  AmnB  represents 
the  direction  of  the  resultant  of  all  forces  applied  to  the  left  (or  lo  the 

right)  of  the  section  under  consideration.  Tho  magnitude  of  this  result¬ 
ant  may  be  determined  with  tho  aid  of  the  polygon  of  forces. 
Thus,  in  Fig.  17.36  tho  resultant  of  forces  A  and  Pi  will  bo  given 
by  the  length  of  ray  II  measured  to  scale. 

Thus,  the  polygon  of  forces  and  the  pressure  polygon  permit  the 
determination  of  all  the  stresses  in  any  cross  section  of  the  arch. 

For  instance,  the  bending  moment  may  be  obtained  by  multiplying 
the  resultant  by  its  distance  to  the  centroid  of  the  section  under 
consideration. 

In  section  ki-k{  (Fig.  17.3c)  the  bending  moment  M  will  thus 
equal  Ae  where  e  is  the  distance  to  the  line  of  action  of  force  A  meas¬ 
ured  along  a  perpendicular  dropped  on  this  line  from  the  centre 
of  gravity  of  the  cross  section. 

In  order  to  determine  the  shear  and  the  normal  force  acting  over 
section  the  resultant  of  all  the  forces  to  the  left  of  this  section 

(ray  I  or  reaction  A)  must  be  resolved  into  two  components,  one 
parallel  to  the  tangent  to  the  arch  centre  lino  at  this  section  (ray 

6-1)  and  the  other  (ray  0-6)  normal  to  the  same  line.  It  is  clear  that 
ray  0-6  will  represent  the  shear  Q  and  ray  6-1  the  normal  force  N 
in  our  section. 
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'Hie  line  of  pressure  provides  a  very  dear  picture  of  Ihe  work  of 
an  arch.  Thus,  Fig.  17. 3c  shows  that  the  forces  acting  on  the  arch 
tend  to  increase  the  curvature  of  its  right-hand  portion  where  the 
resultant  is  below  the  centre  line,  while  the  curvature  of  the  left- 
ha  ml  portion  will  decrease. 

When  a  system  of  vertical  loads  Pu  Pz,  P3,  etc.,  acts  on  a  three - 
hinged  arch,  the  construction  of  the  pressure  line  will  be  carried 
out  in  the  following  sequence: 

(1)  lirst  find  the  resultant  /?t  of  all  the  external  loads  applied  to 
the  left  of  the  crown  hinge; 

(2)  next  find  the  resultant  Jt 2  of  all  the  external  loads  applied 
to  Ihe  right  of  the  same  hinge; 

(3)  then  determine  the  reactions  A  and  B  induced  by  the  result¬ 
ants  !i\  and  Jh,  just  determined; 

(4)  dually  construct  the  force  polygon  and  the  Hue  of  pressure 
taking  into  consideration  all  the  separate  vertical  loads  P. 

There  is  always  only  one  polygon  or  lino  of  pressure  correspond¬ 

ing  to  any  sot  of  loads  applied  to  a  three-hinged  arch.  When  these 
loads  are  distributed  the  line  oj  pressure  becomes  a  smooth  curve. 

If  the  centre  line  of  the  arch  wore  to  coincide  with  the  pressure 
line  pertaining  to  any  particular  set  of  loads,  these  loads  will  induce 

neither  bending  moments  nor  shearing  forces  in  the  cross  section 
of  the  arch  which  will  then  he  subjected  to  normal  forces  alone. 

Ibis  provides  substantial  advantages  especially  for  masonry  or 
concrete  arches.  Hereunder  wo  shall  designate  by  the  term  rational 
such  a  configuration  of  the  centre  line  of  an  arch  which  will  coin¬ 

cide  with  the  line  of  pressure  corresponding  to  the  dead  load. 
It  should  be  noted  that  the  line  of  pressure  can  also  ho  obtained 

analytically.  For  this  purpose  it  would  he  necessary  to  find  the 
magnitude  of  the  bending  moment;  M  and  the  normal  force  N  in 

a  number  of  cross  sections  and  then  determine  the  eccentricity  e 

using  the  formula  e  —  4r. 

Having  laid  off  these  eccentricities  along  the  normals  to  the 

centre  line  of  the  aiyh,  the  line  of  pressure  will  be  obtained  by  sim¬ 
ply  connecting  together  the  points  obtained.  The  construction  of 
a  line  of  pressure  for  an  arch  whoso  reactions  were  determined  in 

Tig.  9.3  is  illustrated  in  Pig.  18.3.  Fig.  19.3  represents  the  determi¬ 
nation  of  internal  forces  acting  over  section  k  of  this  arch. 
When  vertical  loads  alone  aro  applied  to  the  arch,  the  horizon¬ 

tal  component  of  any  resultant  of  forces  to  the  right  or  to  the  left 

of  a  section  will  always  equal  the  thrust  II* 
♦ 

*  Each  ray  of  the  polygon  of  forces  (Fig.  10,36)  has  the  some  horizontal 
component  equal  to  this  thrust. 
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Therefore,  if  the  resultant  of  all  the  forces  acting  to  the  left  of 
any  cross  section  were  resolved  into  its  vertical  and  horizontal 
components  S  and  //  (Fig.  20.3)  the  bending  moment  in  this  sec¬ 
tion  would  be  equal  to  the  thrust  II  multiplied  by  the  distance 
measured  vertically  from  the  centroid  of  this  section  to  the  line 
of  pressure  (the  vertical  component  inducing  no  moment  in  this 
section).  Accordingly ,  when  vertical  loads  alone  are  applied,  the  ver¬ 
tical  distances  from  the  centre  line  to  the  line  of  pressure  represent  at 
a  certain  scale  the  bending  moments  acting  over  the  corresponding 

sections  of  the  arch.  In  other  words,  those  distances  constitute  a  dia¬ 
gram  of  the  bending  moments  with  the  sole  difference  that  in  this 

caso  the  diagram  will  he  situated  on  the  side  of  the  compressed 
fibres.  Fig.  21.3  represents  such  a  diagram  pertaining  to  the  arch 
shown  in  Fig.  19.3a. 

Problem  3.  It  is  required  to  construct  graphically  the  pressure  line  of  the 
arch  analyzed  in  Problem  2  (see  Pig.  1C. 31  and  to  determine  the  stresses  in  sec¬ 
tion  k  indicated  in  Fig.  22.3c. 

Solution.  Let  ns  replace  the  uniformly  distributed  load  applied  to  the  left 
half  of  the  arch  by  (i  concentrated  forces  amounting  to  2  Ions  each  and  acting  at 
the  centres  of  (l  equal  portions  each  1  metre  long.  After  that  let  us  construct  the 
force  polygon  using  the  values  of  the  reactions  computed  in  Problem  2  and  Ihe 
loads  actually  applied  and  let  us  trace  the  rays  I  through  VIII  as  in  Fig.  22.31/. 

Drawing  (as  in  Fig.  22.3«)  a  scries  of  strings  parallel  to  those  rays  we  shall 
obtain  a  polygon  of  pressure.  The  area  between  flic*  centre  line  of  the  arch  and  the 

fine  of  pressure  shaded  vertically*  in  the  figure  just  mentioned  represents  the 
diagram  of  bending  moments  M.  In  many  respects  it  is  analogous  to  the  diagram 
obtained  analytically  in  Problem  2  and  represented  in  Fig.  10, 3ft,  but  differs 
by  the  fact  that  in  the  Jailer  case  the  distances  had  to  be  measured  normally 
to  the  centre  line  of  the  arch  and  not  vertically  (this  was  reflected  by  a  hatching 
normal  to  the  centre  line).  Moreover,  the  diagram  is  located  next  to  the  com¬ 
pressed  fibres  instead  of  the  extended  ones  as  was  the  case  in  Fig.  16.3ft.  Together 
with  the  scale  of  lengths  and  forces  an  additional  scale  to  which  the  bending 
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imimiMit  n ril i iui u*s  should  bo  measured  in  tho  graph  is  indicated  in  Fig.  22.8. 
This  laller  scalo  is  obtained  by  multiplying  the  scale  or  length  by  the  magnitude 
of  the  thrust  equal  in  this  case  to  6  tons. 

At  point  k  the  bonding  moment  will  bo  obtained  by  measuring  the  correspond¬ 
ing  ordinate  in  the  graph  which  furnishes  a  value  of  three  ton-metres.  The 
shear  in  this  section  will  be  nil  as  the  tangent  to  tho  centre  line  of  the  arch  is 

parallel  to  the  polygon  of  pressure,  while  tho  normal  force  A’;,  is  equal  to  the 
ray  IV  (Fig.  22.36),  i.e.,  to  7.2  tons. 

4.3.  MAXIMUM  ECONOMY  ARCHES 

As  slated  above,  we  shall  consider  that  a  three-hinged  arch  pro¬ 
vides  for  maximum  economy  if  its  centre  line  coincides  with  Lite 

line  of  pressure  of  all  the  dead  loads  acting  on  this  arch.  In  that 

case  these  loads  will  produce  no  bending  in  the  structure.  Let  y 

and  t)  he  the  ordinates  of  the  arch  centre  line  and  of  the  line  of  pres¬ 
sure,  respectively.  These  ordinates  are  a  certain  function  of  x 

y  —  f&)  and  T)  =  ip  (.t) 

If  tho  centre  lino  of  Lite  arch  were  to  provide  for  maximum  econ¬ 
omy  as  defined  above,  we  should  have 

y='\ 
Let  us  examine  the  case  of  an  arch  subjected  to  vertical  loads 

only  (Fig.  23.3).  The  equilibrium  equation  of  the  moments  of  all 
forces  lying  to  the  left  of  any  point  k  oil  the  line  of  pressure 
will  he 

Mu  -  Vaz—Hi\—2  !?  (x—a)  =  0 

whence 

VAz-ZP(x-a) 
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It  will  be  noted  that  the  numerator  in  the  last  expression 

is  equal  to  the  bending  moment  in  the  corresponding  section  of 
the  reference  beam,  i.e.,  to  Mi,  and  therefore ’l*  IT 

Substituling  tins  expression  in  the  equation  y  =  q  we  obtain 

the  following  expression  for  the  centre  line  of  an  arch  of  maxi¬ 
mum  economy 

"5 

Consequently,  in  the  case  of  vertical  loads  maximum  economy  will 
be  achieved  if  the  arch  centre  line  follows  the  bending  moment  diagram 

of  a  simply  supported  beam. 

Problem.  Assume  that  a  threc-hinged  arch  carries  a  vertical  load  of  intensity 
q  uniformly  distributed  over  tho  whole  of  its  length,  the  span  of  the  arch  being  l. 

its  rise  /  and  the  central  hinge  being  situated  at  the  crown,  it  is  required  to 
determine  the  configuration  for  the  centre  line  of  such  an  arch,  which  would 
provide  for  maximum  economy. 

Solution.  To  solve  this  problem  we  shall  use  tho  expression 

V  —
 

In  the  present  cast' 

JU" 

7T 

Wx=2^X-qx±.— 

whence 

..  -Vc  _  9  2  /,  J\  1  __  ql^ 
-  f  -  2  V  2  It  ai 

f{l~X)81  it..  i 

i.e.,  the  centre  line  of  the  arch  must  follow  a  conic  parabola. 

5.3.  DESIGN  OK  THKEE-l-IINGED  ARCHES  SUBJECTED  TO 
MOVING  LOADS 

i .  INFLUENCE  LINES  Foil  ABUTMENT  REACTIONS ; 

Let  us  assume  that  a  three-hinged  arch  carries  a  unit  load  P 

applied  a  distance  x  from  the  left-hand  abutment  (Fig.  24.3a), 
and  let  us  write  the  equilibrium  equation  of  the  moments  of  ail 
the  forces  about  the  support  pins 

2MB=.VAl—  \  {l—. r)  =  0;  2 MA=  —VBl- j-1x==0 
9— Sill 
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IjvO
 

Solving'  these  equations  for  V A  and  Vu  we  obtain 

Jt  will  be  observed  that  the  expressions  for  VA  and  VB  are  the 
saute  as  those  for  the  reactions  of  a  simple  beam  obtained  in 

i 

Influence  \line  for  Ve 

Tig.  21.3 

Art.  2.2.  This  means  that  the  influence  linos  for  FA  and  V n  do  not 
differ  from  the  influence  lines  for  the  support  reactions  of  a  simple 
beam:  these  influence  lines  are  represented  in  Fig.  24.3b  and  c. 
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Since  the  thrust  II  is  determined  by  the  equation  II  —  Hi  t 

the  corresponding  influence  line  will  have  the  same  shape  as  that 
for  the  team  moment  Me  differing  from  it  only  by  a  constant  factor 

y .  This  influence  line  is  shown  in  Fig.  24.3d.  In  case  1,  =  l2  —  ~ 
the  ordinate  of  this  influence  line  at  a  section  passing  through  the 

crown  equals  —  . 

2.  INFLUENCE  LINES  FOR  INTERNAL  FORCES 

As  a  preliminary  step,  we  shall  examine  the  methods  of  deter¬ 

mining  the  so-called  neutral  points,  i.e.,  the  position  of  the  points 
of  application  of  a  load  which  will  render  the  internal  force  (tend¬ 
ing  moment,  shear  or  normal  force)  nil  at  the  section  k  under  con¬ 
sideration.  Denoting  the  stresses  acting  over  this  cross  section 

M 

by  Mh,  Qh  and  Ng  we  shall  say  that  the  load  is  applied  at  the  neu¬ 
tral  point  when  the  value  of  the  corresponding  stress  and  therefore 
the  ordinate  to  the  corresponding  influence  line  become  nil.  It  is 
obvious  that  when  the  line  of  action  of  a  force  passes  through  one 
of  the  abutment  hinges,  all  the  stresses  at  any  section  of  the  arch 

will  be  nil.  In  addition,  there  are  other  neutral  points  on  the  arch 

which  are  of  great  interest  for  us.  Thus,  if  a  load  P  is  applied  at 
point  F„,  of  the  arch  represented  in  Fig.  25.3  the  tending  moment 
in  section  k  will  reduce  to  zero  for  the  resultant  of  all  the  forces 

to  the  left  of  this  section  (i.e.,  reaction  A)  passes  through  its  cen¬ 
troid.  Accordingly,  point  Fm  will  be  a  neutral  point  in  relation 
to  the  bending  moment  acting  over  section  li.  Point  Fm  will  lie  on 

the  vertical  passing  through  tho  intersection  point  F  of  lines  Ak 
and  BC. 

If  we  consider  the  arch  shown  in  Fig.  26.3,  the  bending  moment 
in  section  k  would  reduce  to  zero  only  if  the  load  P  were  applied 
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at  point  Fm  to  a  special  bracket  fixed  to  the  arch  between  section 

k  and  the  crown  hinge,  for  in  this  case  the  direction  of  reaction  A 

would  again  pass  through  section  k.  However,  if  no  such  bracket 

existed,  there  would  be  no  real  neutral  point  in  relation  to  the 

bending  moment  acting  over  section  k.  In  effect  if  the  point  of 

P--1 

Fig.  26.3 

application  of  the  load  were  transferred  upwards,  so  that  the  load 

would  act  directly  on  the  right-hand  portion  of  the  arch  the  direc¬ 

tion  of  reaction  A  would  alter,  this  reaction  passing  through  the 

hinges  A  and  C,  and  therefore  the  bonding  moment,  in  section  k 
would  no  longer  equal  zero. 

Fig.  27.3 

Denoting  by  um  the  abscissa  of  the  neutral  point  pertaining  to 

the  bending  moment  in  section  k  (see  Fig.  27.3)  and  using  the  si¬
 

militude  of  the  triangles  AFFt  and  J3FFt  we  obtain 
-  Vk 

FFt  —  um  tan  a  =  um  ■ 

xk 

-TTTT  ,,  v  ,  _  _  u  U—  UmW 
/-F,  =  (f— um)  tan  [5= - ^ - 
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Therefore 

whence 

Utnlfh  _ tl  tfm)  / x*  h 

u  
l1xA 

ra  ’Jhh+Xkf (4.3) 

This  expression  permits  the  analytical  deLormination  of  the  abscis¬ 
sa  w,„  of  the  neutral  point  or,  in  other  words,  of  the  point  where 
the  influence  line  for  M*  will  pass  through  zero. 

In  order  to  determine  the  neutral  point  corresponding  to  Qk 

(Fig.  28.3}  a  line  AF  must  be  drawn  through  the  centre  of  the  hinge 

at  the  support  A  (this  line  being  parallel  to  the  tangent  S-S  at 
point  /c  to  the  centre  line  of  the  arch)  and  the  intersection  of  this 

line  at  point  F  with  line  BC  must  be  found.  If  a  load  P  were  now 

applied  at  a  point  Fq  lying  on  the  same  vertical  as  point  F,  the 

shearing  force  Qh  in  section  fc  would  reduce  to  zero,  for  there  would 
be  only  one  force  acting  to  the  left  of  section  k  and  this  force  would 

ho  parallel  to  the  tangent  through  this  section.  At  cross  section 
/c,  of  the  same  arch  (Fig.  29.3)  the  shear  would  reduce  to  zero  only 
if  the  load  P  wTere  applied  to  a  bracket  fixed  to  the  arch  between 
this  section  and  the  crown  hinge,  for  the  point  of  application  of 

this  load  falls  on  the  vortical  passing  through  the  intersection  of 
the  lines  AF  and  BC.  From  Fig.  30.3  it  is  clearly  seen  that 

Therefore 

whence 

FFt  =  uq  tan  (p* 

FF,  =  (i — uq)  tan  p 

itq  tan  <p h  =  (l  —  «,;)  tail  p l  tan  p 

u3~~  tan  P  +  tan  q* 
(5.3) 

This  expression  permits  the  computation  of  the  position  of  the  neu¬ 
tral  point  for  the  shearing  force  in  section  k. 

The  normal  force  N  in  section  k  will  become  nil  when  load  P 

is  applied  at  point  Fn  (Fig.  31.3)  lying  on  the  same  vertical  as 
point  F,  this  point  being  determined  by  the  intersection  of  line 
BC  with  a  line  AF  parallel  to  the  normal  to  tho  arch  centre  line 

at  section  k  and  passing  through  the  hinge  A.  From  Fig.  31.3  we 
note  that 
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whence 

and  accordingly 

—  Un  col  <p k  —  (l  —  Jin)  tan  P 

_  l  tan  p Un  —  tan  ft— cot<]>fc 
(6.3) 

This  last  formula  permits  the  determination  of  the  neutral  point 
related  to  the  normal  force  N  in  section  /«. 

When  the  value  of  the  neutral  point  abscissa  obtained  from  for¬ 

mulas  (4.3),  (5.3)  or  (6.3)  is  negative  it  moans  that  this  point  lies 
to  the  left  of  hinge  A. 

Let  us  now  examine  different  methods  of  constructing  influence 

lines  for  Mh,  Qk  and  Nit.  As  will  be  seen  from  expression  (3.3),  the 
bending  moment  acting  over  section  lc  of  the  arch  represented  in 
Fig.  32.3a  will  amount  for  any  position  of  a  vertical  unit  load  to 

Mu  =  M2  —  Hyh 

This  means  that  the  influence  line  for  Mh  may  be  obtained  by 

summing  the  influence  line  for  the  bending  moment  Mg  at  the 
corresponding  section  of  the  reference  beam  (Fig.  32.3b)  and  that 
for  the  thrust  //,  all  the  ordinates  of  which  have  beon  multiplied 

by  a  constant  factor  equal  to  (—yk).  These  two  influence  lines  are 
shown  in  Fig.  32.3c  and  d  while  the  influenco  line  for  the  bending 
moment  in  the  arch  obtained  by  their  summation  is  represented 

in  Fig.  32.3c.  It  is  clear  that  the  point  of  intersection  d  of  lines 
a,b  and  abt  must  lie  on  the  same  vertical  as  the  neutral  point  Fm, 
this  providing  a  rapid  check  on  the  accuracy  of  the  influence  line 
obtained.  Fig.  32.3/  represents  the  same  influence  line,  with  the 
only  difference  that  its  ordinates  have  been  laid  off  directly  from 
the  x-axis. 

It  may  be  shown  that  the  area  under  the  influence  line  for  Mh 

will  reduce  to  zero  for  any  section  k  of  a  uniformly  loaded  three- 
hinged  arch  whose  centre  line  follows  a  conic  parabola.  Indeed, 
the  bending  moment  in  any  section  of  such  an  arch  will  amount 

to  zero  (see  Problem  in  Art.  4.3).  If  we  were  to  determine  the  mag¬ 
nitude  of  this  bending  moment  using  the  influence  line  we  would 

use  the  equality  Mk  =  but  as  M\  is  always  zero,  the  area  un¬ 
der  the  influence  line  Q  must  also  reduce  to  zero. 

For  the  construction  of  the  influence  line  for  the  shear  Qh 

(Fig.  33.3a)  we  may  use  the  first  formula  of  the  set  of  expressions 
(3.3),  viz., 

Qh  =  Qk  cos  <p h—H  sin  % 

where  Qh  is  the  shear  in  the  corresponding  section  of  an  ond-sup- 
ported  beam  of  the  same  span  l  (Fig.  33.3b). 
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This  expression  shows  that  the  influence  line  Qi,  may  also  be 

obtained  by  the  summation  of  two  influence  lines,  the  first  for  Ql 
all  the  ordinates  of  which  arc  multiplied  by  a  constant  factor  cos  cpA 

and  the  second  for  the  thrust  H  the  ordinates  of  which  are  multi¬ 

plied  by  ( — sin  tpA).  The  influence  line  for  Qk  obtained  in  this  way 

is  represented  in  Fig.  33. 3c  where  abkikza  is  the  influence  line  for 

<22  cos  (pA  and  the  triangle  acb  is  the  influence  line  for  H  sin  q>ft. 

Point  d  in  Fig.  33.3c  must  fall  on  the  same  vertical  as  the  neutral 

point  Fq.  .  .  ,  , 
The  same  influence  line  is  shown  in  Fig.  33.3d  with  the  only  differ¬ 

ence  that  its  ordinates  have  been  laid  off  directly  from  the  x-axis. 
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Tn  order  to  construct  the  influence  line  for  the  normal  force  Nk 
for  cross  section  k  of  the  arch  wc  shall  use  tho  last  formula  of  ex¬ 
pressions  (3.3) 

Nk  —  Ql  sin  qty  -|-  H  cos  <jpft 
Summing  up  graphically  tho  two  components  (<?*  sin  <p*  and 

H  cos  *p/,)  we  obtain  the  influence  line  for  Nk  represented  in 

Fig.  34.3h.  Here  is  the  influence  line  for  sin  <p/t  and  the 
triangle  abc  represents  the  influence  line  for  H  cos  <pft.  Lines  a,b 
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and  abz  must  intersect  at  din  the  vertical  passing  through  the  neu¬ 
tral  point  Fn. 
The  positive  ordinates  to  lino  dat  represent  the  values  of 

Q'l  sin  cp*  when  the  unit  load  P  is  applied  to  a  bracket  shown  in 
Fig.  34 .'da  while  the  negative  ordinates  to  line  da  (plotted  also 
above  ab)  represent  the  values  of  H  cos  <f>/(  for  the  same  position 
of  the  load.  In  this  case  Lhe  normal  force  N  acting  over  section  k 

will  be  obtained  by  subtracting  the  ordinate  y2  from  yt  and  will 
be  equal  to  miw2.  A  corresponding  influence  line  with  its  ordinates 
laid  off  directly  from  the  axis  of  abscissas  is  presented  in  Fig.  34.3c. 

Preliminary  determination  of  the  neutral  points  would  allow 

direct  construction  of  the  influence  lines  Mg,  Qg  and  A*.  This  meth¬ 
od  has  received  the  name  of  the  neutral  point  method.  The  pro¬ 
cedure  to  bo  followed  may  be  easily  derived  from  the  examination 
of  the  influence  lines  shown  in  Figs.  32.3/,  33.3d  and  34.3c.  For 

instance,  if  it  were  required  to  use  this  method  for  lhe  construc¬ 
tion  of  the  influence  line  for  it/*  proceed  as  follows  (see  Fig.  32.3/). 

(1)  Lay  off  along  the  vertical  passing  through  the  left-hand  support 
( provided  the  section  under  consideration  is  in  the  left  half  of  the  arch) 
the  abscissa  of  section  k,  i.c. ,  the  distance  Xg. 

(2)  Mark  the  neutral  point  Fm  on  the  x-axis. 
(3)  Connect  the  ordinate  xg  over  the  left-hand  support  ( point  at) 

with  the  projection  of  neutral  point  ( point  d)  on  the  x-axis  (line  a{d). 
(4)  Find  the  point  of  intersection  of  this  line  with  the  vertical  pass¬ 

ing  through  section  k  (point  kf). 

(5)  Connect  fe,  with  the  point  of  zero  ordinate  at  the  left-hand  sup¬ 
port  (point  a). 

(6)  Find  the  point  of  intersection  of  the  line  a,d  with  the  vertical 
passing  through  the  crown  hinge  (point  ct). 

(7)  Connect  point  ct  with  the  point  of  zero  ordinate  over  the  right- 
hand  support  (line  cff/). 

Problem.  It  is  required  to  construct  the  influence  lines  for  Mg,  Qg  and  AT » 

acting  over  section  A:  of  a  three-hinged  parabolic  arch  dealt  with  in  Problem 
2  of  Art.  3. S,  and  to  determine  with  the  aid  of  these  influence  lines  the  stresses 

induced  in  this  section  by  the  system  of  loads  indicated  in  Fig.  35.3a.  The  param¬ 
eters  of  point  k  are 

2 

=  =  3  metres:  tan  <1*=-^-;  sin  (p/,  =0.555;  cos<pfc=0.832 

Solution.  Determine  graphically  the  position  of  neutral  points  Fm,  !■' q 
and  Fn  as  well  as  their  abscissas  um,  vq  and  un  and  check  the  values 
of  these  abscissas  using  formulas  (4.31,  ta.S)  und  (6.3). 

Um  — 

12x4x3  _  ,  c 

3x6+3x4 
metres 

12X4/C 
U,‘~  

4/6 +2/3 

—  6.0  metres 

12X4/6 
Un  4/0  — 3/2 

—  9.6  metres 
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The  construction  of  the  influence  lines  required  may  now  be  carried  out  as 

follows:  scale  <)S  on  the  vortical  passing  through  the  left-hand  support  the  lengths 
xg,  cos  ((■),  and  sin  as  indicated  in  Fig.  35.36.  c  and  dandconnect  the  ordinates 
obtained  with  the  projection  of  the  neutral  point  on  the  r-axis.  After  that  find 
the  intersection  of  the  vertical  passing  through  the  crown  hinge  C  with  the  lines 

just  obtained.  Connect  this  point  of  intersection  with  the  point  of  zero  ordinate 
at  the  right-hand  support.  Find  also  the  point  of  intersection  of  the  above  lino 
with  the  vortical  passing  through  section  k.  On  the  bending  moment  influence 

line  this  point  is  connected  directly  with  the  zero  point  at  the  left-hand  support, 
while  in  those  for  the  shear  Qn  and  for  the  normal  force  N *  parallel  to  the  line 

determined  in  the  first  place  should  be  traced  through  the  left-hand  support 
until  their  intersection  with  the  vertical  mentioned  above.  Applying  the  laws 
of  similitude  to  the  triangles  Involved,  wo  may  now  determine  the  ordinates  to 
the  pertinent  points  of  the  influence  lines,  the  areas  under  these  lines  and  the 
internal  forces  induced  in  section  k  of  the  arch  by  the  given  system  of  loads, 

(a)  Influence  line  for  M* 

i7  \  i‘2  11  'll  Tl: 

Ik  Um 

whence 

1~£  {'hu^xh'i  =  ,3,(4-8:r.3)  =  125  metres 1  11  m  4.8 

Oil  _  k  |  kg 

l‘l — U»l  O -  Xk 

whence 

7b*  l'~~~  =1.125  -  —0.75  metre lium—rk  4.8  —  3 

7d  =  ijp  =  - - 0.375  metre 

The  area  under  the  influence  line  corresponding  to  the  distributed  load 

equals 

^‘  =  1.125^x4.8  _(j  7:»  (^74.8)=2  25  square  motros 

Accordingly-,  the  bending  moment  Mg  will  amount  to 

Mh  =  q<o*[ -f  Py^  =  2x2.25  —  4x0.375  =  3.0  ton-metres 

(b)  Influence  line  for  Qg 

-i-M *_  =  whence  j^k[  =  h-~rXk-  cos  <f„  =  X  0.832 = 0.410 h  M  0 

kilk^  =  cos  —  k^k±  s»  0.832— 0.416=  0.416 

O  „  O  0.416x3  ,  0-416x3  n 

!/?=0;  - j — +   2   =  ° 

Qn  =»  qu> *  -j-  Pvi  =  2  X0  +  4 X  0  =  0 
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(C)  influence  line  for  A';, 

*iiA«  sin  Hh 

Xh—Ua 

a,b, 

-u„ 

whence  A-a/cg : -  „""  sin<ph  =  ̂i^-xO.555=0.72R 

y.o 

Z  -l  —  U  r. 

A7/f8  =  kfikg  —  s  in  <f  k  —  0.728  —  0.555  —  0.173 

S-1"  ̂ f<  whence  a,61  =  — — —  sin  tfn  =  ̂  ̂  ̂ ’  x  0.555  — 0.‘J02 U.O 

—r-  atl>,  0.002  n  ... 

<r<h  =  yv  —  ~2~ = ~j—  •  * 
X  0.173x0  ,  0.728+0.002  , 

W,  - - jj - 1 - r, - x3i-2.70.-i 

^h  —  flWq  +  ptl*  =2X2.705  +  4X0.451  —  7.21  tons 

The  magnitudes  of  Mk,  Qh  and  Nk  just  found  coincide  with  those  computed! 
in  Problem  2  of  Art.  3.3  (Table  13  and  Fig.  16.3) 

6.3.  CORE  MOMENTS  AND  NORMAL  STRESSES  IN  THREE- 
HINGED  ARCHES 

in  any  eccentrically  loaded  bar  the  normal  unit  stresses  roach 
their  maximum  and  their  minimum  in  the  outer  fibres  of  the  cross 

sections  and,  provided  the  material  follows  Hooke’s  law,  their  mag¬ 
nitudes  may  be  ohtainecl  from  the  equation 

where  F  =  area  of  the  cross  section 

W  =  its  resisting  moment 

N  and  M  —  normal  force  and  bending  moment  acting  over  the 
section,  respectively. 

It  is  assumed  that  both  N  and  M  act  in  a  plane  passing  through 
one  of  tlie  principal  axes  of  inertia  of  the  section  and  normal  to  it. 
When  a  moving  load  is  applied  to  the  arch,  the  use  of  the  above 

formula  would  require  that  both  the  influence  lines  for  N  and  M 

should  ho  used  simultaneously,  these  influence  lines  having  an 
entirely  different  configuration  and  one  of  them  possessing  both 

positive  and  negative  portions.  It  is  therefore  expedient  to  trans¬ 
form  the  above-mentioned  formula  so  that  it  should  consist  of  one 
term  only. 

This  may  be  obtained  by  the  foliowing  procedure.  Let  us  first 
find  tho  components  N  and  Q  of  the  resultant  R  of  all  forces  acting 

to  the  left  of  tho  section  involved  and  passing  through  a  point  ,s- 
thereof  (Fig.  36.3).  Let  us  then  apply  at  the  extreme  upper  point 
of  the  core  of  this  section  (say,  point  kt)  two  normal  forces  N  equal 
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in  size  and  opposite  in  direction  which  will  balance  each  other. 
As  a  result  we  shall  have  three  forces  N  acting  over  this  section 

which  may  be  replaced  by  a  moment  equal  to  N  ( e  —  Ci)  and  by 
a  normal  force  N  acting  at  the 
the  unit  stress  at  the  bottom 
fibre  of  the  section  will  be 

given  by  the  formula 

Ar(ff4-c,l 

"m  —  jT’-’*  ' 

**  m 

Normal  forces  applied  at  the 

upper  limit  of  the  core  pro¬ 
duce  no  stresses  in  the  lower 

fibres  of  the  section.  The  prod¬ 
uct  N  ( e  +  ct)  represents  the 

Fig.  3fi  3 

upper  edge  of  the  core.  Jn  this  case- 

moment  of  the  normal  force  applied  at  point  s  of  the  section  about 

the  upper  point  of  the  core  kt  and  will  bo  hereafter  called  the  core 
moment.  The  core  moment  differs  from  the  ordinary  bending  moment 

by  the  fact  that  its  computation  requires  that  the  distance  of 

the  forces  (to  the  left  or  to  the  right  of  the  section)  should  he 
measured  not  to  the  centroid  of  the  section  but  to  the  upper  or 

the  lower  point  of  its  core. 

The  normal  stress  at  point  n  may  be  determined  in  a  similar 

way,  only  in  this  case  the  moment  of  external  forces  should  be 
taken  about  the  lower  core  point  n  and  the  appropriate  resisting 
moment  Wn  should  be  used  in  lieu  of  Wm 

N  (e  —  cz) 
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Thus 

Mckl  ,  Mi 
flm  =  -tf-1-  and  =  -nr1 
m  ^  n 

where  Mf,,  =  moment  of  external  forces  {to  the  right  or  to  the 
left  of  the  section)  about  the  upper  core  point  /cx 

Ml,  =  moment  of  the  same  forces  about  the  lower  core  point  k2. 
The  above  two  formulas  are  monomial  and  therefore  they  lead 

to  a  quicker  and  simpler  determination  of  the  maximum  normal 
unit  stresses  in  the  cross  sections  of  an  arch 

carrying  a  moving  load.  As  for  the  influence 
lines  of  core  moments  they  are  constructed  in 
exactly  the  same  way  as  those  for  the  bending 
moments. 

The  influence  lines  for  the  core  moments  and 

for  the  bending  moment  in. section  k  of  a  three- 
hinged  arch  are  represented  in  Fig.  37.3,  these 
influence  lines  having  been  constructed  using 
the  neutral  point  method.  The  small  triangles 
shaded  black  on  the  influence  lines  for  the  core 

moments  just  next  to  the  centroid  are  due  to 
a  vertical  rise  in  the  influence  line  for  the  normal  force  at  this  point 

(see  Fig.  34.3).  In  practice  these  areas  arc  usually  ignored  due  to 
their  insignificance. 

Using  the  core  moment  influence  lines,  let  us  now  solve  the  following 

problem:  which  part  of  the  three-hinged  arch  represented  in  Fig.  37. 3« 
should  be  loaded  (uniformly  or  by  a  train  of  concentrated  loads) 
in  order  to  obtain  the  maximum  tensile  stresses  at  the  oxtrados  of 

section  k.  It  is  obvious  that  the  oxtrados  will  be  extended  only 

when  the  resultant  of  all  external  forces  (the  right-hand  or  the  left- 
hand  ones)  passes  below  the  core  (Fig.  38.3).  In  that  case  the  moment 

of  the  resultant  about  the  core  point  kt  will  he  negative.  Conse¬ 
quently,  the  load  or  loads  should  be  placed  over  the  negative  portion 

of  the  influenco  line  for  the  core  moment  M\t.  The  loading  of  the 
positive  portion  of  this  line  would  cause  the  compression  of  the 
exlrados  of  the  arch  at  section  k. 

Fig.  33.3 

7.3.  ANALYSIS  OF  THREE-HINGED  TIED  ARCHES  AND 
BENTS 

In  the  preceding  articles  (2.3  to  6.3)  we  have  passed  in  review 

the  methods  of  stress  computation  applicable  to  ordinary  three- 
hinged  arches  without  ties.  Let  us  now'  envisage  the  tied  three- 
hinged  systems  and  in  particular  three-hinged  arches  and  bents. 
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Certain  peculiarities  of  these  structures  introduce  a  number  of 

changes  in  the  stress  computation  methods  described  above. 

Fig.  39.3a  represents  a  bowstring  arch  freely  supported  at  B, 

the  tie  precluding  the  horizontal  movement  of  the  abutment  hinge 

and  therefore  replacing  the  horizontal  constraint  at  this  point. 

Accordingly,  computation  methods  pertaining  to  ordinary  three- 

hinged  arches  (Fig.  39.3b)  will  permit  the  determination  of  all 

Fig.  39.3 

Lire  stresses  in  this  particular  case.  Stresses  in  the  cross  sections 

of  both  arches  will  be  exactly  the  same  and  the  internal  force  in 

the  lie  will  be  equal  to  the  horizontal  thrust  II The  vertical 

reactions  i’A  and  V t,  will  also  remain  exactly  the  same.  Thus, 
the  influence  lines  for  the  abutment  reactions  arid  the  stresses 

4  \V8 

Fig.  40.3 

acting  over  the  corresponding  cross  sections  of  a  bowstring  arch 

will  not  differ  in  any  respect  from  those  of  an  ordinary  three-hin¬ 

ged  ar(di. 
Let  us  now  consider  a  three-hinged  arch  with  an  elevated  tie 

DE  as  shown  in  Fig.  40.3a.  We  may  replace  the  tie  by  two  hori¬ 

zontal  forces  Nti,,  applied  at  points  D  and  E  and  equal  to  the  ten¬ 
sion  in  the  tie  (Fig.  40.3b).  The  three  abutment  reactions  VA,  V  „ 

and  IT ,t  may  then  be  determined  as  usual  with  the  aid  of  three 

equilibrium  equations  of  all  external  forces  applied  to  the  arch. 
These  equations  do  not  contain  the  above  mentioned  forces  Nlle 
which  balance  each  other;  their  magnitude  may  be  obtained  by 

10-353 
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equating  to  zero  the  sum  of  all  the  moments  of  the  external  forces 

applied  to  the  left  (or  to  the  right)  half  of  the  arch  about  the  crown 
hinge  C.  The  stresses  in  all  the  cross  sections  of  the  arch  as  well  as 

the  methods  of  constructing  the  corresponding  influence  lines  maybe 
derived  from  the  expressions  (1.3). 

y\ 

q  =  ztfm 
1  S _ msm 

\ 
i 

minium  {3H 

(a) Ki .m 

SSSiaSi? wm 
W 

l,  =  Sm 

• 

J 

Influence  line  far 

(g; OSM  a*!S 

—I---* 

l  =  12m 

(b) 

le' 

q-2t/m 
P*4l 

iiTTfrrrnrrri 

'  8 . 

influence  line  for  Za 

Influence  line  for  vB 

m  MU'' 

(6  ) 

Influence  line  for  N. 

v.  m 

car^.r— *a& 3z  1 

(h)  |"~- 
I 

(/influence  line 
for  I/Ue  iy-fsd) 

Influence  Une  for-  Mk 
<l>  ̂ 03^ _ _ IS tn , 

q  j  Influence  line  for  i?/  sin  fk 
Sln<Pk* | - -  \  ..  U 178 
*O.Jss  \ 

am 

Influence  line_ 

for  \/cos<pk 

Influence  line  for  Mk 

(k) 

-  lScasu>„- 

=  iw 
' 

assstf^ 

rcT 

i!  Ilr^fr-r. 

tSSim$.  =  0,832 
Influence  line  for "  Nti,  Sin?K U-tSS  - 

Influence  line 
for' 9°  cos <pk 

Fig.  41.3 

Problem  1.  Given  the  arch  with  superelevated  tie  (Fig.  41. 3a)  following  a  conic 

parabola  defined  hy  the  equation 

y— -7r(*— *)* 
Required  to  determine  the,  reactions  V„  and  H B,  tho  tension  in  the  tie 

Ntiv  the  internal  forces  A/* ,  Qh  and  Ars  and  to  construct  the  influence  linos 
for  all  these  forces  and  stresses. 
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Solution.  The  reactions  are  determined  from  the  equilibrium  equations  of 
all  the  external  forces  acting  on  the  arch 

2M„-VA2-?y|i-M  =  0 

SX  =  —//„  =  0 

Those  equations  yield 

VA  =  ̂   |'X2x12+-^-=10  tons 

l'»-T+'>  ('-t) -T!?+'1(‘-E') 

The  tension  in  the  lie  is  determined  from 

SMc  =  VA  •  i~  IV,  i„d  — .  ±  =  0 

whence 

12  2X122 

1  
10X~— 

~ 

8 

8  ;  d 2 
=  12  tons 

where  il/J?  '3  the  bending  moment  acting  over  section  C  of  a  simple  beam  shown 

in  Fig.  41.36. 

The  angle  <p*  formed  by  the  tangent  to  the  centre  lino  of  the  arch  at  point  k 
and  the  .r-axis  and  the  ordinate  yh  of  point  k  ore  determined  os  follows 

2 

for  *=.£>,=.3  m  tan <p  — tan cpfc  =  -^- 

ij  k  =i  33  42';  sin  t\h~  0.555;  cos  ‘pa  =  0.832 

wherefrom 

and 

(12-3)  3  =  3  metres 

Substituting  those  values  in  expressions  (1.3)  we  obtain  the  stresses 

acting  over  section  k  of  the  arch 

Qh  =  HV  aVA  cos  —  Nu0  sin  if'fc  —  <?XfcCos<pfc=  —3.33  tons L 

Mk  =  ZM  VAzh  —  N tie  (yu  —  t  +  <0—  =  93)  ton-metres 

L  * 

Nh  =-  21/  •=  V A  .sin  yh+  Ntie  cos  <f*— qxfl  sin  <p*  =  12.20  tens L 

The  influence  lines  for  the  abutment  reactions  VA  and  V n  shown 

in  Fig.  41.3c  and  rf  wall  be  the  same  os  lor  an  ordinary  three-hinged  arch.p’he 

to* 
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influence  lino  fee  Ihe  lie  tension  will  lie  derived  from  the  equation  A 7 ( , t,  — — — ~ 
(see  Fig.  4l,3e). 

'J’he  construction  of  influence  tines  for  Q,,,  and  AT  will  be  based  on  the following  relations  similar  in  every  respect  to  tliose  of  (3.3) 

Qh  =  Q'n  cos  I7i  —  Ntic  s>n  fit 

V/t  =  Afg  —  jV/,c  (//;,  — f  d) 

Ark  =  Qf&in  <ifl+Ntie cosq.ft 

Tiiose  influence  linos  together  with  the  intermediate  grapliicat  operations 
are  represented  in  Fig.  41.3/,  g,  h,  i,  i  and  k. 

As  a  check  let  us  find  flip  stresses  in  sectiun  /c  using  the  influence  lines  just obtoined 

Ql,  =  2  (— yxO.  1124  xO.  208— ~x0.41ts)  -4  x-^-XO.  416  =  —  3. 33  tons 

Mf, .  =  2  x ~£  X 1 .5x  6  “  9.0  ton-metres 

A'*  =2  [yxO.485  (0. 485 4  0.555  +  1 .520)]  +  4 Xy  X 1-520  =  12.20  tons 

These  values  coincide  exactly  with  those  found  previously.  All  the  computa¬ 
tions  may  be  safely  regarded  as  correct. 

Let  tis  consider  now  the  three-hinged  bents.  Their  abutment 
reactions  will  be  determined  in  exactly  the  same  way  as  lor  the 

three-hinged  arches,  the  same  applying  to  the  dolernii nation  of 
the  internal  forces  and  to  the  construction  of  influence  lines  (wheth¬ 
er  by  graphical  or  analytical  methods).  Exception  must  he  made 

for  vertical  members  (provided  these  are  present)  for  the  neutral 
point  method  cannot  be  applied  to  the  construction  of  the  bending 
moment  and  shear  influence  linos  for  the  latter.  However,  this  meth¬ 
od  remains  quite  suitable  for  horizontal  and  inclined  members 
of  the  bent. 

Problem  2.  Determine  the  abutment  reactions  and  the  stresses  in  cross  see- 
(  lions  m  and  n  passed  through  the  uprights  of  the  bent  in  Fig.  42. 3, i  and  draw  the 

corresponding  influence  lines  for  section  m. 
.Solution.  The  abutment  reactions  will  he  obtained  using  tin;  equilibrium 

equations 

S4/A  =  4/'1+3P2-4Va=0 

2LWC’=2FA— 4/fA=0 
L 

xx^i>t  -|  /yA  _//*=, o 
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s 

t4!l from  which 
1 

('■/J  t  +  W£- 

=T'2X4t 

Va  =  |(-4/> 

3x3)  — 4.25  tons 

h  P2,  -
 

—  -(  —  2x1  +  3)- 

nA-*  4-  vx- 

1.23  inns 

—  —  4-X  1.25=  — 0.625  ton 

lfn=P  i 
w  2.0  — 0.420 4  »A  = =  1.375  Ions 

Regarding  the  lower  extremity  of  the 

uprights  as  their  left-hand  one,  wo 

may  now  find  the  stresses  acting  over 
sections  m  and  n 

(jm  ~  —  f/  a  =  <*-625  ton 

\lnl——WrA  =2x0.525  = 
=  1.25  ton-metres 

1  25  l0,,s 
and 

Qn -  —  «»s  <P«+  ffj»  sin  '(«  = 
=  -4.25x0.212  |- 1 .375  x  0.908  = 

-=0.^M  Ioa 

W„-  Ci.5Fn--27/„  = 

=  0.3  x  4 .25  -  2 .0  x  1 .375  = 

=  —0.(125  ton-metre 

N,—V  „  si  n  cp„  -r  If  n  w.<  (je,  — 

=4.25.0. 008  |  1.375  x  0.242  —  4.45  tons 

Fig.  42.3/>,  c  and  A  represents  the 

influence  lines  for  the  abutment  reor- 

linns  l"ji  1  Fn  and  II  a  II  a  =  H 
which  do  not  differ  in  any  respect 
from  those  of  an  ordinary  arch  (see 

Fig.  24.3) 
Fig.  42. 3<\  /  and  g  contains  the 

influence  lines  for  Qm,  M„  and  A, 

10 

Influence  line  for  VB\ 

(d) 

\In flue  nee  \lwe  for  H 

(e) 

<P 

( 9 > 

r 
Influence  line  for  Qm 

“-U— UIII]II|LU^ 

'influence  line  for  Mm 

influence  line  for  Nm 
a 

me 
c 

Va 

Pig.  42  3 

cluriveA  from  the  oppressions  Qm  —  — U  ,  Mni  —  In  a.  ttini  .» ... 

This  influence  lino  for  jVwi  might  also  bo  obtained  using  the  nouliaJ  point 

method  (see  Fig.  34.3CJ-  In  this  c-aso  the  neutral  paint  will  coincide  with  
the 

centre  of  hinge  B,  and  therefore  having  laid  off  a  length  corresponding  to 

sin  tpm  —  1  over  point  A  we  should  connect  the  ordinate  a  so  obtained  with  the
 

neutral  point,  i.e.,  with  the  point  ol  zero  ordinate  over  hinge  B  (Fig.  42.3?). 



4. THE  TRUSSES 

1-4.  DEFINITIONS  AND  CLASSIFICATION  OF  TRUSSES 

'J'he  truss  is  a  (rained  structure  which  will  continue  to  form  an 
unyielding  combination  even  when  all  its  rigid  joints  are  conven¬ 
tionally  replaced  by  perfect  hinges.  As  a  rule,  trusses  are  used  for 
the  same  purposes  as  beams  and  girders,  except  that  the  spans  they 

cover  are  usually  much  larger.  In  these  cases  solid  web  beams 
become  uneconomical  due  to  the  fact  that  the  strength  of  the  web 
can  never  be  utilized  to  the  full  extent  (unit  stresses  in  the  web 
being  lower  than  in  the  flanges  as  will  be  seen  from  Fig.  1.4)  and 
also  clue  to  the  danger  of  web  buckling  which  becomes  more  and 
more  acute  with  the  increase  in  the  height  of  the  beams. 

In  framed  structures  such  as  trusses  (provided  the  loads  act  at 
the  joints)  all  the  members  arc  subjected  cither  to  direct  extension 
or  compression  which  ensures  a  far  better  utilization  of  the  male- 
rials,  the  stress  diagram  for  each  of  these  members  being  practi¬ 
cally  rectangular.  Therefore  the  trusses  are  always  much  lighter 
than  solid  wob  beams  of  the  same  span  and  the  same  height.  A  typ¬ 
ical  example  of  a  truss  is  shown  in  Fig.  2.4. 
Apart  from  two-dimensional  trusses  in  which  all  the  bars  are 

situated  in  one  and  the  same  plane,  there  exist  three-dimensional 
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or  space  framed  structures  in  which  the  elements  are  situated  in 

several  planes  (Fig.  3.4).  However,  in  a  great  number  of  cases  the 

design  of  three-dimensional  framed  structures  may  be  reduced  to 
the  case  of  several  plane  systems. 

The  span  of  a  truss  (Fig.  4.4a)  is  the  distance  between  its  sup¬ 

ports.  The  lower  and  upper  longitudinal  members  form  the  upper 

and  lower  chords  of  the  truss,  while  the  members  which  connect 

the  two  chords  are  called  the  web  members.  The  latter  may  be  sub¬ 

divided  into  verticals  and  diagonals  or  into  struts  and  ties,  the 

struts  being  always  compressed  and  the  ties  extended.  A  counter- 
brace  is  a  member  designed  to  resist  both  tensile  and  compressive 

stresses.  The  end  posts  also  called  batter  braces  connect  tho  upper 

chord  to  the  lower  one  and  may  be  regarded  as  belonging  both  to 

the  upper  chord  and  to  the  web  members.  Tho  distance  between 

two  adjacent  joints  measured  along  the  horizontal  is  usually  called 

a  panel,  the  joints  themselves  being  frequently  referred  to  as  panel 

points. 
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The  following  live  critorions  limy  serve  as  a  basis  for  the  classi¬ 
fication  of  trusses: 

fa)  the  shape  of  tho  upper  and  lower  chords; 
(b)  the  type  of  the  web; 
(c)  the  conditions  at  the  supports; 
(d)  the  destination  of  tho  structure; 
(e)  the  level  of  the  floor. 

In  accordance  with  the  first  criterion,  the  trusses  may  bo  sub¬ 
divided  inlo  trusses  with  parallel  chords  (Fig.  4.4<t)  and  into  poly- 

Fig  4.4  Fig.  5.4 

go n a (  and  triangular  trusses  (Fig.  4,4b  and  e).  Trusses  with  a  para¬ 
bolic  upper  chord  (Fig.  4.4b)  belong  to  the  first  of  I, he  last  two  hinds. 

The  second  criterion  permits  to  subdivide  the  trusses  into  those 

witli  a  triangular  pattern  of  the  web*  (Fig.  5.4a),  those  with  a  quad¬ 
rangular  pattern  formed  by  verticals  and  diagonals**  (Fig  5.4b), 

♦ 

♦In  the  English  speaking  countries,  where  the  great  majority  of  truss  types 
arc  called  after  the  names  of  engineers  who  first  introduced  them  on  a  large  scale, 
this  truss  is  known  as  tho  barren  truss  (Tr.  note). 

“The  more  widely  used  of  these  are  the  Frail  and  the  Hone  trusses,  the 
first  being  characterized  by  extended  diagonals  and  compressed  verticals,  and  the 
second— by  extended  verticals  and  compressed  diagonals  [Tr.  note i 
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those  in  which  the  well  members  form  a  letter  K  (the  so-called 

K-lruss  shown  in  Fig.  5.4c),  and  finally  trusses,  the  webs  of  which 

are  formed  by  the  superposition  of  two  or  more  simple  grids  illus¬ 
trated  in  Fig.  It  Ad,  e  and  /.  usually  referred  to  as  the  double,  or 

multiple  trusses*. 
The  third  criterion  permits  to  distinguish  between  the  ordinary 

end -supported  trusses  (Fig.  6.4a),  the  cantilever  trusses  with  a 
built-in  end  (Fig.  6.4b).  the  trusses  can ti lev© ring  over  one  or  both 
supports  (Fig.  6.4c  and  d,  respectively),  and  finally  the  crescent 
and  arched  trusses  in  Fig.  6.4c  and  /. 

As  regards  their  destination  the  trusses  may  be  subdivided  into 
roof  trusses  (Figs.  7.4o  and  4.4e),  bridge  trusses  (Figs.  4.4a  and 
8.4)  and  miscellaneous  trusses  used  in  crane  construction  (Fig.  7.4b) 
and  in  the  construction  of  various  lowers,  bents,  etc.  (Fig.  7.4c). 

In  bridge  construction  the  trusses  are  frequently  subdivided 

into  through-bridge  trusses,  in  which  the  railway  (or  road)  is  car¬ 
ried  directly  by  the  bottom  chord  joints  (Fig.  8.4a),  the  deokbridgo 
trusses  where  the  upper  chords  or  their  joints  carry  the  roadway 

(Fig.  8.4b),  and  finally  the  trusses  where  the  deck  is  carried  at  some 
intermediate  level  (Fig.  8.4c). 

2.4.  DlitECT  METHODS  OK  RTJtESS  DETEHM1  NATION  I.N 

MEMBERS  OF  SIMPLE  TRUSSES 

We  have  already  seen  (Art.  2.1  and  3.1)  that  framed  structures 

formed  by  adding  consecutively  any  number  of  joints  to  a  iiinge- 
connecled  triangle  (each  joint  being  connected  by  means  of  two 

concurrent  bars)  are  statically  determinate  and  form  an  unyield¬ 
ing  combination.  Two-dimensional  framed  structures  formed  in 
this  way  are  usually  called  simple  trusses. 

In  Article  3.1  it  has  been  shown  that  2 K  equations  of  statics 
can  be  written  for  any  statically  determinate  truss  (K  being  the 
number  of  its  joints),  with  the  aid  of  which  both  the  abutment 
reactions  and  stresses  (internal  forces)  in  all  the  members  can  be 
determined.  It  is  usual  to  start  with  the  determination  of  the  abut¬ 
ment  reactions  for  which  purpose  three  equilibrium  equations  are 
written  for  the  truss  as  a  whole. 

The  stresses  in  the  separate  members  of  the  truss  can  be  deter¬ 
mined  by  considering  the  equilibrium  of  separate  parts  or  joints 

♦ 

•Tlie  truss  in  Fig.  5. 'id  is  usually  called  the  double  Warren  truss  for  its  web 
may  he  obtained  by  the  superposition  of  two  simple  triangular  webs  white  the 
truss  in  Fig.  5.4e  may  he  regarded  ns  a  modification  of  the  Post  or  of  the  Whipple 
truss  (TV.  note\. 
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of  the  structure,  these  parts  or  joints  being  acted  upon  both  by 
the  external  forces  and  the  stresses  in  the  sectioned  bars.  The  total 

number  of  independent  equilibrium  equations  amounts  to  2K—',i. 
It  is  very  important  to  find  such  imaginary  sections  which  will 

allow"  direct  determination  of  stresses  in  the  separate  bars,  without 
necessitating  the  simultaneous  solution  of  several  equations  with 

several  unknowns.  This  simplifies  very  considerably  all  the  compu¬ 
tations  and  at  the  same  time  enhances  their  accuracy. 

Tho  following  two  methods  will  usually  permit  the  determina¬ 
tion  of  the  stresses  in  all  tho  members  of  a  simple  truss  by  solving 
in  each  ease  one  equation  with  a  single  unknown. 

THE  METHOD  OP  MOMENTS 

This  method  is  used  mainly  when  a  section  can  be  passed  through 
the  truss  in  such  a  way  as  to  cut  three  noneoncurrent  members,  as 

for  example  section  I-I  in  Fig.  9.4a.* 

The  axes  of  such  members  will  intersect  by  pairs  at  three  differ¬ 

ent  points  not  lying  on  one  and  the  same  straight  line  (Fig.  9.4b). 
The  equilibrium  equations  of  the  moments  of  all  forces,  both 

internal  and  external,  acting  on  the  cut-off  portion  of  the  truss 
taken  about  each  of  these  intersection  points  will  reduce  to  one 

equation  with  one  unknown,  this  unknown  being  the  internal  force 
acting  in  the  bar  not  passing  through  the  moment  point. 

Thus,  in  order  to  determine  the  stress  acting  in  any  member  of 
the  truss,  a  section  should  be  taken  across  this  truss  cutting  three 
nonconcurrent  bars,  one  of  these  bars  constituting  the  member 
in  which  it  is  desired  to  find  the  stress.  In  such  a  case  the  equation 

♦ 

*K  will  be  shown  later  that  this  method  can  bo  applied  also  in  certain  more 
complicated  cases. 
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of  all  the  moments  about  the  point  of  intersection  of  the  two  other 

bars  will  yield  immediately  the  stress  in  the  member  under  consid¬ 
eration. 

The  point  of  intersection  of  two  members  about  which  the  moments 
are  taken  is  usually  called  the  origin  of  moments. 

When  writing  the  equilibrium  equations  all  the  stresses  in  the 

bars  are  conventionally  reckoned  positive  which,  with  the  conven¬ 
tion  of  the  signs  adopted,  means  that  the  bars  are  in  tension  and 

the  stresses  are  directed  away  from  the  joints.  Therefore,  when  a 

negative  stress  is  obtained  this  indicates  that  the  member  is  com¬ 
pressed,  the  stress  acting  towards  the  joint. 
Wo  shall  now  illustrate  the  method  of  inomcnLs  just  described 

by  several  examples. 
In  these  examples  we  shall  denote  by  the  letter  U  the  stresses 

in  the  upper  chord,  by  the  letter  L  the  stresses  in  the  lower  one, 

and  by  the  letters  l)  and  V  the  stresses  in  the  diagonals  and  verti¬ 
cals,  respectively.  These  letters  will  be  accompanied  by  ciphers 
indicating  in  each  case  the  numbers  of  the  joints  to  which  the  bar 
in  question  is  connected. 

Let  us  now  determine  the  stress  in  the  member  3-5  of  the  truss 

in  Fig.  10 Aa.  For  this  purpose  wc  shall  pass  section  T-l  cutting 
the  member  under  consideration  and  two  other  members,  one  belong¬ 
ing  fo  the  upper  and  the  other  to  the  lower  chords.  It  is  always 
more  convenient  to  consider  that  part  of  the  truss  acted  upon  by 
a  smaller  number  of  forces,  and  therefore  we  shall  discuss  here  the 

left-hand  portion  of  our  truss  which  must  be  in  equilibrium  under 
the  action  of  the  external  forces  A  and  Pi  and  of  the  internal 

stresses  17 2i.  Dyk  and  Lai,  these  stresses  replacing  the  right-hand 
portion  of  the  truss  (Fig.  10. 4b). 

To  order  to  determine  the  unknown  stress  L25  using  a  single 
equation  we  shall  place  the  origin  of  moments  at  point  4  where 
members  2-4  ami  3-4  concur. 
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The  sum  of  moments  of  all  the  forces  acting  on  the  left-hand  por¬ 
tion  of  the  truss  about  point  4  is 

SjV/4  -  Aak—  l\pt  —  Lyji  -■=  0 
wherefrom 

f->aj  — 
/ia4—  /*!/*! 

h 

Ml 

h 

Here  It  is  the  lever  arm  of  stress  L3i  about  the  origin  of  moments 

(in  this  particular  ease  it  is  equal  to  the  height  of  the  truss),  and 

M\  is  the  moment  of  all  the  external  forces  (including  the  reac¬ 
tion)  applied  to  the  left-hand  portion  of  the  truss  about  joint  4. 

this  moment  being  equal  to  the  bending  moment  acting  over  a  sec- 
lion  of  a  simple  beam  situated  at  the  same  distance  from  the  support 
as  the  origin  of  moments  in  the  truss. 

If  indeed  the  truss  were  replaced  by  a  simple  beam  having  the 

same  span  and  subjected  to  the  same  loads  (Fig.  11. 4),  the  bend¬ 
ing  moment  acting  over  a  section  of  this  beam  situated  at  the  same 

distance  from  the  left-hand  support  as  the  origin  of  moments 
would  be  exactly  equivalent  to  the  moment  of  all  forces  applied 

to  the  left-hand  portion  of  the  truss  about  this  origin  of  moments. 
Thun,  the  stress  in  any  member  of  the  lower  chord  of  a  truss  may 

be  found  as  a  quotient  of  the  beam  bending  moment  by  the  lever  arm 
of  the  stress  about  the  origin  of  moments. 

The  bending  moment  in  a  simple  beam  remaining  always  positive 
under  any  system  of  vertical  loads,  the  stress  L3i  will  also  remain 

always  positive,  which  means  that  the  elements  of  the  lower  chord 
will  be  extended  as  long  as  the  loads  act  downwards 

Let  us  now  determine  the  stress  in  member  2-4  of  the  upper 
chord.  In  this  case  the  origin  of  moments  should  he  taken  at  joint 

3  and  the  moments  of  all  forces  acting  on  the  left-hand  portion  of 
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the  truss  about  this  point  should  be  equated  to  zero  (see  Fig.  10.46) 

2M3  =  Ad-P^-ir  Uur—  0 

from  which 

U,  4  = 

Ad  —  Ptd/2 

Ml 

r 

The  numerator  of  the  fraction  which  we  have  denoted  by  M* 
is  again  equal  to  tlio  beam  bending  moment  acting  over  a  section 

the  abscissa  of  which  is  equal  to  d,  As  the  beam  moment  A/J  is 
always  positive  under  the  given  system  of  loads  and  as  the  frac- 

M" 

tion  —  is  preceded  by  a  negative  sign,  the  stress  U 24  is  negative, 

which  means  that  member  2-4  is  compressed. 
It  may  be  easily  shown,  using  the  same  reasoning,  that  all  the 

members  of  the  upper  chord  as  well  as  the  end  posts  of  a  truss  will 
always  remain  compressed  under  any  system  of  vertical  loads. 

In  order  lo  determine  the  stress  /}34  induced  in  the  diagonal 

8-4,  let  us  equate  Lo  zero  the  sum  of  moments  of  all  the  forces 

acting  on  the  left-hand  part  of  the  truss  about  point  k  at  which 
the  direction  of  bars  2-4  and  3-5  intersect  well  beyond  the  perime¬ 
ter  of  the  truss  (see  Fig.  10.46). 

wherefrom 

h - Ad  ■{-  P  \  ̂ (i  i — —  |  —  0 

,(a  +  4)-' 

-  Aa 

Dm  — 

M°k 

rk  rh 

It  will  be  thus  observed  that  in  the  method  of  moments  the  magni¬ 
tude  of  the  stress  is  always  expressed  by  the.  quotient,  of  the  moment 

of  external  forces  acting  on  the  left-hand  portion  of  the  truss  M  by 
the  lever  arm  of  the  stress  r  about  the  same  point 

N  =  ̂- 
r (l.4> 

Simple  trusses  defined  above  may  have  a  more  intricate  pattern 
as  represented  in  Figs.  12.4  and  14.4.  Nevertheless,  the  method 

of  moments  remains  applicable  for  the  determination  of  stresses 
in  their  members.  Indeed,  if  the  truss  in  Fig.  12.4  is  sectioned 

along  line  /-/,  the  origin  of  moments  may  be  taken  at  point  6  where 
three  of  the  four  sectioned  members  converge  (Fig.  13.4),  and  there¬ 
fore  we  shall  again  obtain  one  equation  with  one  unknown  which 

will  yield  the  stress  in  the  upper  chord  member  4-7 

S  Af  $  ~  Ad  -\-  D  47  h  —  0 
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wherefrom 

If  it  is  desired  to  find  tho  internal  force  acting  in  member  6-9 
of  the  lower  chord  the  origin  of  moments  should  be  shifted 
to  point  4,  then 

Xd/i  —  Ad — Laah  =  0 
whence 

Stresses  in  the  upper  and  the  lower  chords  of  the  truss  shown 

in'Fig.  14.4  can  also  be  determined  by  the  method  of  moments. 

Thus,  in  order  to  find  the  stress  in  bar  7-9 ,  section  I-I  should  he 
passed,  cutting  in  addition  to  the  member  considered  five  more 

bars,  all  converging  at  point  10.  If  this  point  is  taken  as  the  origin 
of  momenta  (Fig.  15.4),  the  equilibrium  equation  becomes 

E.Mto  =  Abd—  4 P  x  2.5  +  U iah  =  0 
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from  which 

r.  AAd—U>Pd 

Lot  iis  now  consider  an  even  more  complicated  truss  proposed 

by  the  eminent  Russian  engineer  V.  Shukliov  for  one  of  the  large- 

span  buildings  in  Moscow  (Fig-  10.4).*  This  truss  constitutes  an 
unyielding  system  being  composed  of  two  basic  triangles  .7-4-5 

and  2-5-0  connected  by  three  rionconcurrent  bars  1-2,  3-4  and  5-6*. 
The  truss  is  statically  determinate  as  the  number  of  bars  S  satis¬ 
fies  the  condition  S  =  2K  —  3  --  2  x  ti — 3  —  ().  It  is  not  pos¬ 
sible  to  line!  a  section  through  the  Shukhov  truss  cutting  any  number 
of  bare  converging  at  a  single  point  with  the  exception  of  one. 

However,  the  section  r-s-t  which  cuts  bars  1-2 ,  3-4  and  5-6*  once 
and  bars  1-4  and  .7-5  twice  permits  the  determination  of  stresses 

acting  in  bars  1-2,  3-4  and  5-6". 
As  will  be  seen  from  Fig.  17.4,  the  stresses  in  bars  1-4  and  1-5 

will  balance,  these  stresses  entering  the  equilibrium  equation  twice 
with  an  opposite  sign.  Therefore  in  this  section  only  three  unknown 

stresses  will  remain  U2t,  U3i  and  Uo:,  which  may  he  easily  deter¬ 
mined  by  the  method  of  moments. 

Thus,  in  order  to  i'uul  the  stress  in  bar  1-2  we  shall  place  the 
origin  of  moments  at  the  point  of  intersection  of  bars  3-4  and  5-0 
(point  kt  in  Fig.  17.4).  Then 

2Mhi  =  —UZirh—Pp—Bbh  =  0 
wherefrom 

M'h  -I  Pp 

bii, - - - 
♦ 

•This  truss  cannot  be  considered  as  belonging  to  the  simple  ones  but  never¬ 
theless  all  Hie  stresses  in  its  members  may  bo  determined  by  the  method  of 
moments. 
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Similarly,  point  k2  whore  the  bars  1-2  and  5-6  intersect  will 
be  taken  as  the  origin  of  moments  for  the  determination  of  the 

stress  T!Zk  and  point  k3  will  form  the  origin  of  moments  for  stress 

Id 65  (Fig*  18.4).  Thus,  stresses  U2 j,  U3i  and  Ue3  are  determined 
independently  using  three  equations,  each  containing  only  one 
unknown. 

The  stresses  in  all  the  other  members  will  now  be  easily  ob¬ 
tained  by  passing  straight  sections  across  any  number  of  bars,  pro¬ 

vided  that  the  stresses  remain  unknown  in  not  more  than  three  of 
them. 

The  examples  just  considered  lead  to  the  following  conclusions: 
The  method  of  moments  is  very  expedient  when  a  section  may  be 

taken  cutting  any  number  of  bars  converging  at  a  single  point ,  pro¬ 
vided  this  point  does  not  fall  on  the  direction  of  the  member 
investigated. 

This  method  can  also  be  used  in  cases  when  a  section  cuts  more  than 

three  nonconcurrent  bars ,  provided  the  stresses  in  all  the  bars  except 
three  are  already  known. 

The  same  method  may  be  utilized  when  the  section  crosses  any  num¬ 
ber  of  bars,  provided  each  bar  with  the  exception  of  three  is  sectioned 
twice. 

The  method  of  moments  is  frequently  considered  as  forming  a 
particular  case  of  the  more  general  method  of  sections.  Indeed  when 
two  of  the  sectioned  members  are  parallel  it  becomes  impossible 

to  take  the  origin  of  moments  at  the  point  of  their  intersection 
and  therefore  the  method  of  moments  can  no  longer  be  applied. 

But  passing  a  section  through  the  truss  will  still  permit  the  deter¬ 
mination  of  the  stresses  required  as  we  may  in  that  case  use  the 

equilibrium  equation  of  the  vertical  components  of  the  internal 
and  external  forces  (it  is  assumed  that  the  chords  are  horizontal). 

As  an  example,  let  us  consider  the  truss  represented  in  Fig.  19.4. 

Sections  1-1  and  11-11  will  permit  the  computation  of  stresses 

11-853 
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from  which 

rr  tAd—iUPd 
L™= - h - 

Lot  us  now  consider  an  oven  more  complicated  truss  proposed 

by  the  eminent  Russian  engineer  V.  Shukhov  for  one  of  the  large- 

span  buildings  in  Moscow  (Fig.  115.4).*  This  truss  constitutes  an 
unyielding  system  being  composed  of  two  basic  triangles  1-4-5 
and  2-3-6  connected  by  throe  imnconcurrcnl  bars  1-2 ,  3-4  and  5-6. 
The  truss  is  statically  determinate  as  the  number  of  bars  S  satis¬ 

fies  the  condition  S  —  2 K  —  3  =  2  x  15 — 3  =  9.  It  is  not  pos¬ 
sible  to  lind  a  section  through  the  Shukhov  truss  cutting  any  number 
of  bars  converging  at  a  single  point  with  the  exception  of  one. 

However,  the  section  r-s-l  which  cuts  bars  7-2,  3-4  and  5-6"  once 
and  bars  7-4  and  1-5  twice  permits  the  determination  of  stresses 
acting  in  bars  1-2,  3-4  and  5-6. 

As  will  bo  seen  from  Fig.  17.4,  the  stresses  in  bars  1-4  and  1-5 
will  balance,  these  stresses  entering  the  equilibrium  equation  twice 
with  ari  opposite  sign.  Therefore  in  this  section  only  three  unknown 
stresses  will  remain  7J2 ,,  f/34  and  U e.,  which  may  be  easily  deter¬ 
mined  by  the  method  of  moments. 

Thus,  in  order  to  And  the  stress  in  bar  1-2  we  shall  place  the 
origin  of  moments  at  the  point  of  intersection  of  bars  3-4  and  5-6 
(point  kt  in  Fig.  1 7.4).  Thou 

2M,(J=  —Utlrk—Pp—Ubh  =  0 
wherefrom 

it  _  7ibh—Pp 
u  21 - - - 

rk 

♦ 

•Ibis  truss  cannot  bo  considered  as  belonging  to  the  simple  ones  but  never¬ 
theless  sill  the  stresses  in  its  members  inav  bo  determined  by  the  method  of moments. 
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Similarly,  point  k2  whore  the  bars  1-2  and  5-6  intersect  will 
be  taken  as  the  origin  of  moments  for  the  determination  of  the 

stress  C734  and  point  k3  will  form  the  origin  of  moments  for  stress 
U (Fig.  18.4).  Thus,  stresses  Ut {,  U3i  and  Ues  are  determined 
independently  using  three  equations,  each  containing  only  one 
unknown. 

The  stresses  in  all  the  other  members  will  now  be  easily  ob¬ 
tained  by  passing  straight  sections  across  any  number  of  bars,  pro¬ 

vided  that  the  stresses  remain  unknown  in  not  more  than  three  of 
them. 

The  examples  just  considered  lead  to  the  following  conclusions: 
The  method  of  moments  is  very  expedient  when  a  section  may  be 

taken  cutting  any  number  of  bars  converging  at  a  single  point,  pro¬ 
vided  this  point  does  not  fall  on  the  direction  of  the  member 
investigated. 

This  method  can  also  be  used  in  cases  when  a  section  cuts  more  than 

three  nonconcurrent  bars ,  provided  the  stresses  in  all  the  bars  except 
three  are  already  known. 

The  same  method  may  be  utilized  when  the  section  crosses  any  num¬ 
ber  of  bars,  provided  each  bar  with  the  exception  of  three  is  sectioned 
twice. 

The  method  of  moments  is  frequently  considered  as  forming  a 
particular  case  of  the  more  general  method  of  sections.  Indeed  when 
two  of  the  sectioned  members  are  parallel  it  becomes  impossible 

to  take  the  origin  of  moments  at  the  point  of  their  intersection 
and  therefore  the  method  of  moments  can  no  longer  be  applied. 

But  passing  a  section  through  the  truss  will  still  permit  the  deter¬ 
mination  of  tho  stresses  required  as  we  may  in  that  case  use  tho 

equilibrium  equation  of  the  vertical  components  of  the  internal 
and  external  forces  (it  is  assumed  that  the  chords  are  horizontal). 

As  an  example,  let  us  consider  the  truss  represented  in  Fig.  19.4. 

Sections  I-I  and  II-II  will  permit  the  computation  of  stresses 

U— $53 
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in  bars  5-6  and  6-7,  respectively.  In  effect  projecting  on  the 
vertical  all  the  forces  (both  external  and  internal)  acting  on  the 

Pig.  49. 4 

left-hand  portion  of  the  truss  (Fig.  20.4)  we  obtain 

Sy-X— P+r*  o 

wherefrom 

VM=-(A—P)  =  -Q 

where  Q  is  the  shear  in  the  corresponding  section  of  a  simple  beam 
of  the  same  span. 

Pig.  20.4 

The  equilibrium  of  that  portion  of  the  truss  to  the  left  of  section 

II-Jl  (Fig.  21.4)  will  again  furnish 

Sy  —  A  —  P  —  P — D67  sin  a  —  0 
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from  which 

_  A-2P  Q 

L/q  7  — - : -  —  - 
sin  a  sins 

where  Q  is  again  the  shear  in  the  corresponding  section  of  a  simple 
beam,  this  shear  being  equal  to  ( A  —  2 P). 

Tin:  METHOD  OF  JO J NTS 

In  this  method  the  equilibrium  of  each  joint  is  considered  sepa¬ 
rately,  the  joint  being  separated  from  the  rest  of  the  truss  which 
is  replaced  by  the  stresses  acting  in  the  sectioned  bars.  In  the  case 

of  simple  trusses  the  method  of  joints  permits  the  successive  deter¬ 

mination  of  stresses  acting  in  all  the  members  starting  with  a  joint 
formed  by  the  meeting  of  two  bars  only. 

As  an  illustration  of  the  above,  let  us  determine  the  stresses 

in  the  bars  1-2, 1-3,  2-3  and  3-5  of  the  truss  represented  in  Fig.  22.4. 
We  shall  begin  with  considering  the  equilibrium  of  joint  1  at  the 

left-hand  support  (Fig.  23,4).  The  projection  of  all  the  forces  applied 
to  this  joint  on  the  normal  to  bar  1-3  (in  this  case  a  vertical)  gives 

2Y  —  A-Y  Uu  sina  =  0 
from  which 

p 
In  the  present  case  A  is  equal  to  -$-  and  therefore 

Ult  = 

P 
2  sin  a 

The  magnitude  of  the  stress  in  the  bar  1-3  will  be  obtained  by 
projecting  all  the  forces  on  a  direction  perpendicular  to  bar  1-2, 
i.e.,  on  the  axis  yf 

HYi  =  A  coses — l.iasina  =  0 
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wherefrom 
Ll3 

A  cos  a 

sin  a 

P_ 

2 

cot  a 

The  same  result  could  also  he  obtained  by  projecting  all  the 

forces  on  the  ;r-axis  leading  to 

2X  =  L,3  -1- C/ 12  cos  a  =  0 

wherefrom 

Lm  =  — t/J2  cos  a 

Substituting  in  this  expression  Ui3  by  its  value  found 
obtain  once  again 

i|S=Tircoscl  =  Tcofa 

earlier 
we 

In  order  to  determine  the  stresses  in  members  3-2  and  3-5  we 

shall  separate  the  joint  3  {Fig.  24.4).  Equating  to  zero  the  sum  of I  / 

I 

Fig.  24 .4 

all  the  horizontal  components  we  find 

SX  =  -L3,-f£36  =  0 

Remembering  that  Ll3  and  Lsl  denote  the  same  stress  in  bar  1-3 
we  obtain 

L S3  =  =  —  col  a 

The  vertical  projection  of  all  forces  acting  on  joint  3  gives 

sy=v32=o 

The  stress  in  bar  3-2  would  remain  nil  if  this  bar  were  not  at 

right^angles  with  the  lower  chord. 
Hence ,  when  two  out  of  three  bars  meeting  at  a ■  joint  lie  on  a  straight 

line,  the  stresses  in  these  two  bars  will  be  equal  in  amount  and 
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in  sign  and  the  third  bar  will  remain  idle  as  long  as  no  external  jorce 
is  applied  to  this  joint. 

The  equilibrium  of  joint  2  will  now  permit  the  determination 
of  the  stresses  in  bars  2-4  and  2-5  which  will  he  expressed  in  terms 
of  thn  stresses  U2 1  and  V23  already  known. 

It  should  be  noted  however  that  in  the  method  of  joints  the 
stresses  in  all  the  members  are  determined  consecutively,  those  found 

at  a  later  stage  being  expressed  in  terms  of  those  found  at  a  pre¬ 
vious  one.  Therefore,  any  accidental  error  committed  in  determin¬ 
ing  any  particular  stress  will  be  carried  along  and  will  render 

inaccurate  a  number  of  subsequent  computations.  Another  setback 

of  the  method  of  joints  resides  in  the  fact  that  trigonometrical 
functions  enter  the  equilibrium  equations,  thus  complicating  the 
calculus. 

In  certain  cases  the  computations  will  be  simplified  if  we  remem¬ 
ber  that  if  only  two  bars  meet  at  a  joint  where  no  external  force  is 

applied  the  stresses  in  both  these  bars  will  be  nil.  This  will  be  read¬ 
ily  confirmed  by  considering  the  equilibrium  of  joint  1  of  the  truss 
represented  in  Fig.  25.4. 

Indeed  the  projection  of  all  the  forces  acting  on  this  joint  on  a 
vertical  and  on  a  horizontal  (see  Fig.  26.4)  gives 

2Y  =  t/12  sin  a  =  0 

2X  —  U 12  cos  oi  -f-  3  —  0 
whence 

V  i2  —  Z/!S  =  0 

In  the  actual  design  of  trusses  all  the  three  methods  described 

above  are  frequently  used  together,  preference  being  given  in  each 

particular  case  to  the  one  leading  more  directly  to  he  result  re¬ 
quired. 



=
m
t
 

B
=
W
O
t
 



•
-
>
7
 









2.4.  Direct  Methods  oj  Stress  Determination 171 



(72 
The  Trusses 

Problem  1.  Compute  the  stresses  in  momhers  4-6,  3-6  and  7-8  of  the  truss 
shown  in  Fig.  27.4. 

Solution.  Pass  two  sections  as  indicated  in  Fig.  27.4  and  consider  the  equi¬ 

librium  of  the  left-hand  portions  of  the  truss.  All  the  calculations  are  given 
in  Table  f.4;  column  3  contains  sketches  of  the  portion  of  the  truss  under  con¬ 
sideration,  the  other  columns  containing  the  corresponding  equilibrium  equations 
and  their  solution. 

Problem  2.  Compute  the  stresses  in  all  the  members  of  the  trusses  represented 
in  Figs.  28.4,  29.4,  30.4  and  31.4  and  draw  the  corresponding  diagrams.  All 
the  four  trusses  carry  the  same  loads  and  have  identical  spans. 

Solution.  The  results  of  all  the  calculations  are  represented  in  the  form  of 
graphs  in  Figs.  32.4,  33,4,  34.4  and  35.4,  the  width  of  the  hand  along  each  truss 

Fin.  36.4 

member  being  in  direct  proportion  to  the  magnitude  of  the  stress.  Compressions 

(reckoned  negative)  are  hatched  while  tensions  (reckoned  positive)  are  left 
unshaded.  (The  values  of  all  the  stresses  are  given  in  tons.) 

Computations  pertaining  to  the  truss  in  Fig.  30.4  are  entered  into  Table  2.4 
from  which  the  sequence  of  all  the  operations  is  quite  clear. 

Thu  comparison  of  stress  diagrams  for  three  trusses  of  equal  span,  carrying 
the  sarno  loads  and  having  the  same  woh  pattern  shows  (see  Figs.  32.4,  33.4 
and  34  .4)  that  the  triangular  truss  in  Fig.  29.4  is  less  economical  as  the  combined 
area  of  the  graphs  is  the  largest  and  therefore  this  truss  will  be  the  heaviest  of 
the  three. 

Problems.  Determine  the  stresses  in  the  A-truss  with  parallel  chords  repre¬ 
sented  in  Fig.  36.4a. 

Solution  Examining  any  one  of  the  joints  at  midheight  of  the  truss  where 

two  inclined  bars  meet  with  the  vertical,  we  find  from  the  projection  of  all 
forces  on  tho  horizontal  that 

2X  =Z)cos  ct-\-D'  cos  a'  —  0 
wherefrom 

■Dcos  a==  — D'  cos  a' 
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ami  if  at  — a'  tliou 

0  ~  —  D ' •which  means  that  the  stresses  in  the  inclined  bars  of  one  and  the  same  panel  are 
equal  in  magnitude  but  opposite  in  sign. 

The  determination  of  the  stresses  in  all  the  members  of  tbe  truss  is  omitted. 
The  graphs  of  tlioso  stresses  are  shown  in  Fig.  87.4 

The  render  is  invited  to  prove  on  his  own  that  the  stresses  in 
all  truss  members  marked  with  a  dash  in  Fig.  38.4  arc  nil. 

3.4.  graphical  method  of  stress  analysis  in  simple. 
TRUSSES 

Jt  has  boon  shown  in  the  preceding  article  that  all  stresses  in 
a  simple  truss  may  be  determined  analytically  by  the  method  of 
joints.  Every  truss  of  this  type  will  contain  at  feast  one  joint  where 
only  two  bars  meet  and  this  joint  should  be  the  starting  point  of 
the  operation. 

We  shall  now  examine  the  graphical  method  of  stress  analysis, 
this  method  being  based  on  the  resolution  of  forces  along  two  given 
directions.  The  following  sequence  should  be  adopted. 

A  joint  where  only  two  bars  meet  must  be  selected  and  the  exter¬ 
nal  force  (reaction)  applied  to  this  joint  must  then  be  resolved 

along  the  directions  of  the  twTo  bars,  using  either  the  parallelo¬ 
gram  method  or  the  triangle  of  forces  method.  The  triangle  must 
necessarily  close,  for  the  joint  is  in  equilibrium.  Having  thus  ob¬ 
tained  the  stresses  in  two  members  we  may  proceed  to  the  next  joint, 
where  the  resultant  of  the  stress  previously  found  and  of  the  external 
force  applied  to  the  joint  (if  any)  must  be  again  resolved  along 
the  directions  of  the  next  couple  of  bars.  Continuing  in  the  same 
way  we  shall  complete  the  determination  of  all  the  stresses  in  all 
the  members  of  the  truss. 

As  an  illustration  of  the  above,  lot  us  analyze  Lho  truss  repre¬ 
sented  in  Fig.  39.4  acted  upon  at  the  upper  chord  joints  by  three 
equal  forces. 

Fig.  40.4a  shows  the  same  truss,  its  two  supports  having  been 
replaced  by  the  appropriate  reactions,  found  either  graphically 
or  analytically.  Commencing  with  joint  .7,  where  two  bars  1-2  and 
1-2  meet,  lot  us  draw  the  corresponding  force  polygon  (Fig.  40.46 

and  e).  'The  joint  being  in  equilibrium  and  acted  upon  by  reaction 

-■I  =  ̂  and  by  the  stresses  U l2  and  Ll3,  wo  must 
(1)  Jay  off  at  some  scale  the  reaction  A  whose  magnitude  and 

direction  are  both  known; 

(2)  through  both  ends  of  this  line  trace  parallels  to  the  directions 
of  bars  1-2  and  1-3  until  their  intersection,  thus  completing  the 
force  polygon  (which  in  this  particular  case  reduces  to  a  triangle). 
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The  sides  be  and  ca  of  this  triangle  measured  to  the  same  scale 

as  reaction  A  will  give  the  magnitude  of  the  stresses  in  bars  1-2 

and  1-3,  respectively.  The  direction  (sign)  of  these  stresses  will 
be  determined  remembering  that  in  a  closed  force  polygon  all  the 
forces  follow  one  another. 

Thus,  the  reaction  A  being  directed  upwards,  we  shall  iind  that 

the  stress  C/IZ  acts  towards  tho  joint  which  means  that  bar  1-2  is 
compressed  while  stress  Li3  acts  away  from  the  joint  and  therefore 
bar  1-3  is  extended. 
We  may  now  mark  the  direction  of  the  stresses  found  on  the 

schematic  drawing  of  the  truss  (big.  40.4 a)  where  arrows  pointing 

towards  tho  joint  will  indicate  compression  and  those  pointing 

away  from  the  joint — tension.  Arrows  should  he  also  shown  at  the 
oilier  extremities  of  bars  1-2  and  1-3,  as  the  stresses  in  these  bars 
will  have  to  be  accounted  for  in  considering  the  equilibrium  of 
joints  2  and  3. 

At  joint  2  acted  upon  by  the  load  P  three  bars,  namely  bars  2-1 , 
2-4  and  2-3,  meet  together.  The  stresses  Ui2  and  Lis  being  known 
as  well  as  tho  load  P  (Fig.  41.4a),  the  construction  of  the  force 

polygon  (Fig.  41.46)  will  be  carried  out  as  follows:  lay  off  stress 
Ui2  acting  towards  the  joint  and  tho  load  P  and  then  through  the 
free  ends  of  these  lines  draw  two  parallels  to  the  directions  of  bars 

2-4  and  2-3  until  their  intersection,  thus  forming  a  closed  polygon. 
Fig.  41.46  shows  that  both  stresses  f/24  and  /?23  are.  compressive. 

Stresses  in  bars  3-4  and  3-5  may  now  be  obtained  by  considering 
the  equilibrium  of  joint  3  (see  Fig.  40.4a).  Four  bars  meet  at  this 

joint,  namely  bars  3-1,  3-2,  3-4  and  3-5,  but  the  stresses  are  un¬ 
known  only  in  the  last  two.  Hence  they  may  be  found  by  constru¬ 
cting  a  force  polygon  as  shown  in  Fig.  42.4.  It  will  be  readily  ob¬ 
served  that  both  these  stresses  are  tensile. 

Tho  determination  of  the  stresses  in  the  right-hand  half  of  the 
truss  is  not  required  due  to  the  symmetry  of  the  structure. 

The  procedure  just  described  permits  the  determination  of  the 
stresses  in  all  the  members  of  a  truss  by  constructing  successively 
force  polygons  related  to  each  joint.  Each  stress  will  appear  twice 
in  these  polygons,  at  first  as  an  unknown  to  be  found  and  later  as 
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a  given  force  applied  to  the  adjacent  joint  where  two  other  unknown 
stresses  are  sought.  All  of  these  polygons  may  be  merged  together 

to  form  a  single  diagram  called  the  Maxwell-Cremona  or  stress 
diagram  in  which  each  stress  will  be  met  with  only  once. 

Such  a  merger  is  represented  in  Fig.  43.4.  This  operation  is  made 

possible  by  the  fact  that  in  the  force  polygons  the  forces  appear  in 
the  sequence  they  are  met  with  when  each  joint  is  passed  around 
in  the  clockwise  direction.  (The  opposite  direction  could  he  adopted 
as  well,  but  following  the  tradition  we  shall  always  use  the  one 

mentioned  first.)  Thus,  in  joint  1  in  Fig.  40.4a  we  meet  first  the 

reaction  A  followed  by  stress  Ui2  and  then  by  Ll3.  In  joint  2  first 
comas  stress  U then  the  load  P  and  stresses  U u  and  Di3.  This 

sequence  is  maintained  in  the  force  polygons  in  Figs.  40.4c  and 
41.4b. 

In  practice  the  stress  diagram  for  the  whole  truss  is  generally 
obtained  directly,  omitting  the  force  polygons  of  individual  joints. 
This  method  will  be  explained  using  as  an  example  the  truss  shown 
in  Fig.  44.4.  The  notations  to  be  used  are  as  follows:  letters  and 
ciphers  will  denote  areas  bounded  by  the  truss  members  (areas  a,  b, 

and  e)  or  by  the  lines  of  action  of  the  loads  and  reactions  (areas  I, 
II ,  and  III).  Each  stress,  load  or  reaction  will  be  designated  by 
two  indices  corresponding  to  the  two  areas  it  separates.  Hence, 

the  left-hand  abutment  reaction  forming  the  boundary  between 

areas  I  and  III  will  be  indicated  by  III-I  (but  not  /-///,  the  clock¬ 

wise  direction  being  followed),  tbe  load  P  by  I-II  and  the  right- 
hand  reaction  by  II-III.  Similarly,  the  stress  in  bar  1-2  will  be 

denoted  by  I-a  when  joint  1  is  considered  and  by  a-I  for  joint  2. 
With  these  notations  the  numbering  of  joints  may  be  completely 
omitted. 

The  construction  of  the  stress  diagram  will  start  at  joint  1  over 

the  left-hand  abutment  where  only  two  bars  meet.  Having  laid 

off  the  magnitude  of  reaction  III-I  along  the  vertical  to  the  scale 

!2—  853 
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selected  we  shall  obtain  the  stresses  in  bars  1-2  and  1-3  by  tracing 
through  points  /  and  III  parallels  to  the  directions  of  these  two 
bars  whose  intersection  at  point  a  will  permit  scaling  off  of  stresses 

in  the  upper  and  lower  chords  I-a  and  a-III . 
In  order  to  determine  the  directions  (signs)  of  these  stresses  it 

will  suffice  to  remember  that  in  a  closed  polygon  all  the  forces  follow 

each  other  in  one  and  the  same  direction.  Thus,  knowing  the  direc¬ 
tion  of  the  reaction  ///-/  in  the  triangle  III-I-a-I II  of  the  diagram 
we  shall  readily  determine  the  directions  of  the  stresses  I-a  and 

Fig.  44.4  Fig.  45.4 

a-III ,  the  first  being  directed  from  1  towards  a,  and  the  second 
from  a  towards  III .  Marking  these  directions  on  the  sketch  of  the 

truss  (see  Fig.  44.4)  we  find  immediately  that  the  stress  I-a  is  di¬ 
rected  towards  joint  1  and  is  therefore  compressive,  while  the  stress 

a-III  acts  away  from  this  joint  and  accordingly  bar  1-3  is  extended. 
We  may  now  pass  to  joint  3  of  the  lower  chord  acted  upon  by 

the  stress  Ill-a  just  found  and  by  two  unknown  stresses  a-b  and 
b-III.  These  stresses  will  be  obtained  by  tracing  through  points 
III  and  a  two  linos  parallel  to  the  bars  b-III  and  a-b,  the  point 
of  intersection  of  which  shall  be  marked  b.  The  sign  of  these  stresses 

will  be  derived  as  heretofore  from  the  direction  of  the  stress  Ill-a 
previously  found  (see  Fig.  45.4).  Marking  these  directions  on  the 
sketch  of  the  truss  (see  Fig.  44.4)  we  note  that  all  the  bars  meeting 
at  joint  3  are  extended. 

The  next  joint  to  he  considered  is  joint  2  acted  upon  by  the  load 

l  it,  two  stresses  already  found  b-a  and  a-I,  and  two  unknown 
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stresses  II-c  and  c-b.  Returning  to  Fig.  45.4  we  find  that  the  dia¬ 

gram  contains  the  two  stresses  b-a  and  a-I.  Adding  to  these  the 

load  I-II  (line  I-II)  we  may  readily  find  the  resultant  b-II  of  these 
three  forces  marked  in  dash  line  in  Fig.  45.4.  Resolving  this  force 

along  two  directions  parallel  to  the  bars  2-5  and  2-4  we  shall  find 

the  stresses  in  these  bars  given  by  the  length  of  segments  II-c  and 

c-b.  The  force  polygon  b-a-I-II-c-b  indicates  that  bar  I  II-c  is  com¬ 
pressed  while  bar  c-b  is  extended. 

Passing  to  the  last  joint  4  we  find  that  out  of  the  three  bars  meet¬ 

ing  at  this  joint  the  stress  in  one  bar  only  remains  unknown.  If  the 

diagram  has  been  constructed  accurately,  lino  c-TII  giving  this 
stress  must  be  parallel  to  bar  4-5  and  must  pass  through  point  III , 

in  other  words,  the  diagram  should  be  closed. 

The  force  polygon  for  point  5  will  be  represented  by  II-III-c-II. 

In  the  stress  diagram  the  external  forces  were  laid  off  in  the 

same  order  as  they  were  encountered  when  passing  around  the 

perimeter  of  the  truss  in  a  clockwise  direction.  The  force  polygon 
of  external  loads  and  reactions  must  also  be  closed,  the  whole  truss 

being  in  equilibrium.  The  closure  of  the  external  force  polygon 

and  of  the  stress  diagram  constitutes  a  ready  check  on  the  accuracy 

of  all  the  operations. 
The  construction  of  the  stress  diagram  is  usually  commenced 

by  tracing  the  closed  polygon  of  loads  and  reactions  which  must 
be  laid  off  in  the  same  order  as  they  are  met  when  passing  around 

the  truss  in  a  clockwise  direction.  This  being  done,  the  stresses 

in  the  bars  intersecting  at  each  joint  arc  determined  graphically 

commencing  with  the  joint  where  only  two  bars  meet.  These  stresses 

will  also  be  laid  off  in  the  sequence  they  are  encountered  when 

passing  around  each  joint  in  a  clockwise  direction. 

The  construction  of  the  force  polygon  for  each  joint  should  be 

carried  out  in  such  a  way  that  the  two  unknown  stresses  should  come 

last.  Tims  in  the  examplo  given  in  Fig.  46.4a  force  P i  should  come 

first  in  order  that  the  unknown  stresses  Y  and  X  should  come  last 

(Fig.  46.4b). 

In  the  stress  diagram  each  Line  denoting  an  internal  force  be¬ 

longs  to  two  force  polygons  corresponding  to  two  adjacent  joints, 

and  therefore  it  is  not  recommended  to  show  the  directions  of  the 

stresses  in  the  diagram,  these  directions  being  different  in  the  two 

cases  just  mentioned.  Moreover,  it  is  easy  to  determine  the  direc¬ 

tion  (sign)  of  each  stress  without  going  around  the  whole  of  the 

force  polygon  corresponding  to  the  joint  under  consideration.  In¬ 

deed,  each  stress  in  the  diagram  is  denoted  by  two  indices  following 

each  other  in  the  sequence  they  were  met  when  passing  around  the 

joint  in  a  clockwise  direction.  This  sequonco  will  therefore  be  differ¬ 

ent  for  two  adjacent  joints,  for  instance,  the  stress  in  bar  2-3  (see 

12* 
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Fig.  44.4)  should  be  denoted  by  a-b  if  referred  to  the  lower  chord 

joint  3  and  by  b-a  when  referred  to  the  upper  chord  joint  2. 

Fig.  iG.4 

As  point  a  of  the  force  polygon  represented  in  Fig.  45.4  lies  below 

point  b  the  stress  a-b  will  be  directed  away  from  the  lower  joint 
and  therefore  the  corresponding  bar  will  be  extended. 

Problem.  Required  to  construct  a  stress  diagram  for  the  truss  represented 

in  Fig.  47.4a  and  to  determine  the  stresses  in  'all  the  members  of  this  truss. 
Solution.  Using  the  notations  described  above  indicate  by  letters  a,  b.  c, 

etc.,  the  areas  bounded  by  the  members  of  the  truss  and  by  /,  IT,  .  .  .,  IX 
the  areas  separated  by  tho  directions  of  the  loads  and  reactions  as  the  truss  is 

passed  around  its  perimeter  in  a  clockwise  direction.  A  force  polygon  I  II-  .  . 
■  •  ■  -1X-I  (Fig.  47.46)  may  bo  then  constructed  commencing  will)  the  load 

acting  over  the  left-hand  abutment,  reaction  A  (force  IX-I)  being  laid  off  last. 
The  force  polygon  must  close  as  tho  system  of  external  forces  (loads  and  reactions) 
is  balanced  *. 

The  construction  of  the  diagram  starts  at  the  joint  directly  abovo  the  left- 
hand  abutment,  by  tracing  a  closed  force  polygon  of  all  the  forces  acting  at  this 

joint.  Forces  IX-I  and  I -II  are  already  set  out,  their  resultant  IX-II  being 
directed  upwards.  This  force  must  now  be  resolved  along  the  directions  of  the 
lower  and  the  upper  chords,  for  which  purpose  a  line  parallel  to  bar  il-ti  is 
traced  through  point  II  and  a  horizontal  parallel  to  bar  a- IX  through  point  IX, 
tho  intersection  being  marked  by  the  letter  a.  Tho  sign  of  tho  stresses  will  he 
determined  by  the  application  of  the  rule  that  in  a  closed  force  polygon  all  the 
forces  follow  one  another  in  the  same  direction.  Accordingly  the  stress  11-a 
must  be  directed  from  right  to  left  and  downwards  and  Stress  a- IX  from  left  to 

right.  In  other  words,  the  stress  in  bar  ll-a  will  be  directed  towards  the  joint 
which  means  that  this  bar  is  compressed  and  the  stress  in  bar  a-IX  away  from 
the  joint  indicating  that  this  member  is  extended. 

♦ 

*  In  tho  force  polygon  forces  VIII-IX  (reaction  13)  and  IX-I  (reaction  A) 
are  slightly  offset  towards  the  right  in  order  to  avoid  confusion  with  the 
external  loads. 
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Points  b,  c ,  d.  etc.,  of  the  stress  diagram  will  be  found  os  follows:  point  b 

by  tracing  through  point  a  a  parallel  to  tho  vertical  a-b  and  through  point  III 
a  parallel  to  the  bar  Ili-b;  point  c  l>y  drawing  through  point  b  a  parallel  to  the 
diagonal  b-e  and  a  horizontal  through  point  IX;  point  d  will  ho  lormod  by  tho 

Scale  of  loads 
P 

Fig.  47.4 

intersection  of  a  vertical  passing  through  point  c  and  of  a  line  parallel  to  the 
tipper  chord  member  IV-d  passing  through  point  IV.  Points  e,  /.  g.  h,  l  and  k 
will  be  found  in  tho  samo  way.  It  will  bo  noted  that  points  e  and  /  coincide,  intli- 

Upper  cl mrd 

Table  3.4 

Bar  Stress Stress  B 
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eating  lhat  the  stress  in  the  vertical  e-/  is  nil.  The  construction  of  tho  last  dia¬ 
gram  pertaining  to  the  right-hand  half  i>f  the  truss  could  he  omitted  as  the 
stresses  in  the  two  halves  of  a  symmetrical  truss  subjected  to  a  symmetrical 
system  of  loads  will  bo  exactly  the  same. 

In  tho  stress  diagram  of  Fig.  '57. 4  dash  lines  indicate  tensions  and  solid 
lines  compressions.  11  will  be  seen  that  all  tho  members  of  the  lower  chord  and 
the  diagonals  are  extended,  while  the  upper  chord  members  and  the  verticals 
are  compressed. 

The  magnitudes  of  the  stresses  scaled  off  the  diagram  are  tabulated  above. 

4.4.  DIRECT  METHOD  OF  STRESS  DETERMINATION  IN 

COMPLICATED  STATICALLY  DETERMINATE  FRAMED 
STRUCTURES 

Occasionally  the  designer  will  have  to  deal  with  framed  structures 

of  a  considerably  more  intricate  pattern  than  those  formed  by  the 

successive  addition  of  supplementary  joints  to  a  basic  triangle,  each 

of  these  joints  being  attached  by  means  of  Uvo  concurrent  bars. 

These  systems  remain  statically  determinate  and  in  a  number  of 

cases  they  may  be  derived  from  the  simple  systems  by  replacing 
one  or  more  bars  by  the  same  number  of  other  bars  without  disturbing 

the  geometrical  stability  of  the  system  as  a  whole. 

As  a  rule,  the  analysis  of  such  systems  will  require  simultaneous 

solution  of  several  equations  with  several  unknowns.  However, 

in  many  cases  the  complicated  systems  may  be  reduced  to  the  simple 

odcs,  or  to  such  systems  which  can  be  analyzed  without  solving 

equations  with  numerous  unknowns,  by  a  fictitious  replacement 

(substitution)  of  bars.  The  additional  equations  permitting  to  solve 

the  problem  will  express  that  the  stresses  in  all  the  substitute 
members  remain  nil. 

The  following  example  will  illustrate  this  melhod.  Assume  that  • 
it  is  required  to  find  the  stresses  in  all  the  members  of  the  structure 
represented  in  Fig.  48.4a  acted  upon  by  some  external  force,  say, 

load  P  applied  at  joint  6.  It  will  be  immediately  seen  that  in  this 

structure  three  bars  meet  at  each  joint,  hence  the  method  of  joints 

becomes  inapplicable.  At  the  same  time  the  method  of  moments 

will  lead  to  a  number  of  equations  each  containing  several  unknowns, 

which  is  extremely  undesirable.  In  those  circumstances  let  us  trans¬ 

form  the  structure  into  a  simple  system  by  replacing  bar  6-3  by 
bar  1-5  as  indicated  in  Fig.  48.4b.  The  structure  so  obtained  forms 

an’unyielding  combination  as  it  may  be  formed  by  the  successive 

addition  of  joints  2,  4  and  3  to  a  basic  hinged  triangle  1-5-6,  each 

of  these  joints  being  connected  by  means  of  two  concurrent  bars. 

The  analysis  of  such  a  transformed  system  is  greatly  simplified 
for  the  stresses  in  all  the  bars  may  be  found,  say,  by  the  method 

of  joints  without  the  solution  of  equations  with  multiple  unknowns. 
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Let  us  denote  by  X  the  stress  induced  by  the  load  P  in  bar  6-3 
and  let  us  apply  the  same  force  to  joints  3  and  6  of  the  transformed 

system  in  the  direction  of  bar  3-6  (it  is  assumed  that  this  bar  is 
extended). 

it  is  obvious  that  the  stresses  in  all  the  members  of  both  the  origi¬ 
nal  and  the  transformed  systems  will  become  exactly  the  same  when 
the  stress  in  the  substitute  barI-5  reduces  to  zero  under  the  combined 
action  of  forces  P  and  X.  Indeed,  the  two  systems  will  be  identical 

for  any  bar  may  always  be  replaced  by  a  force  acting  in  the  same 

Fig.  48.4 

direction  and  having  the  same  magnitude  as  the  stress  in  this  bar, 

and  when  the  stress  is  zero  this  means  that  the  bar  may  be  omitted 

without  disturbing  the  system. 

The  principle  of  superposition  enables  us  to  express  the  stress 

in  any  member  i  of  the  transformed  system  (and  accordingly  of 
the  original  one,  too)  by 

N^Nlp+NlxX  (2.4) 

where  Nip  —  stress  in  the  transformed  system  induced  by  the  load  P 

iVjx  =  samo  stress  induced  by  a  unit  load  X  =  1. 

The  same  formula  applying  to  the  substitute  bar,  we  may  write 

that  the  stress  A's  in  this  bar  equals 

wherefrom A7,  =  jVSp  -(-  N,xX  =  0 

JV. 

*p 

(3.4) 

Substituting  the  value  of  X  thus  obtained  in  the  expression  (2.4) 

we  shall  find  the  stresses  in  all  the  members  of  the  system. 

In  more  complicated  cases  it  becomes  sometimes  necessary  to 

replace  two  or  more  bars.  In  such  cases  the  method  just  described 
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will  not  dispense  completely  with  the  solution  of  several  equations 
with  several  unknowns.  The  total  stresses  in  the  substitute  bars 
will  still  reduce  to  zero,  and  their  expressions  will  take  the  form 

A^i =  N tp  XifXl  -{-JV}iX3  +  vV13X3-(- 

X 2  =Ntp  +  N jiXj  -f-  A  +  N 23X3 -T  . . .  =  0  (4.4) 

X  3  —  A*3P  +  N 3tXy  -j-  N 32.X n  -|-  N 33X3  —  . . .  —  0 

where  Nit  IV  g,  A’:j,  ...  —  total  stresses  in  the  substitute  bars 
1,  2,  3,  etc. 

Xt,  X2,  X3,  —  =  unknown  stresses  in  the  bars  which 
have  been  replaced 

Arti,  Xti,  N19,  . . .  =  stresses  induced  in  substitute  bar 
1  by  unit  loads  Xt  =  i,  X*=l,  Xs  = 
=  1,  ....  respectively 

iV2i,  JVi3,  Xi3,  . . .  =  same  stresses  in  substitute  bar  2 ,  etc. 

The  values  of  the  unknown  stresses  Xit  X2,  X  3,  etc.,  will  be 
in  this  case  obtained  by  solving  the  system  of  equations  (4.4). 

In  complicated  structures  the  correct  position  of  the  substitute 
bar  is  not  always  clear.  However,  it  may  be  found  in  the  following 
way:  having  eliminated  one  bar  reject  one  by  one  all  the  joints 
connected  to  the  remaining  structure  by  two  distinct  bars  until 
a  joint  is  found  whose  connections  are  insufficient.  The  additional 
bar  needed  to  fix  this  joint  with  respect  to  the  remainder  of  the 
structure  will  constitute  the  required  substitute  bar.  If  the  struc¬ 
ture  so  obtained  still  does  not  belong  to  the  category  of  simple 
framed  structures,  another  of  its  bars  should  he  eliminated  and 

further  joints  should  be  rejected  until  one  more  joint  inadequately 
connected  to  the  rest  of  the  structure  is  found,  indicating  the  posi¬ 
tion  of  the  second  substitute  bar. 

This  procedure  may  be  repeated  as  many  times  as  necessary  to 
transform  the  structure  into  a  simple  system. 

Problem.  Using  the  replacement  method  determine  the  stresses  in  all  the 
members  of  a  framed  structure  in  Fig.  49.4a  for  sin  a  =  0.0  and  sin  fj  =  0.8. 

Solution.  Replacing  bar  3-6  by  bar  1-5  as  shown  in  Fig.  49.46  we  obtain  a 
a  simple  system  permitting  the  determination  of  tho  stress  X  in  the  replaced  bar 
by  equating  to  zero  tho  stress  in  the  substitute  bar  1-5 

Nlt  =  Nl6r  -\-NitxX  =  0 
whence 

*I5£_ 

X  l3x 
X 
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A'15P  and  iV . iT  being  the  stresses  induced  in  the  substitute  bar  1-6  by  ttie 
load  P  and  the  unit  force  X  =  1 .  respectively. 

The  stresses  in  all  the  other  members  of  truss  will  be  found  using  the 
formula 

X  i  “  Affp  -f-  XfXX 

where  N lp  and  Nix  arc  the  stresses  in  the  corresponding  member  of  the  trans¬ 
formed  system  induced  by  the  load  P  and  the  unit  force  X  =  1,  respectively. 

Ftg.  49.4 

In  Ibis  example  the  method  of  joints  should  be  retainod  as  its  consecutive 
application  to  joints  3,  2,  4 ,  6  and  5  will  show  immediately  that  only  bars  1-6. 

Table  4.4 

Bar  NO. 
Stress  Induced 

by  unit  force 
X  =  1 

Stress  induced 

by  load  1* 

Stress  Induced 

by  force  X 

Total  stress 
in  members 

of  the  original 

system 

2-3  or  4-3 
5 

0 
15 

15 
6 

-T4P 

+  14 
 71 

1-2  or  5-4 

—  1 

5 

0 
! 

-4' 
15  „ 

15  „ 

2-5  or  4-1 

-I-  -jr 

0 

— —  P 

14 

— —  P 

14 

5 5 45 10 
1-6  or  5-6 

+  8/
> 

+  5GP +TP 

1-5 
7 

1 
 24 

- —  P 

8 

bfe 

0 

dote:  The  stress  X  In  the  replaced  bar  3-0  equal 

-  jV15p  3P  24 

A  .Y,c  8-7 

*  1 5* 
s 
-Tp 

X 
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5-6  and  1-5  of  the  transformed  system  are  stressed  by  the  load  P,  all  the  other 
members  remaining  idle. 

All  the  computations  are  Listed  in  Table  4.4.  Entries  into  the  4th  and  the 
5th  columns  have  been  made  only  after  finding  the  stress  X  in  tho  replaced  bar 

3-6.  V'aiues  appearing  in  column  4  havo  been  obtained  by  multiplying  those of  column  2  by  the  magnitude  of  the  stress  X  (see  below),  while  the  entries  of 
column  5  result  from  the  summation  of  figures  contained  in  columns  3  and  4. 

5.4.  STRESS  DISTRIBUTION  IN  DIFFERENT  TYPES  OF  TRUSSES 

Stresses  computed  for  trusses  of  the  same  span,  the  same  height 
and  the  same  number  of  panels  and  acted  upon  by  the  same  system 

of  loads,  but  differing  in  the  outline  of  their  upper  chords  have 
been  illustrated  in  Figs.  32.4,  33.4,  34.4,  35.4  and  37.4  of  Art.  2.4. 
Examining  these  figures  it  will  be  noted  that  in  certain  trusses 
the  chord  stresses  increase  from  the  abutments  towards  the  centre 

line  (Figs.  32.4,  35.4  and  37.4),  while  in  other  trusses  they  decrease 
(Figs.  33.4  and  34.4).  In  trusses  of  different  shape  hut  of  the  same 
web  pattern  the  verticals  and  the  diagonals  may  sustain  stresses 

of  different  sign;  thus,  in  the  truss  in  Fig.  32.4  the  diagonals  are 
extended  while  in  the  truss  in  Fig.  33.4  they  are  compressed. 

For  a  number  of  trusses  the  mode  of  stress  variations  in  chord 

members,  the  sign  of  the  stress  in  the  elements  of  tho  web  as  well 
as  certain  other  peculiarities  of  their  performance  may  be  predicted 
without  detailed  calculations. 

As  an  example,  lot  us  take  the  three  trusses  represented  in 

Fig.  50.4a,  b  and  c  which  differ  one  from  another  only  by  the  posi¬ 
tion  of  their  diagonals. 

In  order  to  facilitate  judgement  regarding  the  sign  of  the  stress 
induced  in  the  different  elements  of  these  trusses  by  a  uniformly 
distributed  load  we  shall  make  use  of  an  auxiliary  uniformly  loaded 

beam  appearing  in  Fig.  50. Ad.  The  M  and  Q  diagrams  for  this  beam 
are  represented  in  Fig.  50.4e  and  /.  The  bending  moment  diagram 
shows  that  in  the  beam  the  lower  fibres  arc  extended  and  tho  upper 
ones  are  compressed,  indicating  that  in  a  truss  the  upper  chord  will 
be  compressed  and  the  lower  one  extended.  In  the  same  beam  the 

bending  moment  increases  from  the  ends  towards  the  middle  and 

accordingly  (the  height  of  a  truss  with  parallel  chords  remaining 
constant),  the  stresses  in  the  chord  members  will  also  increase  from 
the  abutments  towards  the  centre  line. 

Sections  taken  through  the  auxiliary  beam  and  the  trusses  (sec¬ 
tion  I -I  in  Fig.  50.4a,  b,  c,  d)  will  help  to  find  the  signs  of  the  stresses 
in  the  web  members.  The  shear  in  section  I-I  of  the  beam  being 
positive  tends  to  lift  the  left-hand  portion  of  the  beam  with  respect 
to  the  right-hand  one.  Hence  the  sectioned  diagonal  of  the  truss 
shown  in  Fig.  50.4a  will  be  extended  as  shown  in  Fig.  51.4a  and 
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the  sectioned  diagonals  of  the  trusses  of  Fig.  50.4ft  and  c  will  be 
compressed  (Fig.  51.4ft  and  c).  The  same  reasoning  will  show  that 
all  the  diagonals  of  the  Pratt  truss  represented  in  Fig.  50.4a  are 

extended,  those  of  the  Howe  truss  in  Fig.  50.4ft  are  compressed 

while  in  the  Warren  truss  appearing  in  Fig.  50.4c  extended  diagonals 
will  alternate  with  compressed  ones. 

Fig.  50.4/  shows  also  that  the  shearing  forces  decrease  towards 
the  middle  of  the  beam;  similarly  the  stresses  in  the  diagonals  of 

the  trusses  will  also  drop  to¬ 
wards  midspan. 

When  the  loads  are  applied 

to  the  upper  chord  of  the  truss 
in  Fig.  50.4c  its  verticals  1,  3 

and  5  are  compressed  and  ver¬ 
ticals  2  and  4  are  idle.  Vice  versa, 

if  the  load  is  applied  to  the  low- 
i 

Fig.  51.4  Fig.  52.4 

er  chord  verticals  1,  3  and  5  will  become  idle  and  verticals  2 

and  4  will  become  extended.  This  may  be  easily  proved  by  con¬ 
sidering  the  equilibrium  of  the  appropriate  joints  of  the  truss. 

The  direction  of  the  stresses  in  the  verticals  of  the  Pratt  and  the 

Howe  trusses  in  Fig.  50.4a  and  ft  will  bo  readily  found  considering 
the  equilibrium  of  that  portion  of  these  trusses  which  lies  to  the 

right  of  section  II-J1  (Fig.  52.4a  and  ft).  The  shear  acting  in  the 
left-hand  portion  being  positive  is  directed  upwards,  compressing 
the  vertical  in  the  Pratt  truss  (Fig.  52.4a)  and  extending  it  in  the 
Howe  truss  (Fig.  52.4ft).  These  stresses  will  also  decrease  towards 
the  centre  line  of  the  trusses  like  the  shearing  forces  in  the  simple 
beam  (Fig.  50.4/). 
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All  the  above  is  readily  confirmed  by  the  stress  diagrams  in 

Figs.  32.4  and  35.4. 
If  the  trusses  were  loaded  differently,  the  stress  distribution 

might  alter  considerably.  For  instance,  if  a  single  load  were  applied 
at  midspan  of  a  beam  its  bending  moment  and  shear  diagrams  would 
be  such  as  shown  in  Fig.  53.4a,  b  and  c.  In  this  case  the  shear 
remains  constant  along  each  half  span.  The  same  will  apply  to  the 
stresses  in  the  web  members  of  the  trusses. 

When  two  symmetrical  concentrated  loads  are  applied  at  the 

hip  joints  of  a  truss  (as  in  Fig.  54.4a)  the  stresses  in  all  the  chord 
members  except  the  ond  ones  will  remain  constant  as  may  easily  be 
deducted  from  the  bending  moment  diagram  of  the  auxiliary  beam 

represented  in  Fig.  54.45.  At  the  same  time  the  stresses  in  the  web 
members  will  be  nil  (see  shear  diagram  of  a  simple  beam  in 

Fig.  54.4c). 
The  analysis  of  stress  distribution  becomes  considerably  more 

•complicated  for  trusses  with  nonparallel  chords  such  as  shown  in 

Fig.  55.4a,  5  and  c.  When  the  upper  chord  follows  exactly  the  bend¬ 

ing  moment  diagram,  the  stress  (extension)  in  the  lower  chord 
members  will  remain  constant  and  the  compression  in  the  upper 

chord  will  be  directly  proportional  to  — ^  where  a  is  the  angle  formed 

by  the  corresponding  member  of  the  chord  with  a  horizontal.  Such 
will  ho  the  case  of  a  uniformly  loaded  parabolic  truss  (compare  the 

bending  moment  diagram  in  Fig.  50.4<?  with  truss  in  Fig.  54.45) 

or  of  a  triangular  truss  carrying  one  concentrated  load  applied  at 

its  apex  (compare  the  bending  moment  diagram  in  Fig.  53.45  with 

the  truss  in  Fig.  55.4a).  In  these  cases  all  the  diagonals  remain 
idle  and  the  stresses  in  the  verticals  are  either  equal  to  the  load 

applied  at  the  corresponding  joint  (if  the  loads  aro  carried  by  the 
lower  chord)  or  become  nil,  when  the  load  is  applied  to  the  top  chord. 
The  accuracy  of  these  statements  is  well  illustrated  by  tho  stresses 

computed  for  the  parabolic  truss  represented  in  Fig.  34.4. 
When  the  outline  of  the  truss  chords  does  not  coincide  with  the 

bending  moment  diagram,  only  tho  signs  of  the  stresses  in  the  top 
and  bottom  chords  and  the  mode  of  their  variation  may  be  still 

predicted  fairly  easily,  the  lower  chord  being  always  extended  and 

the  upper  one  compressed  as  long  as  unit  stresses  of  the  same  sign 
continue  to  exist  in  the  upper  and  lower  fibres  of  the  auxiliary  simple 
beam. 

Let  us  take  for  example  a  triangular  truss  acted  upon  by  a  uni¬ 
form  load  and  let  us  superpose  the  corresponding  bending  inomenl 

diagram  in  Fig.  50.4c  on  the  schematic  drawing  of  the  truss  as  rep¬ 
resented  in  Fig.  56.4.  The  scales  should  be  so  adjusted  that  maximum 
ordinates  of  both  drawings  coincide. 
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The  ordinate  of  tlie  bending  moment  diagram  a  distance  x  from 

the  left-hand  abutment  will  be 

0-5/  —  x  \  2U  _/„(£—*) 

y  =  hmax —  (  -°  ^5f  *-)  hmax-4x- 

At  the  same  place  the  height  of  the  truss  equals 

■K 

0.51 

■  x —  hmnx  — , 

2x 

Accordingly  the  ratio  =  2  f  1  —  will  decrease  from  abut¬ 

ment  to  centre  line  and  so  will  the  stresses  in  both  the  top  and  the 

bottom  chords.  Confirmation  of  this  statement  will  be  found  in 

the  diagram  of  stresses  induced  in  a  triangular  truss  by  a  uniform 
load  represented  in  Fig.  33.4. 

6.4.  ANALYSIS  OF  GEOMETRICAL  STABILITY  OF  FRAMED 
STRUCTURES 

1  •  •  SIMPLE  STRUCTURES 

It  has  been  shown  in  Art.  2.1  that  a  framed  structure  may  be 

instantaneously  unstable  even  if  the  number  of  bars  in  each  of  its 

parts  is  sufficient  to  ensure  its  rigidity.  Therefore,  the  number  of 

bars  forming  a  given  structure  cannot  constitute  alone  a  criterion 

of  its  geometrical  stability. 

In  some  cases  instantaneously  unstable  structures  can  be  detected 

fairly  easily.  Indeed  it  can  be  proved  that  in  separate  members 

of  such  structures  finite  loads  will  induce  infinite  or  indefinite  stresses. 

Conversely  it  may  also  be  shown  that  if  any  given  load  will  pro¬ 
duce  a  well  defined  set  of  finite  stresses  in  all  the  members  of  a 

framed  structure  and  that  when  the  load  is  nil,  all  the  stresses  in  all 
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the  members  of  this  structure  will  also  reduce  to  zero,  this  structure 

constitutes  an  unyielding  combination.  The  method  of  investigating 
the  rigidity  of  framed  structures  based  on  this  property  may  therefore 
be  termed  the  zero  load  method. 

It  should  be  noted  however  that  before  applying  this  method  care 
should  be  taken  to  ascertain  that  the  number  of  bars  in  each  part  of 

the  structure  is  sufficient  to  ensure  its  stability.  Otherwise  erroneous 
conclusions  may  bo  arrived  at  as  will  be  seen  from  the  example  of 
a  hinged  quadrangle  represented  in  Fig.  57.4.  Indeed  the  method 

of  joints  shows  immediately  that  when  no  load  is  applied  the  stresses 
in  all  the  members  are  nil,  but  nevertheless  the  system  is  unstable. 

In  order  to  demonstrate  the  accuracy  of  the  statements  made  above 
let  us  consider  the  following  examples. 
A  plate  connected  to  the  ground  by  means  of  three  nonconcurrent 

bars  forms  as  we  know  an  unyielding  combination  (Fig.  58.4). 

It  is  easily  proved  that  under  zero  load  the  stresses  in  all  the  con¬ 
necting  bars  will  be  necessarily  nil.  Indeed  let  us  replace  these 

bars  by  the  corresponding  reactions  RA ,  Rr,  and  Rc  (Fig.  58.46) 
and  let  us  consider  the  equilibrium  of  the  moments  of  all  tho  forces 
acting  on  the  plate  about  the  point  of  intersection  oE  reactions  RA 
and  /?  B  (point  Of).  We  obtain 

Rcrc  —  0 

and  as  the  lever  arm  rc  0,  the  reaction  Rc  is  necessarily  nil. 
The  same  reasoning  will  show  that  RA  and  Ra  are  also  nil.  This 
serves  to  confirm  the  statement  made  above  that  all  the  members 

of  a  geometrical  stable  system,  always  remain  idle  when  the  structure 
carries  no  load. 

Now  let  us  investigate  the  case  when  the  plate  is  supported  by 
three  concurrent  bars  intersecting  at  point  0  (Fig.  59.4a).  Replacing 
once  again  the  bars  by  the  corresponding  reactions  and  equating 
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to  zero  ihe  sum  of  all  the  moments  of  external  forces  about  point 
O  we  obtain  the  identity 

=  RaT a  ~\~Rcr c  ~  0 

for  rA  —  rt)  —  rc  =  0.  Accordingly,  the  values  of  the  reactions 
remain  undetermined.  The  other  two  equilibrium  equations  (for 

instance,  the  equations  of  the  force  projections  on  the  x  and  p-axes) 
will  not  help  in  finding  a  definite  solution  for  they  will  contain 
three  unknowns.  Thus,  the  stresses  in  an  instantaneously  unstable 

system  may  have  no  well  defined  value  even  when  no  load  is  applied. 

The  same  conclusion  will  he  reached  if  some  arbitrary  value  wrere 
attributed  lo  any  one  of  the  reactions.  It  could  then  lie  resolved 
along  the  directions  of  the  other  two  bars,  the  whole  system  being 

thus  in  equilibrium.  That  means  that  we  can  find  any  mi  miter  of 

reaction  values  satisfying  the  equilibrium  conditions,  which  indi¬ 
cates  that  the  system  is  instantaneously  unstable. 

If:  the  same  system  is  subjected  lo  some  finite  load  P  not  passing 
through  point  O.  the  sum  of  moments  of  all  external  forces  about 
this  point  becomes 

SAf0  =  RA0  +  Ru  0  +  ffc0+  Pr  ̂   0 

as  neither  P  nor  r  are  zero.  That  means  that  the  system  is  not  in 

equilibrium  and  the  plate  will  rotate  about  point  0.  However  as 
soon  as  an  infinitesimal  rotation  will  have  occurred,  the  three  sup¬ 
porting  bars  will  no  longer  remain  concurrent  and  the  reactions 
induced  therein  by  the  load  P  will  be  able  to  balance  this  load. 

At  this  particular  moment  the  equilibrium  equation  about  the  same 
point  0  becomes 

2A/o  =  ft  A  r  a  +  RjirD^~  R<’rc~\~  Pr  —  0 

indicating  that  the  reaction  in  at  least  one  of  the  bars  must  be  infi¬ 
nite,  for  the  lever  arms  rA,  rD  and  rc  are  infinitely  small.  Hence, 

i  3— ar.s 
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the  internal  forces  developed  in  an  instantaneously  unstable  system  acted 

upon  by  a  finite  load  may  surpass  any  given  value  and  therefore  such 
systems  cannot  be  user). 

Another  example  may  be  furnished  by  the  geometrically  stable 
structure  in  Fig.  60.4a  consisting  of  a  plate  adequately  connected 

to  the  ground  and  supporting  joint  c  attached  to  it  by  two  concurrent 

Fig  61.4 

bars  ac  and  be.  If  a  load  P  were  applied  to  this  joint  (Fig.  60.4b) , 
the  stresses  Xca  and  .V,6  in  these  bars  will  be  given  by 

wherefrom 

XX  —  — Nca  cos  a-{-Ncb  cos  a  —  0 

XY  —  A>„  sin  a -}- A),;,  sin  a —  P  =  0 

A  ca  —  Neb  - — 

p 

2  si  n  a 

It  follows  that  when  the  angles  a  formed  by  the  two  bars  with 
the  horizontal  approach  zero,  the  stresses  in  these  bars  will  increase 

indefinitely  proving  that  the  system  has  become  instantaneously 
unstable.  Indeed,  in  that  case  joint  c  will  be  connected  to  the  rest 
of  the  structure  by  two  bars  lying  on  one  and  the  same  horizontal 
and  we  know  that  such  systems  are  unstable. 

One  more  example  of  instantaneously  unstable  structures  is  pre¬ 
sented  in  Fig.  61.4.  Although  the  number  of  bars  in  this  system 

equals  2 K — 3,  the  examination  of  equilibrium  conditions  at  joints 
c  and  d  leads  to  contradictory  conclusions.  Indeed  the  equilibrium 

of  joint  c  requires  that  the  stress  in  bar  cd  should  be  nil.  while  the 

equilibrium  of  joint  d  requires  that  it  should  equal  —  P.  This  contro- 
versity  indicates  clearly  that  the  system  is  instantaneously  unstable. 

Thus,  if  a  system  is  provided  with  a  number  of  bars  sufficient  to  ensure 
its  rigidity  it  will  be  instantaneously  unstable,  if 

(1)  finite  forces  induce  in  one  or  more  members  infinite  stresses  or 
(2)  the  stresses  cannot  be  determined  or  controversial  stress  values 

result  from  the  consideration  of  different  parts  or  joints  of  the  structure. 
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Fig.  62.4  represents  a  number  of  framed  structures  the  stability 
of  which  the  reader  is  invited  to  investigate  using  the  zero  load 

method,  fie  should  keep  in  mind  that  this  method  becomes  inappli¬ 
cable  if  the  number  of  bars  is  inferior  to  (2 K — 3). 

2.  COMPI  ICA1FH  STRUCTURES 

First,  let  us  examine  the  case  when  the  transformation  of  the 
complicated  system  into  a  simple  one  requires  the  replacement 
of  but  one  bar. 

The  transformed  system  will  consist  of  an  elementary  triangle 
to  which  a  certain  number  of  joints  has  been  added,  each  connected 
by  two  concurrent  bars  and  accordingly  this  system  will  form  an 

unyielding  combination;  hence,  the  stress  NrV  induced  in  the  substi¬ 
tute  bar  by  a  load  P  will  have  a  w'ell  defined  aucl  finite  value.  If 
a  unit  stress  X  —  l  directed  along  the  bar  that  has  been  replaced 
induces  in  the  substitute  bar  a  stress  Ncx  also  distinct  front  zero, 
then,  in  accordance  with  formula  (3.4),  the  inner  force  X  in  the 
replaced  member  of  the  original  system  will  equal 

v  Ncp 

13* 
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Since  lliis  stress  is  finite  and  well  defined,  the  same  will  apply 
to  all  the  other  stresses  induced  by  a  load  P  in  the  original  system 
which,  as  we  know,  proves  that  the  system  is  geometrically  stable. 

On  the  other  hand,  if  Nex  =  0  then 

vr  NeP  (| A  —  — =—  —  +  oo  or  a  =-r 
V  —  0 

‘y  ex 

In  other  words,  the  stress  in  the  replaced  bar  becomes  either  infi¬ 

nite  or  indeterminate  indicating  that  the  whole  system  is  instan¬ 
taneously  unstable. 

Nep 

Accordingly,  the  expression  X  =  —  — —  constitutes  a  means 

"MC 

of  investigating  the  stability  of  complicated  systems.  When  N ex  0 

the  system  forms  an  unyielding  combination,  and  when  Nex  —  (I 
it  is  instantaneously  unstable. 

The  above  can  be  formulated  as  follows:  when  the  stress  induced 

m  the  substitute  bar  of  the  transformed  system  by  a  unit  force  X  —  1 
acting  along  the  replaced  bar  of  the  original  system  differs  from  zero , 
the  system  is  geometrically  stable ,  but  when  this  stress  becomes  nil, 
the  system  is  instantaneously  unstable  and  unfit  for  practical  use. 

Figs.  63.4  and  64.4  represent  a  certain  number  of  original  and 
transformed  systems  for  which  the  reader  is  invited  to  check  the 

accuracy  of  the  value  of  Nex  indicated,  and  to  decide  accordingly 
whether  the  system  is  stable  or  not.  The  substitute  bars  arc  shown 
in  dash  lines. 

The  plus  and  minus  signs  placed  against  certain  bars  indicate 

the  direction  (sign)  of  the  stress  induced  in  the  transformed  system 

by  a  unit  force  X  =  1  acting  along  the  replaced  bar  of  the  original 
one.  Knowing  the  direction  of  these  stresses  (the  reader  is  invited 
to  verify  them)  and  considering  the  equilibrium  of  joint  K  or  using 
the  method  of  shears  or  that  of  llio  moments,  the  reader  will  find 

in  each  case  whether  Nxx  is  nil  or  possesses  some  definite  value. 

Let  us  investigate,  tor  instance,  the  system  in  Fig.  63.4a.  The 
equilibrium  of  joint  1  of  the  transformed  system  shows  immediately 

that  bar  1-2  is  extended  and  that  the  stress  in  bar  1-6  is  nil.  Passing 

to  joint  2  we  sec  that  bar  2-3  is  extended  and  bar  2-4.  is  compressed. 
Moreover,  the  projection  on  the  vertical  of  all  the  stresses  acting 

on  joint  4  will  show  that  bar  4-K  must  be  extended  in  order  to  balance 
the  push  exerted  by  bar  2-4.  Ilonce  the  substitute  bar  K-6  will 
be  compressed,  for  otherwise  the  projections  of  all  the  forces  applied 
to  joint  K  on  the  horizontal  will  not.  balance  and  therefore  the  system 

is  stable.  The  same  result  could  have  been  arrived  at  by  passing 

from  joint  2  to  joint  3  and  then  to  joint  6‘. 
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It  is  suggested  that  the  reader  should  prove  that  the  structure 

represented  in  Fig.  68. 4c  will  become  unstable  when  a  =  f). 

For  the  structure  in  Fig.  G3.4d  he  will  find  that  Nc  is  zero  by 

taking  in  succession  sections  n-n  and  m-rn.  For  the  system  in 

Fig.  64.46  it  is  easier  to  project  on  the  horizontal  all  the  forces 

acting  above  section  n-n. 
Using  the  same  methods  the  reader  should  then  investigate  the 

stability  of  the  structure  in  Fig.  65.4. 
When  the  transformation  of  a  complicated  system  into  a  simple 

one  requires  the  replacement  of  more  than  one  bar,  the  equations 
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denying  the  existence  of  a  difference  between  the  original  and  the 
I  i  n  nsformed  systems  are,  as  we  have  already  seen  (Eq.  4.4) 

A  i  —  A  i  r  I'  A i  f  A j  +  i\ \2 AT.}  ~r  .Vt:|A)t  -  .  .  .  —  0 

A  j  -  A  2 }.  A  2i  Aj  -|-  A 2 2 A  g  -f-  A  23X3  =  0 

A 3 “ Nap  AjiXj -j- A 32^2 A ;isX;i -|  ...  — 0 
etc. 

The  stresses  Xt,  X2,  etc.,  arising  in  this  case  in  the  substitute 
bars  will  possess  concrete  values  meaning  that  the  whole  system 
is  stable  only  when  the  determinant  D  is  different  from  zero,  e.g., 
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when 

Ar,  Jftjr* 
D  =  N  jiiVjjA  23  ̂   ̂  

A  31 A  32-V 33 

On  the  contrary,  when  D  =  0  the  values  of  stresses  Xj,  X2,  etc., 

become  uncertain,  which  indicates  that  the  system  is  instantaneously 
unstable. 

0)  (b)  (d 

Fig.  65.4 

7.4 .  INFLUENCE  LINES  FOR  STRESSES  IN  SIMPLE  FRAMED 
STRUCTURES 

Asjthe  loads  are  generally  applied  to  a  truss  at  panel  points  every¬ 
thing  that  has  been  said  in  Art.  5.2  about  the  construction  of 
influence  lines  for  girders  with  floor  beams  and  stringers  remains 
true  for  those  pertaining  to  trusses. 
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All  the  methods  used  for  computing  stresses  induced  by  fixed 
loads  (see  Art.  2.4)  viz.,  the  method  of  moments,  the  method  of 
shears  and  the  method  of  joints  may  be  employed  for  the  construc¬ 
tion  of  influence  lines. 

The  method  of  moments.  In  order  to  construct  the  influence  line 

for  the  stress  in  bar  7-9  of  the  deck  bridge  truss  in  Fig.  we 
shall  pass  section  1-1  across  three  bars  of  the  corresponding  panel. 
When  the  unit  load  P  is  to  the  right-  of  joint  8.  it  is  more  convenient 
to  consider  the  equilibrium  of  the  left-hand  part  of  the  truss  as 

the  latter  is  acted  upon  solely  by  the  abutment  reaction  (Fig.  lib. 4b). 
Placing  the  origin  of  moments  at  point  0  and  equating  to  zero 

2 .If  of  nil  Ihe  forces  acting  to  the  left  of  section  I-I  we  obtain 

2M6  =  A  •  3d — L-,Ji  —  0 
wherefrom 

Thus,  when  the  load  is  applied  to  the  right  of  joint  8.  the  stress 

in  har  7-9  equals  the  left-hand  reaction  A  miltiplied  by  a  constant 

factor  .  It  should  bo  noted  also  that  AAd  is  numerically  equal 

to  the  bending  moment  A /£  acting  over  the  cross  section  of  a  simple 
beam  situated  at  the  same  distance  from  tho  supports  as  the  origin 
of  moments  (point  6)  in  the  truss. 

It  is  clear  from  the  above  that  as  long  as  the  load  remains  to  the 
right  of  point  8  the  influence  line  for  the  stress  L1V  will  bo  the  same 

3d 

as  for  reaction  A  multiplied  by  j- .  Hence  the  right-hand  part o  J 

of  the  influence  line  may  be  obtained  by  laying  off  along  the  ver¬ 

tical  passing  through  the  left-hand  abutment  and  by  connecting 
it  with  a  point  of  zero  ordinate  at  the  right-hand  one  (line  a,b  in 
Fig.  00. Ad). 

When  tho  load  is  to  the  left  of  joint  0  the  stress  L70  can  be  derived 
from  the  equilibrium  equation  relative  to  the  right-hand  part  of 
the  truss  (Fig.  (i(i.4e) 

giving 
2  Mi j  =  — Bod+L7ah—0 L79 

5/M 

h 

In  other  words,  the  stress  in  bar  7-9  equals  in  this  ease  the  right- 

hand  reaction  B  multiplied  by  ~ .  Sole  that  once  again  3Bd  is  Ihe 

equivalent  of  the  simple  beam  bending  moment  M“  acting  over 
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a  section  corresponding  to  point  6.  Hence  for  the  load  located  to 

the  left  from  joint  6  the  influence  line  for  stress  L79  may  be  drawn 

by  joining  a  point  over  the  right-hand  abutment  having  for  ordinate 

with  a  point  of  zero  ordinate  over  the  left-hand  one  (line  bta 

in  Fig.  66. Ad).  If  all  the  operations  have  been  carried  out  correctly 
lines  atb  and  bta  will  intersect  under  joint  6.  We  may  now  shade 

the  area  bounded  by  these  lines  between  joints  6-1.6  and  2-6'  respecti¬ 
vely,  i.e. ,  the  area  aeba  in  Fig.  66. 4d. 

Another  way  of  obtaining  the  same  influence  line  is  based  on 
the  relation  existing  between  the  stress  L-,9  and  the  simple  beam 
bending  moment  M\ 

This  relation  indicates  that  the  influence  line  for  stress  in  bar 

7-9  can  be  obtained  by  dividing  all  the  ordinates  of  a  simple  beam 
bending  moment  influence  lino  by  the  height  of  the  truss  h. 
Incidentally,  this  proves  once  more  that  lines  afo  and  bta  must 

intersect  at  a  point  lying  in  ike  vertical  passing  through  joint  6  (point  c). 
The  above  example  leads  to  the  conclusion  that  the  stress  influence 

lines  for  end-supported  trusses  can  bo  obtained  using  the  following 
procedure: 

1.  For  the  right-hand  portion  of  the  influence  line  lay  off  along 
the  vertical  passing  through  the  left  abutment  (upwards  or  downwards 

depending  on  the  sign  of  the  stress )  an  ordinate  ̂   where  a  is  the  distance 

of  the  origin  of  moments  to  the  left-hand  abutment,  and  h  is  the  lever 
anil  of  the  stress  about  the  same  point. 

2.  Connect  this  ordinate  with  a  point  of  zero  ordinate  at  the  right- 
hand  abutment 

3.  On  the  line  so  obtained  mark  the  intersection  point  of  the  right- 

and  of  the  left-hand  parts  of  the  influence  line,  this  point  lying  in  the 
vertical  passing  through  the  origin  of  moments. 

4.  Connect  this  intersection  point  with  the  point  of  zero  ordinaU- 
over  the  left-hand  abutment. 

5.  Connect  by  a  straight  line  the  two  points  of  intersection  of  the  above 
lines  with  the  verticals  bounding  the  panel  which  contains  the  bar  undn 
consideration. 

The  sequence  of  all  the  operations  would  remain  exactly  similar 

if  instead  of  laying  off  ~  along  the  vertical  passing  through  the 

abutment  .4  we  started  by  laying  off  j  along  the  one  passing  through 
the  abutment  H  where  b  is  the  distance  between  this  abutment  and 

the  origin  of  moments.  Then  the  ordinate  -jj-  should  be  connected 
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by  a  straight  line  with  the  point  of  zero  ordinate  over  the  left-hand 

abutment,  the  apex  of  the  influence  lino  should  be  found  by  project¬ 

ing  on  this  line  the  origin  of  moments,  and  finally  the  right-hand 
part  of  the  influence  line  should  be  obtained  by  connecting  this  point 

with  the  point  of  zero  ordinate  at  the  right-hand  abutment. 

The  method  of  shears.  As  an  illustration  of  this  method,  let  us  draw 

the  influence  line  for  the  stress  in  the  diagonal  6-9  of  the  same  truss 

(see  Fig.  66.4a).  The  equilibrium  of  all  the  vertical  projections  of 

forces  acting  on  the  left-hand  portion  of  the  truss  (Fig.  66.46)  when 
the  unit  load  P  —  1  travels  between  joints  S  and  16  requires  that 

leading  to 

2 Y  =  A —  Dt sin  a  =  0 

Hi'j  — 

A 

sin  a 

When  the  load  is  situated  between  joints  1  and  6’,  the  same 
considerations  relative  to  the  right-hand  portion  of  the  truss  (see 

Fig.  66.4c)  entail 

2F  =  B  +  sin  a  =  0 

whence 

These  two  expressions  giving  the  stress  Z)89  in  terms  of  the 

reactions  show  that  when  the  ioad  is  to  the  right  of  joint  8  the 

influence  line  may  be  obtained  by  multiplying  the  reaction  A  by 

a  constant  factor  -4—,  and  when  it  has  shifted  to  the  left  of  joint  6 sin  a 

we  must  apply  a  factor  to  the  influence  line  ordinates  of 

reaction  B. 

Accordingly  the  construction  of  the  corresponding  parts  of  the 

influence  line  will  consist  in  sotting  off  the  ordinatos  +  -r—  over 
,1 

the  left-hand  abutment  and  —  57^;  helow  the  right-hand  one  and 

in  connecting  them  with  the  points  of  zero  ordinate  at  the  other 

end  of  the  truss.  This  will  give  us  the  lines  atb  and  abt  in  Fig.  66.4c 

respectively.  Marking  on  the  first  line  the  position  of  joint  8  and 

on  the  second  that  of  joint  6 .  ive  obtain  the  right-hand  (positive) 

and  the  left-hand  (negative)  parts  of  the  influence  line;  these  two 

points  should  be  connected  by  a  straight  line. 

It  may  be  observed  that  in  this  case  too  the  intersection  point 

■of  the  two  portions  of  the  influence  line  falls  on  the  vertical  passing 

through  the  origin  of  moments,  both  points  being  infinitely  distant. 
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The  change  in  the  sign  of  the  ordinates  to  the  influence  Jine  obtained 
indicates  that  bar  6-9  will  be  consecutively  compressed  and  then 
extended  as  the  unit  load  travels  along  the  deck  from  joint  1  to 
joint  16  as  mentioned  above;  members  designed  to  resist  stresses 
of  opposite  sign  are  called  counterbracos. 

The  method  of  joints  may  be  conveniently  used  for  the  construc¬ 
tion  of  the  influence  line  for  the  stress  in  the  vertical  6-7  (Fig.  66.4a). 
Both  the  method  of  moments  and  the  method  of  shears  would  he  of 
no  avail  in  this  case  as  any  section  through  the  truss  would  cross 
at  least  four  bars  (see  sections  //-//  and  Ill-Fff  of  the  same  figure)- 

liquating  to  zero  the  sum  of  vertical  projections  of  all  the  forces 
acting  at  joint  7  (Fig.  66.4/)  we  obtain 

ET  =■  1  7g  -j-  Z>75  sin  p  =  0 
wherefrom 

1 78  —  — X75  sin  P 

and  this  is  valid  for  any  position  of  Ihe  load  along  the  truss  as  it 
can  never  be  applied  directly  to  joint  7,  the  bridge  being  of  the  deck 
type.  Hence  tire  influence  lino  for  the  stress  V1K  could  be  derived 
from  that  of  the  stress  L7i  by  multiplying  its  ordinates  by  (—sin  p). 

As  lor  stress  L76  it  can  be  obtained  by  equating  to  zero  the  sum 
of  horizontal  projections  of  all  the  forces  acting  on  the  joint  under consideration 

EX  —  - Z.75  COS  p  -|-  /.79  () 
leading  to 

Therefore 

Vn  =  —  AsSinp-- —  i79tanp 

The  same  result  can  be  achieved  directly  projecting  nil  the  forces 
applied  to  joint  7  on  a  normal  to  bar  7-5. 

Ihe  influence  line  for  stress  V7t  obtained  by  multiplying  the 
ordinates  of  the  influence  line  for  L77)  by  ( — tan  p)  is  represented in  Fig.  66.4g. 

The  influence  line  for  the  vertical  8-0  (Fig.  67.4a)  should  also 
he  constructed  using  the  method  of  joints  for  again  any  section 
through  the  truss  cutting  this  bar  will  cross  at  least  three  more  bars. 

Considering  tile  equilibrium  of  joint  8  we  find  immediately  that 
(1)  when  the  load  is  applied  to  any  joint  except  joint  8  (Fig.  67.4b) 

sy  =  -789  =  o 

(2)  when  the  load  is  applied  to  joint  8  (Fig.  07.4c) 

sy=-yw_P„0 
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and  therefore 

y89  =  _p=_  l 

Consequently  when  the  unit  load  is  applied  to  any  of  the  joints 

1  o%  4,  |5  or  10,  12,  14  and  16,  the  vertical  8-9  remains  idle, 

but  when  this  load  shifts  to  joint  S  the  stress  VOT  becomes  equal 

to  i. 

Knowing  the  ordinates  to  the  influence  lino  at  the  relevant  panel 

points  and  connecting  these  by  straight  lines  we  obtain  the  influence 

line  required.  This  line  represented  in  Fig.  67.4 d  has  the  shape  of 

a  triangle  with  a  maximum  ordinate  equal  to  — 1  over  joint  8.  The 
sign  of  the  ordinate  indicates  that  the  vertical  can  he  only  compressed 
and  therefore  constitutes  a  strut. 

Problem  t.  Draw  the  influence  tines  for  the  stresses  in  bars  7-8  and  7 of 
the  Pratt  truss  shown  in  Fig.  tig. 4a. 

Solution.  The  influence  line  for  L-,.>  will  be  obtained  by  the  method  of  mo¬ 
ments,  adopting  joint  8  as  the  origin  of  moments.  The  equilibrium  of  that  por¬ 
tion  of  the  truss  to  the  left  of  section  It-k  (Fig.  <18.461  when  the  load  is  to  I  lie 
right  of  this  section  requires 

2\fa-=AM  —  l,ek-r  0 

1-70 

/13d 

h 
3x3 
4 

2.25/1 

and  therefore 
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Thus,  the  required  influence  line  will  be  obtained  by  laying  off  an  ordinate 
equal  to  2.25  over  the  left-hand  abutment,  by  connecting  this  ordinate  with  tho 
zero  ordinate  point  at  the  opposite  end  of  the  truss,  by  marking  the  position  of 
the  origin  o(  moments  (joint  8)  on  this  line  and  finally  by  drawing  a  lino  through. 

Connecting  tine 

Fig.  68.4 

tho  zero  point  at.  the  left-hand  abutment  and  the  point  just  mentioned.  The 
completed  influence  line  will  be  of  triangular  shape  with  the  apex  directly 
under  joint  8  (Fig.  08.4c). 

The  method  of  shears  is  well  adapted  for  the  construction  of  the  influence  line 

for  the  stress  in  bar  7-8.  Using  section  n-n  (Fig.  68. id)  and  equating  to  zero  the 
projection  of  all  the  forces  acting  on  the  left-hand  portion  of  the  truss  wo  obtain. 
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wln'ii  the  load  P  —  t  is  lo  the  right  of  the  section  n-n, 

SV  =  -4+K78  =  0 

whence 

V78  —  —  A Similarly  -when  the  load  unity  is  to  the  left  of  section  n-n,  the  equilib¬ 
rium  of  the  right-hand  portion  of  the  truss  requires 

sy=B-y78=o 

he i'  from l’-8  =B 

It  should  be  noted  that  when  the  loads  are  transmitted  through 

the  upper  chord  (as  in  deck  bridges)  the  first  joint  to  the  right  of 
section  n-n  relative  to  the  stress  Vls  is  joint  8,  but  when  the  loads 
arc  applied  to  the  lower  chord  (through  bridges)  it  will  be  joint  0. 
The  same  will  apply  to  joints  6  and  7,  the  first  being  immediately 

to  the  left  of  section  n-n  in  the  case  of  deck  bridges  and  the  second 
in  the  case  of  through  bridges.  As  the  equations  of  equilibrium  of 

the  left-  and/or  the  right-hand  portions  of  the  truss  are  independent 
of  the  level  at  which  the  loads  are  transmitted,  the  influence  lines 

for  both  cases  will  be  strictly  parallel,  but  the  position  of  the  panel 

through  which  section  n-n  passes  will  vary,  leading  to  a  displace¬ 
ment  of  the  panel  points  corresponding  to  the  apices  of  the  line. 
The  influence  lines  in  Fig.  68.4c  and  f  correspond  to  the  two  positions 
of  the  floor  beams,  the  first  pertaining  to  dork  bridges  and  the  second 
one  to  through  bridges. 

Problem  2.  Required  the  influence  line  for  stress  ii58  of  the  truss  represented 
in  Fig 

Solution.  Taking  section  n-n  and  using  the  method  of  moments  (point  K 
being  taken  as  the  origin)  we  find  that  when  the  load  unity  is  to  the  right  oi  oui 
section 

HMh=-Aa+Dulr^0 
wherefrom 

Hi  re  r  is  the  lever  arm  of  the  stress  /ls8  relative  to  point  K,  and  a  that 
■  if  the  reaction  A  about  the  same  point.  The  distance  a  may  be  found  from 

the  triangle  K-S-4, 

a  +  2d  =  r^— 
tan  a 

where  /»2  is  the  height  of  the  vertical  5-4  equal  to -q-  metres  and  tan  a  - 

4 

■ - ^ - 0.1481. 
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Hence 

a  -X  2d  - 

32 

9x0.1481 

TIio  lever  arm  r  equals 

r  =  (a-t-3d)  sin  p 

Tim  angle  p  will  be  determined  from 

tan  P=- 

=24.0  metres  n  — 18  m 

3  ■=27°=1‘185
 Using  tables  of  natural  trigonometric  functions  we  find* 

p  —  49*50'  anj  sin  p  =  0.704 

Using  these  values  we  find 

r  =  (18  -j-  9)  0.704  —  20.6  metres 

Substituting  the  above  in  the  formula  giving  ZJ56  in  terms  of  a  and  r  we 
obtain 

""--Sr-0-87**1 

The  construction  of  the  influence  line  for  i»a*  will  begin  with  its  right-hand 
portion  which  will  lie  formed  by  the  line  connecting  the  0.874  ordinate  over  the 

Icfl-ltiiml  abutment  with  the  zero  ordinate  point  at  (lie  other  end  of  the  truss. 
The  loll-lnmd  portion  will  lie  obtained  remembering  that  the  directions  ol  the 

♦ 

*  The  same  figures  could  lie  obtained  using  the  formula 

-  o  tan p 

sin  p  -=  — 

yi+tan*P 
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two  parts'  always  intersect  under  the  origin  of  moments.  Within  the  panel  con¬ 

taining  section  n-n  a  third  line  will  connect  Utc  vertices  lying  under  the  panel 
points  on  both  sides  of  section  n-n.  The  completed  influence  line  is  shown 

in  Fig.  09. '<b. 

Problem  3.  acquired  the  influence  lines  for  stresses  Cn,  />rig  and  r7g 
arising  in  a  triangular  roof  truss  in  Fig.  70. 4«  when  the  loads  are  applied  to  the 
lower  chord. 

Solution.  Influence  line  for  stress  Up.  Passing  section  n-n  and  considering 
the  equilibrium  of  the  left-hand  part  of  the  truss  when  load  unity  P  is  to  the 

The  influence  line  represented  in  Fig.  70.46  will  thus  have  a  triangular  shape 
with  its  apex  directly  under  the  origin  of  moments. 

Influence  line  for  stress  Using  the  same  section  and  equating  to  zero 

tile  sum  of  all  the  moments  of  forces  acting  on  the  left-hand  parted  the  truss  about 
point  1  we  obtain,  when  the  unit  luad  P  =  1  is  to  the  right  of  section  n-n, 

2M i  =  D^r  i  =  0 
wherefrom 

0oe  =  O 14-853 
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Hence  the  ordinates  of  the  influence  line  will  reduce  to  zero  as  long  as  the 
unit  load  is  to  the  right  of  the  panel  containing  bar  5-0. 

The  left-hand  portion  of  the  influence  line  may  he  constructed  using  the 
equation  of  the  equilibrium  of  moments  pertaining  to  the  right-hand  part  of  the 

fig-  70.4  Fig.  75.4 

truss,  the  load  unity  P  being  to  the  left  of  section  n-n, 

wherefrom 

i.e.,  the  stress  D$e  is  equal  to 

(4)- 

the  right-hand  abutment  reaction  B  multiplied  by 

14* 
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The  corresponding  influence  line  appears  in  Fig.  7il,4c. 

influence  line  for  stress  V’7e .  Using  tlio  method  of  joints  and  projecting  all 
the  forces  acting  on  joint  7  on  a  horizontal  we  obtain 

I  X  —  —  l r7s  cos  ix  -  <  r79  cos  a  —  0 

Fig.  76.4 

The  projection  of  the  same  forces  on  a  vertical  gives 

wherefrom 

2)'*=  — F78  — 2f/75  sin  ot  =  0 

V7g=  — 2f/7B  sin  a 
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II  mice,  the  infliionce  line  for  Vjc  may  be  obtained  by  multiplying  all  the 

(irdingtes  of  the  influence  line  lor  C-V,  by  a  constant  factor  ( — 2  sin  a).  The  maxi¬ 
mum  ordinate  of  this  influence  line  shown  in  Fig.  70 Ae  will  be  equal  to  1. 

The  reader  is  invited  to  solve  the  following  two  problems  on  his  own. 

Problem  1.  Prove  the  accuracy  of  the  influence  lines  in  Fig.  71. 4. 

Problem  2.  (a)  Prove  the  accuracy  of  the  influence  lines  in  Fig.  72.4  through 
7t>.4  and 

(10  draw  the  influence  lines  for  the  stresses  in  additional  bars  marked  by 
a  double  dash. 

Hints,  (at  It  is  recommended  lo  use  the  method  of  joints  for  the  influence  line 

for  stress  Vr2  of  the  truss  represented  in  Fig.  72.4.  When  the  load  unity  P  is 
applied  to  any  joint  with  the  exception  of  the  joint  over  the  right-hand  abut¬ 
ment,  Vg  ■*»  —1).  When  the  load  is  over  the  riglil-hand  abutment,  \\  =  U. 

(b)  As  regards  the  truss  in  Fig.  73 .4  it  is  recommended  to  consider  the  equilib¬ 
rium  of  that  portion  of  the  truss  lo  the  right  of  the  section,  when  the  load  unity 
is  to  the  left  thereof.  It  is  obvious  that  in  this  ease  the  bar  under  consideration 
will  remain  idle. 

8.4.  INFLUENCE  LINES  FOE  STRESSES  IN  COMPLICATED 

FRAMED  STRUCTURES 

The  design  of  complicated  framed  structures  and  in  particular 

of  multispan  statically  determinate  ones  may  he  carried  out  using 

the  replacement  method  described  in  Art.  4.4,  whereby  the  compli¬ 
cated  truss  is  converted  into  a  simple  one. 

As  an  example  let  us  consider  the  truss  represented  in  Fig.  77.4 a. 
In  order  to  obtain  the  influence  line  for  the  reaction  C  at  the  inter¬ 
mediate  support  when  the  load  travels  along  the  upper  chord,  let  us 

replace  the  support  C  by  a  vertical  member  O'-O  (Fig.  77.4b).  At 
the  joint  O'  we  must  then  apply  an  external  force  Xc  which  will  he 

equal  to  the  reaction  C  when  the  stress  in  the  substitute  bar  O'-O becomes  nil 

AVc  A  Vo  —  A'i-A  f,'o  -•  0 wherefrom 

Mere  AVo is  the  stress  in  bn r  O'-O  of  the  truss  shown  in  Fig.  77.4b 
when  the  load  unity  travels  along  the  upper  chord  and  AVo  is  the 

stress  in  the  same  bar  induced  by  the  force  Xc  =  1. 
Hence  the  influence  line  for  the  abutment  reaction  Xc  may  he 

obtained  by  dividing  the  ordinates  lo  the  influence  line  for  stress 

AVi>  by  (— AVo). 
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The  influence  line  for  the  stress  N g'e  may  be  constructed  using 

the  equilibrium  equations  regarding  joint  6'  (Fig.  78.4a  and  b). 

2X  =  — JV«-5-cosa4--/V'6'7,cosa  =  0 

2V  =  A7 g.5.  sin  a  +  TVg'7-  sin  a-|- A^'e  =  0 
whorefroin 

N 6'6—  —  27V6-5-  sin  a 

Substituting  iVo-6  in  the  expression  for  reaction  Xe  we  obtain 

2^,5.sina 

in  order  to  obtain  the  influence  line  for  iVev  let  us  pass  section 

//-//  (see  Fig.  78.4a)  and  let  us  consider  the  equilibrium  of  the 

left-hand  part  of  the  truss  assuming  that  unit  load  P  =  1  is  to  the 
right  of  the  section 

ZM6=^-5d-(Vg.5.1I|r  =  0 
wherefrom 

N't’i'  =  5A  sin  a 

Consequently,  the  right-hand  portion  of  the  influence  line  for 

stress  N'iyy  may  be  obtained  by  laying  off  the  ordinatos  5  sin  a  — 

= 5  Y2  above  the  left-hand  abutment  and  by  connecting  it  with 

the  point  of  zero  ordinate  over  the  right-hand  one. 
The  left-hand  part  of  the  influence  line  will  be  obtained  remem¬ 

bering  that  the  lines  always  intersect  under  the  origin  of  moments 

(point  6‘). The  corresponding  influence  line  for  tho  simple  truss  (Fig.  78.4a) 

is  represented  in  Fig.  78. Ad. 

Let  us  determine  now  the  stress  induced  in  bar  6'-6  by  a  force 

X c  =  1  using  for  that  purpose  the  equilibrium  of  joint  6’  (Fig.  78.4c) 

where 

Consequently 

therefore 

ZY  =  AVo  + 1  +  2AW  sina  =  0 

V,.,.-  (see  Fig.  78.4 d) 

Af„,_1  +  2£V?xl£,  | 

sin  a  2AW  V2X2  21/2  »r, - — — 5— 

Xc  =  2  N'w 
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Hence,  the  influence  line  for  reaction  X,.  will  be  obtained  by  mul¬ 
tiplying  all  the  ordinates  to  the  influence  line  for  A'u-y  by  a  conslant 

factor  e(jual  to  -  ̂   . 

The  corresponding  influence  line  is  represented  in  Fig.  78.4'; 
with  its  aid  the  influence  lines  for  stresses  in  all  the  other  bars  of 
the  truss  can  be  easily  obtained. 

9.4  TUUSSES  WITH  SUBDIVIDED  PANELS 

When  the  method  of  moments  is  used  the  stress  in  any  member 

of  a  truss  can  be  expressed  by  the  formula 

where  M  -  moment  of  the  forces  to  the  righL  or  to  the  left  of  the 

section  about  the  origin  of  moments 
r  —  lever  arm  of  the  stress  N  about  the  same  point. 

The  above  formula  shows  that  Other  conditions  remaining  un¬ 

changed,  the  stress  N  decreases  proportionally  to  the  increase  in 

the  lever  arm  r.  Accordingly,  the  increase  in  the  height  of  the 

truss  which  always  leads  to  the  increase  of  the  lever  arm  r  will  entail 

a  reduction  in  the  stresses  induced  in  its  elements. 

Structurally  it  is  more  convenient  when  the  diagonals  form  an 

angle  close  to  45“  with  the  horizontal  and  therefore  an  increase 

in  the  height  of  the  truss  will  lead  to  lengthening  of  Ihe  panels. 

Thus  in  a  truss  with  parallel  chords  the  length  of  a  panel  will  usually 

be  very  close  to  the  truss  height  (Fig.  79.4«).  However,  panels  of 

increased  length  require  the  use  of  heavier  floor  beams  and  stringers 

which  may  oulweight  the  economy  obtained  through  the  reduction 
of  stresses  in  the  truss  members. 

A  rational  solution  of  the  problem  resides  in  the  subdivision  of 

the  panels  with  the  introduction  of  secondary  members,  forming 

auxiliary  king-posted  beams,  which  will  transmit  the  loads  applied 

within  the  panel  to  the  joints  of  the  main  truss. 

These  auxiliary  systems  will  permit  the  installation  of  cross 

beams  at  intermediate  points  which  provides  for  a  considerable 

reduction  in  the  weight  of  the  floor  elements.  These  systems  will 

remain  idle  as  long  as  the  load  is  outside  the  panel  which  they  rein¬ 

force,  and  will  become  stressed  only  while  the  load  is  within  the 

limits  of  that  panel.  In  Fig.  79.46  we  have  represented  a  deckbridgo 

truss,  the  upper  chord  of  which  is  reinforced  as  described  above. 

The  bar  ab  is  always  idle,  its  only  purpose  being  to  ensure  the  sta¬
 

bility  of  the  combined  system. 
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if  the  king-posts  were  extended  downwards  and  connected  to 

the  upper  chord  members  wo  would  obtain  the  truss  shown  in 

Fig.  79.4c.  It  will  be  readily  observed  that  the  stresses  in  all  the 

members  of  the  latter  truss  are  identical  to  those  of  the  truss  in 

Fig.  79.4b.  A  gradual  shortening  of  all  the  vertical  members  con¬ 

necting  the  auxiliary  king-posted  beams  with  the  upper  chord  leads 

to  the  system  represented  in  Fig.  79.4d  in  which  the  beams  coincide 

X (f) 

Fir.  79.4 

with  the  upper  chord  members  of  the  main  truss.  If  we  now  turn- 

the  king-posted  beams  upside  down  we  will  obtain  the  truss  shown 

in  Fig.  °79.4c,  and  if  in  the  latter  the  length  of  ks  becomes  nil,  we 
will  finally  obtain  a  dcck-bridgo  truss  with  subdivided  panels  repre¬ 

sented  in  Fig.  79.4/  which  in  the  English  speaking  countries  is  usual¬ 

ly  called  a  subdivided  Warren  truss.* 
♦ 

•In  Russia,  trusses  of  that  type  wore  first  used  by  the  eminent  Russian 

engineer  and  scientist.  Professor  L.  Proskuryakov  of  the  Moscow  Institute  of 

Railway  Engineering.  A  bridge  of  this  type  was  designed  by  him  in  1895 

and  built  across  the  river  Yenisei ,  all  the  stresses  in  this  truss  having  been  deter¬ 

mined  with  the  aid  of  influence  lines.  Tho  rigidity  and  the  reduced  weight  of 

this  bridge  have  placed  it  among  the  top-ranking  engineering  achievements 
of  that  time. 



218 The  Trusses 

The  secondary  elements  represented  in  Fig.  79 Af  transmit  the 
loads  applied  to  the  upper  chord  to  the  main  joints  of  the  same 

chord.  In  other  cases  these  elements  may  transmit  the  loads  applied 
to  the  lower  chord  to  the  joints  of  the  upper  one  or  vice  versa  as  for 
instance  in  Fig.  79. 4g. 

It  should  bo  noted  that  auxiliary  systems  similar  to  that  shown 

in  Fig.  80.4  cannot  be  regarded  as  constituting  a  genuine  trussed 
beam  reinforcement,  for  in  addition  to  vertical  loads  it  will  transmit 

equally  horizontal  forces  to  the  joints  of  the  main  system. 

In  structures,  where  the  secondary  elements  (subverticals  and 
subdiagonals,  as  they  are  frequently  called)  transmit  the  load  to 

the  main  joints  of  the  same  chord,  all  the  mem¬ 
bers  may  he  regarded  as  belonging  to  three  groups: 

1.  Members  belonging  to  the  main  truss,  the 

stresses  in  which  are  not  influenced  by  the  pres¬ 
ence  of  auxiliary  systems. 

2.  Members  belonging  entirely  to  the  auxiliary 

systems,  the  stresses  in  which  may  be  obtained 

in  the  same  manner  as  for  an  isolated  end-sup¬ 
ported  trussed  beam. 

3.  Members  belonging  simultaneously  to  the 
main  and  tho  auxiliary  systems.  Stresses  in  such 

members  will  bo  obtained  by  the  summation  of  those  porlaining 
to  the  main  and  the  auxiliary  systems  considered  separately. 

When  the  secondary  members  transmit  the  load  from  the  upper 
chord  to  the  lower  one  or  vice  versa,  tho  truss  members  will  form 

four  distinct  groups.  Three  of  these  have  been  just  enumerated 
while  the  fourth  is  constituted  by  such  members  for  which  the  influence 
lines  change  depending  on  whether  the  load  travels  along  one  or  the 

other  chord  as  the  performance  of  such  rnernbers  is  altered  by  the  presence 
of  the  secondary  ones. 

The  influence  lines  for  the  stresses  in  members  of  the  fourth  group 
will  he  obtained  as  follows:  first  draw  the  influence  line  for  the 

appropriate  member  of  the  main  truss  both  for  the  case  of  a  load 

travelling  along  the  upper  chord  and  along  the  lower  one,  disregard¬ 
ing  the  presence  of  the  secondary  elements.  This  being  done,  examine 
the  effect  of  the  secondary  members,  for  which  purpose  shift  the  load 
from  joint  to  joint  of  the  auxiliary  system,  noting  with  care  to  which 
member  of  the  main  truss  this  load  is  transmitted. 

Problem  1.  Draw  tho  influenco  lines  for  the  stresses  in  members  2-3,  5-4' 
and  4'-7  of  the  through  bridge  truss  with  subdivided  panels  represented  in 
Fig.  8i.de. 

Solution.  Start  with  the  construction  of  the  influence  lino  for  stress  V^-  Tho 

member  2-3  belongs  to  the  first  group  and  therefore  the  corresponding  influence 
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lines  may  be  obtained  disregarding  completely  tho  subverticals  and  subdiago¬ 
nals  (see  Fig.  81 .4 b).  Using  the  method  of  joints  and  considering  the  equilibrium 
of  joint  3  wo  shall  find  a  triangular  influence  line  represented  in  Fig.  81 .4c. 

The  subdiagonal  4'-7  belongs  to  the  second  group,  the  stress  D4.7  may  be  obtai¬ 
ned  as  for  an  isolated  king-posted  beam  shown  in  Fig.  81 ,4d.  In  this  case  it  is 
easily  found  that  when  tho  load  unity  nets  at  tho  joint  S'  the  stress  in  bar  4'-7 
will  be  given  by  the  equation 

Fig.  81.4 
Fig.  82.4 

and  when  the  load  shifts  to  tho  supports,  the  stress  D{.f  becomes  nil.  The  corre¬ 
sponding  influence  line  is  represented  in  Fig.  81.4c. 

As  for  the  stress  in  bar  5-4'  which  belongs  to  the  third  group  wo  shall  pass 
a  section  1-1  and  assuming  that  tho  load  unity  is  to  the  right  of  this  section, 
we  shall  obtain 

ZY  =  A+DW  sin  a  — 0 

wherefrom 

This  equation  indicates  that  ns  long  as  the  load  is  to  the  right  of  section  1-1 
the  influence  line  for  Dsi.  may  be  obtained  by  multiplying  the  ordinates  to  tho 
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influence  line  for  the  abutment  reaction  A  by  ̂   .  Having  thus  obtained 
the  right-hand  portion  of  the  influence  line  required,  we  may  draw  its  left- 
hand  portion  using  the  rule  that  they  must  intersect  in  the  vertical  passing 
through  the  origin  of  moments  and  that  when  the  load  reaches  the  left-hand 
abutment,  the  ordinate  to  the  influence  line  reduces  to  zero.  In  the  case  considered 
the  origin  of  moments  is  infinitely  distant,  the  truss  chords  being  parallel. 
The  influence  line  will  he  completed  by  connecting  points  a  and  c  corresponding 
to  joints  5  and  5'  (Fig.  81.4/).  It  is  interesting  to  note  that  for  the  truss  of 
Fig.  81  .44  we  should  connect  points  a  and  b  corresponding  to  joints  5  and  7 
eliminating  thereby  tho  triangle  abe  which  represents  the  influence  line  for  the 

mem  her  5-1’  of  tho  auxiliary  system  (similar  to  the  one  shown  in  Fig.  81.4e 
for  the  member  i'-7). 

Problem  2.  ltequired  the  influence  line  for  the  stress  V34  of  the  through 
bridge  truss  shown  in  Fig.  82 An. 

Solution.  The  vertical  under  consideration  belonging  to  the  fourth  group  of 
members,  we  must  begin  with  the  construction  of  the  influence  lines  relative  to 
this  member  for  loads  travelling  along  the  uppor  and  lower  chords  of  the  main 
system,  represented  in  Fig.  82.44. 

For  Ibis  purpose  lot  us  pass  section  I-I  and  write  that  XM  about  point  k 
for  the  left-hand  part  of  lire  truss  equals  zero  when  the  load  unity  is  to  the  right 
of  this  section 

2il/fc  =  —  Aa  —  V’g*  (a  2d )  =  0 
whence 

v  —  A<1 

34  a  +  2d 

Connecting  the  ordinate  — rm  at  tho  left-hand  abutment  with  the  zero  ordin- 
(i  4*  Ad 

ale  at  the  right-hand  one  we  shall  obtain  the  right-hand  portion  of  tho  influence 
line  required.  Us  left-hand  portion  will  be  derived  from  the  rule  that  tlio  two 
lilies  always  intersect  under  the  origin  of  moments  (point  k).  In  case  the  load 
travelled  along  tho  lower  chord  the  completed  influence  lino  is  obtained  tracing 
tho  connecting  line  through  the  points  corresponding  to  joints  3  and  5 
(Fig.  82.4c)  and,  if  the  loads  were  applied  to  the  upper  chord,  through  the  two 
points  corresponding  to  joints  2  and  4  (Fig.  82.4d). 

These  two  influence  lines  show  that  when  the  load  is  to  the  left  of  joints 
1  and  2  or  to  tho  right  of  joints  5  and  0,  the  stress  in  the  vertical  3-4  is  independ¬ 

ent  of  the  level  of  load  application.  But  when  the  load  stands  over  joints  3’ 
or  S'  of  the  lower  chord  the  secondary  members  will  transmit  it  entirely  to  the 
joints  of  the  upper  one,  which  in  offec  t  is  equivalent  to  the  transfer  of  the  load 
itself.  Accordingly  ordinates  m-m  and  n-n  wifi  prevail  at  these  moments. 
Nevertheless  when  the  load  moves  to  joint  3  all  the  secondary  members  become 
idle  and  it  will  he  the  ordinate  u-u  in  Fig.  82.4c  that  will  give  the  value  of  the 
stress  V*jj. 

These  ordinates  will  suffice  for  the  construction  of  the  influence  line  for  the 
truss  with  subdivided  panels.  The  required  influence  line  hounds  the  shaded  area 
in  Fig.  82.4c. 

The  following  problem  should  be  solved  by  tho  reader  on  his  own. 

Problem,  (a)  Check  the  influence  lines  pertaining  to  the  through  bridge 
trusses  in  Figs.  83.4  and  84.4. 
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(b)  Draw  the  influence  lines  lor  stresses  in  the  members  of  the  same  trusses 
marked  by  a  double  dash. 

Hints.  Prior  to  the  construction  of  the  influence  line  for  stress  Ps9  of  the  truss 
in  Fig.  84, 4,  eliminate  all  the  secondary  members,  thus  finding  the  main  system 

(Cl 

]  Influence  line  for  f/g  topper  or  lower 
chord  Loaded) 

i  Influence  tine  for  l^j 
l-""'  (lower  chord  loaded) 

1 

tfrnllTTTTn 

j  Influence  lino  for  v,jg  (upper  chore,  loaded) 

3 

yfinniiErTcrTTTT^— i 

\lnflucnce  line  for  (truss  with  iubdundeo 

panels) 

(e) 

Fig.  85  A 

represented  in  Fig.  8o.<Sn.  Then  using  the  method  of  joints  find  the  stress 
relative  to  this  system 

wherefrom 
ZY  =  —  V^0  —  2U ?„  sin  «  =  0 

Vh 

Y?g=  —  2U%  sin  « 

The  stress  in  bar  8-9  of  the  main  system  is  thus  equal  to  that  in  bar  7-9»of 
the  same  system  multiplied  by  a  constant  factor  (— 2sin  a).  The  influence  lino 
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for  the  stress  £/,9  is  given  in  Fig.  85.46.  It  has  the  shape  of  an  isosceles  triangle 
and  its  ordinate  at  tho  apex  equals 

l  =  18  1/32  +  0 .5*  3  V57 
4x3.5dcoscc  4x3.5  *  3  14 

The  influence  lino  for  V"9  will  have  the  same  shape  and,  provided  the  load 
travels  along  the  lower  chord,  its  maximum  ordinate  will  equal  (Fig  85.1c) 

3V37  2x1  _  3 

14  '  1/37  7 
On  the  other  hand,  when  the  unit  load  travelling  along  tho  upper  chord 

reaches  joint  9  the  equilibrium  of  this  joiut  requires  that 

2 V=  —  Fjjt  —  21/'?,  sin  a  — 1-0 
and 

F?,  =  —  2 L'"t  sin  a  —  1 

_4
 

7 

This  influence  line  is  shown  in  Fig.  S5.4rf. 
The  comparison  of  the  influence  lines  of  Fig.  85.4c  and  d  indicates  that  when 

the  load  is  either  to  the  left  of  joint  C  or  to  the  right  of  joint  10  the  stress  is 
independent  of  the  level  of  load  application. 

At  the  same  time  any  load  applied  to  tho  secondary  joints  of  panels  6-8 
or  8-10  is  transmitted  to  the  upper  chord  and  may  be  regarded  as  acting  directly 
at  the  joints  7.  9  or  11. 

The  corresponding  influence  line  for  tho  truss  with  subdivided  panels  is 
shown  in  Fig.  85.4c. 

10.4.  THHUST  DEVELOPING  FRAMED  STRUCTUHES 

1.  TRUSSES  WITH  INCLINED  SUPPORTS 

If  the  vertical  supporting  bar  representing  the  roller  support 
of  an  ordinary  truss  is  replaced  by  an  inclined  one,  the  system  be¬ 
comes  a  thrust  developing  truss  as  in  addition  to  vertical  reactions 
it  will  be  characterized  also  by  horizontal  reactions  at  the  abutments. 

Let  us  examine  the  arched  truss  in  Fig.  86.4a.  Denoting  by  VA, 
H A  and  V D,  H B  the  vertical  and  horizontal  components  of  the  abut¬ 
ment.  reactions  A  and  B  respectively  and  by  x  the  distance  from  the 

load  unity  to  the  left-hand  abutment  we  shall  obtain 

IIa-IIb  =  H 

Equating  to  zero  the  moments  of  outer  forces  about  the  hinges  A 
and  B  we  get,  on  the  other  hand 

VA  =  -^~-  and  VB  =  $ 

The  two  latter  equations  are  exactly  the  same  as  for  an  ordinary 
simply  supported  truss  or  beam  and  the  corresponding  influence 
lines  are  represented  in  Fig.  86.4c  and  d. 
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As  regards  the  influence  line  for  the  thrust  li  it  may  be  derived 

using  the  relation  existing  between  II  and  V „  (Pig.  86.4b) 

y/—  Vj,  cot  a 

The  influence  line  for  If  obtained  by  multiplying  all  the  ordinates 

to  the  influence  lino  for  Va  by  cot  a  is  represented  in  Fig.  80. 4c. 

3  7  3±JL 
J5  17  19 

L 

m-
 

w  iT 

hb=ha=h 
'  Influence  line  for  VA 

Influence  line  for  vs 

1  Influence  line  for  H 

Inf  luence  line  for  US7 

Wllllllllllllllllllfflg HI 

Fig.  S6.4 

Let  ns  now  draw  the  influence  line  for  the  stress  in  some  truss 

member,  say  in  bar  5-7.  For  this  purpose  let  ns  pass  a  section  I-I 

and  placing  the  load  unity  to  the  right  of  this  section,  let  us  equate 

to  zero  the  moments  (about  point  k  coinciding  with  joint  A’)  of  all 
the  external  forces  acting  on  the  left-hand  portion  of  the  truss 

whorefrom 
-  VAxh—IIyh  +  Urjik  =  0 

u„=*  -4r(VA^-Hyk)  = 
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When  the  unit  load  is  applied  at  point  F0  lying  in  the  same  verti¬ 

cal  with  the  point,  of  intersection  of  lines  AK  and  BF  (point  F). 

the  stress  in  bar  5-7  becomes  nil,  for  the  resultant  of  all  the  forces 

applied  to  the  left  of  section  /-/  passes  through  point  k  and  the 
moment  equation  becomes 

2M„  =  Uvhh  =  Q 
Accordingly  point  Ft  is  a  neutral  point  for  the  stress  U;i7.  At  the 

same  time  the  term  (Ml,  —  ttyh)  entering  the  expression  for  U,,- 

is  equal  to  the  bending  moment  in  section  k  of  a  three-hinged  arch. 
Hence  the  construction  oF  the  influence  line  for  stress  f/57  may  he 
carried  out  in  the  same  way  as  that  for  the  bending  moment  acting 

over  section  k  of  the  said  arch,  provided  all  the  ordinates  of  this 

latter  are  multiplied  by  (  —  .  Consequently,  having  laid  off 

the  ordinate  ( — over  the  left-hand  abutment  we  must  connect 

this  ordinate  with  the  neutral  point  /  and  then  extend  this  line  until 

its  intersection  with  the  vertical  passing  through  joint  B.  The  left 

part  of  the  influence  line  will  be  obtained  bearing  in  mind  that  it 

must  pass  through  the  zero  ordinate  at  the  left-hand  abutment  and 
must  intersect  with  the  right-hand  part  in  a  vertical  passing  through 

the  origin  of  moments.  The  two  lines  being  drawn,  the  positions 

of  joint  5  should  be  marked  on  the  left  one  and  that  of  joint  7  on 

the  right  one,  these  two  points  being  finally  connected  to  form  the 

completed  line  represented  in  Fig.  86 Af. 
Let  us  now  consider  a  truss  with  supports  at  different  levels 

(Fig.  87.4 a).  We  shall  commence  by  constructing  the  influence 

lines  for  the  reactions.  For  this  purpose  we  may  resolve  the  right- 
hand  reaction  B  into  its  vertical  and  horizontal  components  Ff, 

and  // D  at  a  point  b'  situated  at  the  same  level  as  point  A.  Denot¬ 
ing  as  usual  the  horizontal  and  vertical  components  of  reaction  A 

by  VA  and  II A  and  placing  the  unit  load  a  distance  x  from  the  lofl- 

hand  support,  we  may  then  write  the  equilibrium  equations  of  the 

moments  first  about  point  b'  and  then  about  the  centre  of  the  hinge  A 

IM„-  =  V A  {h  4-  lt)  —  1  (tf  +  2.  —  x)  =  0 

whence 
=  —  VB  ((,  +  h)  + 1  •  x  =  0 

and  Vn X 

♦ 

’The  influence  line  for  VB  will  permit  the  determination  of  reaction  II  for 

any  position  of  a  vertical  load  using  the  formula  B  =— j-i-  .  'The  same  result 

may  he  achieved  with  the  aid  of  the  influence  line  for  H D  since  B  =  ■ 

15— SSS 



22« Tint  Trusses 

These  two  expressions  are  represented  graphically  in  Fig.  87.4c 
and  d  which  show  that  the  vertical  reactions  of  the  truss  vary  exactly 

Fig.  87.1 

in  the  same  way  as  those  of 

a  simply  supported  beam  with 
a  span  of  l  =  lt  -f  l2  (Fig-  87.46). 
The  horizontal  projection  of 

all  the  forces  acting  on  the  truss 
shows  that 

Ha  =  Hb=I1 

Fig.  SS.4 

The  relation  between  H  and  V„  may  be  found  by  equating  lo 
zero  the  sum  of  their  moments  about  hinge  C  (Fig.  87.4a) 

SA/C=— VBft+tf/  =  0 
wherefrom 

In  this  expression  V„l2  —  Me  is  the  bending  moment  acting  over 

section  C  of  a  simply  supported  beam,  spanning  (lt  -j-  l2),  when 
the  load  P  is  to  the  left  of  this  section.  Consequently,  the  thrust 

fl  equals  ,  which  is  exactly  the  same  as  in  the  case  of  a  three - 

hinged  arch  with  a  span  of  ( lt  -j-  l2)  and  a  rise  equal  to  /  (Fig.  87.4c). 
It  is  apparent  that  the  influence  line  for  H  obtained  by  multiplying 
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all  tlic  ordinates  of  the  line  lor  VB  by  h-  will  coincide  with  that 

for  the  thrust  of  an  arch  shown  in  Fig.  87.4/. 
The  influence  line  for  the  stress  in  liar  2-4  of  the  same  truss  may 

be  obtained  passing  a  section  I-J  (Fig.  88.4a)  and  writing  that 
2.4/  about  point  3  equals  zero  when  load  P  =  1  is  to  the  right  of this  section 

271/3  —  V AOf  Hy$ — /■'24T' —  0 
wherefrom 

A*=-J-0^3- uy»)  --J-  (M\-JJy») 

When  the  direction  of  load  P  passes  through  point  F  (Fig.  88. 4«) 
the  stress  in  bar  2-4  will  reduce  to  zero,  for  in  this  case  point  3  will 
fall  on  the  line  of  action  of  the  resultant  of  VA  and  II A.  Knowing 
the  position  of  the  neutral  point  and  using  the  above  expression 
for  L2\  the  influence  line  is  readily  drawn,  especially  if  wo  lake 
heed  of  the  analogy  existing  between  the  expressions  for  Lu  mid 
for  the  bending  moment  acting  over  a  corresponding  section  of 

a  three-hinged  arch  (see  Fig.  82.3/).  As  the  first,  differs  from  the  latter 

only  by  a  constant  factor  —  the  influence  line  relative  to  the  right 

part  of  the  truss  may  be  obtained  by  laying  off  an  ordinate  over 

the  left  supporl  and  by  connecting  it  with  the  projection  of  neutral 
point  on  the  horizontal,  which  gives  us  line  aj  (Fig.  88.46).  The 
line  corresponding  to  the  left  part  of  the  truss  will  be  drawn  using 
the  well-known  rule  that  the  two  must  intersect  in  a  vertical  passing 
through  the  origin  of  moments  (point  3).  The  influence  line  for  /)3>l 
obtained  in  a  similar  way  is  shown  in  Fig.  88.4c. 

Influence  lines  for  web  members  of  arch  trusses  with  parallel  chords 
can  be  obtained  by  projecting  the  stresses  acting  in  all  the  members 
cut  by  a  section  on  a  normal  to  the  chords,  the  method  of  moments 
being  inoperative  in  this  case  as  the  chords  intersect  at  a  point  infini¬ 
tely  distant. 

For  instance,  the  ordinates  to  the  influence  line  for  stress  Z)4g  of 
the  truss  represented  in  Fig.  89.4a  can  be  found  by  equating  to 
zero  the  projections  of  all  the  forces  acting  to  the  left  of  section 
I-I  on  a  normal  to  the  direction  of  the  chord  members  5-7  and  4-0* 

—  VA  cos  q; — II sin  qp  —  Z>5e  cos  (a — <p)  —0 
♦ 

*Il  should  lie  remembered  that  HA  =  Jl „  -  H  and  that  stresses  in  the  hori¬ 
zontal  deck  members  remain  nil  as  tong  as  the  loads  remain  vertical. 

15* 
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The  term  (Qh  (.-os  tp  —  11  sin  tp)  being  identical  with  tho  expression 

of  the  shear  acting  over  a  cross  section  of  a  threc-hingcd  arch,  the 
influence  line  relative  to  the  right  part  of  the  truss  can  be  constructed 
in  the  same  manner  as  that  for  the  shear  in  an  arch  (see  Fig.  33.3d). 

This  means  that  an  ordinate  equal  to  — c.°-— — ■  over  the  left  abutment cos  (a  —  (p) 

must  be  connected  with  the  neutral  point  /  determined  by  projecting 

on  tho  x-axis  the  point  of  intersection  of  lines  b'B  and  /IF  (in  this 
particular  case  line  AF  is  parallel  to  the  chord  members  5-7  and  4-H 
and  passes  through  point  B).  The  line  relative  to  the  left  part  of  the 
truss  will  be  parallel  to  the  one  pertaining  to  its  right  part  due  to 
the  parallelism  of  the  chords. 

The  completed  influence  line  for  stress  /)56  is  represented  jn 
Fig.  89.4b  while  another  influence  line  namely  that  for  stress  D* j 
obtained  in  a  similar  way  is  represented  in  Fig.  89.4c. 

2.  THREE-HINGED  TRUSSED  ARCHES 

Were  the  right-hand  supporting  bar  of  the  truss  shown  in 
Fig.  87.4a  replaced  by  some  framed  system  such  as  system  CB 

C 

(Fig.  90.4)  wc  would  obtain  a  throe-hinged  trussed  arch,  consisting 
essentially  of  two  pin-conneeted  trusses  with  immovable  hinge 
supports. 

Let  us  examine  a  three-hinged  arch  with  supports  at  the  samo 

level  represented  in  Fig.  91.4a.  Both  vertical  reactions  and  thrust 

for  such  systems  are  determined  in  exactly  tho  same  way  as  in  the 
case  of  solid  arches.  Thus,  for  a  load  unity  situated  a  distance  x 

from  tho  left  abutment,  reactions  VA  and  VB  will  amount  to 

VA=~  and  =  ± 

while  the  thrust.  If  will  equal  where  Me  is  the  bending  moment 
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acting  over  the  corresponding  cross  section  of  a  simply  supported 
beam  ot  the  same  span,  carrying  the  same  load. 

The  influence  lines  for  the  vertical  reactions  and  the  thrust  are 

shown  in  Fig.  91.46,  c  and  d. 

As  regards  stresses  induced  in  the  separate  members  of  the 

semi-arches  it  is  clear  that  as  Jong  as  the  load  is  applied  directly 

to  the  semi-arch  under  consideration  the  other  one  may  he  ficti¬ 

tiously  replaced  by  an  inclined  supporting  rod.  Tn  other  words, 

the  system  may  be  reduced  to  the  case  of  a  simple  truss  with  supports 
at  different  levels,  which  has  been  just  examined. 

The  construction  of  influence  lines  for  the  stresses  in  mem  hers 

of  such  trusses  is  already  familiar  to  the  reader  who  will  easily  fol¬ 
low  that  of  the,  influence  lino  for  L<lik  shown  in  Fig.  91.4c.  It  remains 

to  find  out  what  happens  when  the  load  shifts  to  the  other  semi¬ 
arch.  In  that  case  the  load  may  be  resolved  into  two  components, 

the  first  of  which  is  applied  at  the  crown  hinge  and  the  other  to 

a  joint  directly  over  the  abutment  at  the  opposite  end  of  the  arch. 
Tile  ordinates  to  the  influence  line  when  unit  load  P  acts  over  the 

crown  hinge  and  the  abutment  are  well  known  and  equal  ye 

(Fig.  91.4?)  and  zero,  respectively.  Accordingly,  in  the  case  of  bar 

2-4  when  the  load  travels  from  hinge  C  towards  the  right,  the  stress 

will  vary  linearly  from  ?/,,  In  0  in  accordance  with  the  expression 

The  corresponding  influence  line  will  be  represented  by  the  straight 

line  connecting  yc  with  point  b  as  shown  in  Fig.  91.4/. 

Several  influence  lines  for  stresses  in  members  of  different  trussed 

arches  arc  represented  in  Fig.  92.4.  Two  of  these  systems  have  their 

end  supports  at  different  levels.  In  systems  of  the  latter  type  it  is 

more  convenient  to  resolve  the  abutment  reactions  along  a  vertical 

and  a  line  which  connects  the  abutment  hinges  (Fig.  93.4).  The  ver¬ 

tical  reactions  V'A  and  V'n  will  be  determined  from  the  well-known 
equations 

Va  =  ̂  and  y'B  =  ̂ 

The  components  ZA  and  Z B  of  the  abutment  reactions  when 

only  vertical  loads  are  involved  will  be  given  by 

where  h  is  the  lever  ami  of  component  Z  about  the  crown  hinge  C . 

The  thrust  II  is  easily  found  from 

II  =Z  cos  a 
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where  a  is  the  inclination  to  the  horizontal  of  the  line  passing  through 
the  abutment  hinges  A  and  I). 

This  enables  us  to  rewrite  the  expression  for  the  thrust  as  follows 

A rc  M°c ■H  =  Zcosa  =  — —  cosa  — 

cosa 

As  the  term  represents  the  length  of  the  vertical  insert  bet¬ 

ween  the  line  connecting  the  abutment  hinges  and  the  crown  hinge 

we  may  denote  it  by  /  whereafter  the  expression  for  If  will  become 

The  reader  is  invited  to  check  the  accuracy  of  the  influence  line 
for  the  thrust  U  of  the  trussed  arch  represented  in  Fig.  94.4. 
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11.4.  VARIANTS  OF  TRUSSED  ARCHES 

Lei  us  consider  the  trussed  arch  with  elevated  tie  provided  with 

one  fixed  and  one  roller  supporl  as  shown  in  Fig.  115.4.  This  statically 
determinate  arch  may  be  obtained  by  replacing  the  inclined  bar 

o£  l  he  right-hand  abutment  support  by  the  tie  ab  absorbing  the  thrust. 
Tho  method  ol  stress  analysis  for  similar  tied  arches  is  illustrated 

hereunder  using  as  an  example  the  structure  represented  schematical¬ 
ly  in  Fig.  98.4a.  The  influence  lines  for  reactions  FA  and  V u  are  of 
the  usual  triangular  shape  with  ordinates  equal  to  unity  under  the 
supports  as  shown  in  Fig.  96.4b  and  c.  The  influence  lino  for  the 

force  If  in  the  tie  (equivalent  to  the  thrust  //)  will  be  readily  deter¬ 
mined  by  equating  to  zero  the  moments  (about  crown  lunge  f )  of 

all  the  forces  to  the  left  of  section  I-f  when  load  unity  P  is  to  the 
right  thereof 

SMc  =  V'a4-///=0 
wherefrom 

11  = 

VA 

Ml 

2/ 

When  tho  load  is  applied  to  Lhe  left  of  the  section  the  equation 
becomes 

and 

2Mc,.=  _y  ‘  +7//=0 

Vni  AfJ. 
liz=~ r=_r 

Aoeordingly,  (.he  influence  line  for  the  force  11  may  he  obtained 
by  multiplying  the  ordinates  of  the  bending  moment  Me,  acting 

over  section  C  of  a  simply  supported  beam  by  a  constant  factor  y  . 
This  influence  line  is  represented  in  Fig.  96. Ad. 

The  influence  line  for  stress  L4  (Fig.  96.4a)  may  be  obtained 

passing  section  I.I-II  and  writing  that  about  point  k  of  all 
forces  to  the  left  of  this  section  equals  zero 

lMk  =  VAak—III—LJi  =  0 
wherefrom 

Lt  =  ̂(VAah-H1) 

The  neutral  point  corresponding  to  Li  will  fall  on  the  vertical 

passing  through  the  intersection  of  lines  a^c  and  btC.  The  completed 
influence  line  for  L4  is  given  in  Fig.  96.4c. 



influence  line  for  Lc, 
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The  reader  is  invited  lo  draw  the  influence  lines  for  stresses  in 
other  members  of  the  structure. 

Let  us  now  consider  a  system  consisting  of  two  pin-connected 
trusses  and  a  muHihinged  arch,  two  variants  of  which  are  shown 
in  Fig,  07. 4a  and  b.  It  is  easily  proved  that  such  systems  constitute 
unyielding  combinations  and  remain  statically  determinate.  Methods 
of  stress  analysis  for  these  systems  will  be  shown  using  as  an  example 
the  structure  in  Fig.  98.4a. 

As  usual  the  influence  lines  for  vertical  reactions  and  V u 
will  be  triangular  in  shape  with  ordinates  equalling  unity  at  the 

(b) 

Fig.  97.4 

supports  (Fig.  98.46  and  c).  It  is  easy  to  prove  that  tho  horizontal 
components  of  stresses  acting  in  all  the  members  of  the  multihinged 

arch  A  SB  remain  constant  throughout  the  system  for  any  given  set 
of  vertical  loads  applied  to  the  trusses  AC  and  CB.  For  this  purpose 

consider  the  equilibrium  of  any  joint  (say,  joint  n  —  1  in  Fig.  98.4(f). 
Projecting  all  the  forces  on  the  horizontal  we  get 

wherefrom 

where 

and 

ZX  =  — A7„_|  COS  06,, _j  -|-  Arn  COS  «„  —  0 

Na-t  cos  a,L-l  =  N„  cos  a„ 

N ri-i  COS  OC/j-l  =  II n- 1 

N cos  ccn  —  II 
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Therefore 

AW //„„=//„ -7/ 
IT  nr  H cosart_4 

AW 

cos  an 

;  etc. 
Projecting  (he  same  forces  on  the  vertical  we  ohtain 

wherefrom 
2  V'  —  H  tan a„ — H  tau«„_, —  0 

Fn_,  =  II  {tan  a„  —  tail  a„_|) 

The  above  expressions  indicate  that  the  influence  lines  for'strosses 
in  all  the  separate  links  of  the  arch  as  well  as  in  all  the  verticals 
or  suspensions  will  have  the  same  shape  as  the  influence  line  for  the 
thrust  If. 

As  for  the  latter,  it  may  be  obtained  by  passing  section  I-J  (see 
Pig.  98.4a)  and  by  equating  to  zero  the  sum  of  moments  about 
the  crown  hinge  C  of  all  the  forces  applied  to  the  left  of  the  section, 
the  stress  Nu+%  acting  on  hinge  5  having  been  previously  resolved 
into  two  components  II  and  if  tan  an  +  1 

wherefrom 

ZMc  =  VA-L  +  IIf  =  0 

The  negative  value  of  II  indicates  that  all  the  links  of  the  arch 
are  compressed.  The  influence  line  for  H  is  a  triangle  with  its  apex 

turned  downwards  and  situated  directly  under  the  crown  hinge 

C  (Fig.  98.4c). 
Lot  us  now  construct  the  influence  line  for  stress  Un.  For  this 

purpose  we  shall  pass  section  1 1 -I  I  equaling  to  zero  the  moments 
of  all  the  forces  about  point  in  when  the  load  unity  acts  to  the  right 
of  this  section 

2M ,,,  =-  VAam  -J-  U„h  —  II  (ym  h)  —  0 
wherefrom 

UH  - - ~\VAam—II  (ynx  +  h)\  -=  — j  | Mm  — II  (y,„  —  A)1 

It  will  be  observed  that  the  term  iu  brackets  represents  the  bending 

moment  acting  over  section  K  of  a  fictitious  three-hinged  arch  of 

the  same  -span  whose  crown  hinge  coordinates  are  equal  to  ~  and 

/  while  those  of  the  centroid  of  section  K  equal  a,n  and  { ym  -}-  h). 
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This  will  enable  us  to  lind  the  position  ol  the  neutral  point  pertain¬ 
ing  to  the  influence  line  for  Un.  For  this  purpose  we  shall  first  locate 

the  centroid  of  section  K  along  the  vertical  passing  through  the  ori¬ 
gin  of  moments  m  {Fig.  98.4a)  after  which  the  lines  A  K  and  BS 

may  be  drawn,  their  intersection  determining  the  abscissa  of  the 
neutral  point  required.  The  completed  influence  lino  for  Un  is  shown 
in  Fig.  98.4/. 

In  order  to  construct  the  influence  line  for  stress  Dn  in  one  of 

the  diagonals  let  us  equate  to  zero  the  sum  of  vertical  projections 

of  all  the  forces  to  the  left  of  section  TI-II  {see  Fig.  98.4a)  when 
the  unit  load  is  to  the  right  of  this  section 

SV  =V  A — /7tancxn  —  Dn  si»p  =  0 

whence 

p  (V a  — U  tan  an) 

The  latter  equation  shows  that  the  required  influence  line  can 
be  obtained  through  the  summation  of  the  ordinates  to  the  influence 

y 
line  for  with  the  ordinates  to  the  influence  line  for  the  thrust 

II  multiplied  by  (—  • 
The  neutral  point  method  can  be  used  for  the  construction  of 

Dn  influence  line  too.  For  this  purpose  we  must  first  find  the  position 
of  the  unit  load  for  which  the  expression  (F,v  —  //  tan  an)  reduces 
to  zero.  In  this  expression  VA  anti  If  can  be  regarded  as  the  vertical 
reaction  and  thrust  of  a  fictitious  arch  of  the  same  span  as  the  actual 

structure  and  having  for  coordinates  of  the  crown  hinge  y  and  / 
(Fig.  98. 4g). 

The  position  of  the  neutral  point  will  be  derived  from 

=5T^p(FA  — //tana«)^0 showing  that 

-y  =  tan  an 

The  Jailor  condition  may  be  fulfilled  only  if  the  left-hand  abut¬ 

ment  reaction  A  of  the  three-hinged  arch  forms  with  the  horizontal 
an  angle  a,,.  The  neutral  point  will  be  situated  at  the  intersection 
of  this  reaction  with  reaction  B  of  the  fictitious  arch,  the  latter  acting 

necessarily  along  a  lino  passing  through  the  crown  and  the  right- 
hand  abutment:  hinges.  The  completed  influence  line  for  stress  Dn 
is  represented  in  Fig.  98. 4h. 
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Let  us  now  examine  a  structure  in  which  the  two  trusses  surmount 

the  miiltihingml  arch  as  shown  in  Fig.  99.4a.  This  system  is  geomet¬ 
rically  stable  and  statically  determinate,  its  main  peculiarity  resid¬ 

ing  in  the  fact  that  it  takes  support  at  four  distinct  points  A',  B' , 
A"  and  B' . 

The  following  procedure  may  ho  recommended  for  the  determina¬ 
tion  of  the  abutment  reactions:  the  directions  of  the  extreme  links 
of  the  inultihinged  arch  should  be  extended  until  their  intersection 

with  the  verticals  drawn  through  the  centres  of  the  abutment  hinges 
A'  and  B'  of  the  trusses.  I-Jerc  the  reactions  arising  in  the  extreme 
links  may  he  resolved  along  a  vertical  and  a  horizontal  direction 

into  two  components  Va,  JfA ,  and  Fjj,  If  B,  respectively  (Fig.  99.4a), 
As  already  shown  in  the  beginning  of  this  article  II A  =  II,,  =  II. 

Having  denoted  by  V'a  and  V},  the  reactions  at  the  supports  A' 
and  B'  and  by  VA  and  V D  the  total  vertical  reactions  of  the  whole 
system  we  have 

1  a  —  F  a  +  Va  >  VH  =  Vjt  -j-  Vjf 

I  he  equation  expressing  the  ecfuilibriuin  of  the  moments  about 
the  point  of  intersection  of  V „  and  II a  gives 

23/-  VJ-M'*  =0 

wherefrom 

vA  =  v-A  +  vA^¥f- 

wherc  Mcxt  is  the  moment  of  all  the  external  loads  acting  on  the 
structure  about  the  same  point. 

ft  follows  that  the  sum  of  the  vertical  components  of  reactions  VA 

and  Fa  is  equal  to  the  reaction  of  a  simply  supported  beam. 
The  thrust  II  will  be  conveniently  determined  by  equating  to  zero 

the  sum  of  moments  about  the  central  hinge  S  of  all  the  forces  acting 
on  the  left  (or  right)  half  of  the  structure  when  the  load  unity  is 
to  the  right  thereof 

2Ms^VA-L-Hf-Ms=  0 

wherefrom 

-1/s  being  the  bending  moment  acting  at  midspan  of  a  simply  sup¬ 
ported  beam  carrying  the  same  load. 
Consequently,  the  influence  line  for  the  thrust  II  will  have  the 

shape  of  an  isosceles  triangle  represented  in  Fig.  99.4b.  The  vertical 
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reactions  VA  and  V"u  can  be  also  expressed  in  terras  of  the  thrust  II 

V\  =  H  tan<p  and  V’B^H  tanq> 
It  follows  that  the  influence  lines  for  these  two  reactions  will 

take  the  shape  of  the  triangle  shown  in  Fig.  99.4c.  The  reaction 

V'A  will  be  deducted  from 

VA  =  VA—VA  =  VA — II  tantp 

This  expression  shows  that  the  required  influence  line  may  he 
obtained  by  the  summation  of  the  ordinates  of  two  other  influence 

lines,  namely,  that  for  the  abutment  reaction  of  an  end-supported 
beam  and  that  for  the  thrust  II,  the  latter  being  multiplied  by 

a  constant  factor  (—tan  cp).  As  is  well  known,  the  first  of  these  two 
influence  lines  is  a  right  triangle  with  an  ordinate  equal  to  unity 

over  the  left-hand  support. 
The  influence  line  for  VA  could  be  also  obtained  by  the  neutral 

point  method.  The  position  of  the  neutral  point  is  conditioned  by 

VA  —  VA  —  H  tan  cp  =  0 

y 

showing  that  the  ratio  must  be  equal  to  tan  <p.  The  latter  condi¬ 

tion  will  be  fulfilled  when  the  resultant  of  V A  and  II  (e.g.,  the  left- 
hand  reaction  of  the  fictitious  three-hinged  arch  represented  in 
Fig.  99.4d)  will  be  at  an  angle  of  <p  to  the  horizontal.  Thus,  the 
position  of  the  neutral  point  relative  to  the  reaction  VA  will  be 
determined  by  the  intersection  of  the  abutment  reactions  A  and  B 
of  the  said  fictitious  arch.  It  follows  that  in  order  to  draw  the  influ¬ 

ence  line  for  V'A  by  the  neutral  point  method,  an  ordinate  equal  to 
unity  should  be  laid  off  along  the  vertical  passing  through  the  left 
abutment;  this  ordinate  should  be  then  connected  with  the  neutral 

point  and  extended  until  the  intersection  with  the  vertical  passing 
through  the  crown  hinge,  the  ordinate  so  obtained  being  finally 

connected  to  a  point  of  zero  ordinate  at  the  right-hand  support 
(Fig.  99 .4e). 

If  it  were  required  to  construct  the  influence  line  for  the  stress 

acting  in  some  chord  member  of  the  truss,  say,  member  {«  —  !)« 

wc  should  proceed  as  follows.  Having  passed  section  /-/  and  equating 
to  zero  the  moment  about  hinge  k  of  all  the  forces  acting  on  the  left 
part  of  the  truss  we  obtain 

=  (V’A -!- Fa)  a*  —Hyh- -Lnh  =  0 
wherefrom 

Ln  — J-  [(Fa  4-  Fa)  ah  -  II  yh  1  = 
1(1—  h53 
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In  this  expression  Ml  is  the  i>emling  moment  acting  over  section 

k  of  a  three-hinged  arch  whose  span  l  equals  that  of  the  structure 
involved,  while  the  centroid  coordinates  equal  ah  and  ijh.  The  com  - 
pleted  influence  line  obtained  by  this  method  is  represented  in 
Pig.  99.4/. 

Let  us  consider  now  the  construction  of  the  influence  line  for  the 

stress  arising  in  one  oT  the  web  members,  say,  in  the  diagonal  kn 
of  Tig.  99.4a.  As  long  as  the  load  unity  remains  to  the  right  of 

section  /-/,  the  stress  Dn  will  he  determined  by  the  equation 

ZY  =  VA  —  /?„  sin  a  —  U  tan  <jn  =  0 
wherefrom 

on=^(vA-nun^n) 

indicating  that  the  neutral  point  will  be  located  in  the  lino  of  action 

of  a  load  rendering  =  tau<p„. 

As  lias  already  been  mentioned,  this  becomes  possible  when  the 

resultant-  A  of  VA  and  if ,  in  other  words,  the  left-hand  reaction 
of  a  fictitious  three-hinged  arch  in  Fig.  99. id,  is  inclined  through 
an  angle  <p„  to  the  horizontal.  Hence  the  neutral  point  will  he  deter¬ 
mined  by  the  intersection  of  a  line  passing  through  the  left-hand 
abutment  at  an  angle  with  the  horizontal  and  a  line  connecting 

the  righL-hand  abutment  with  the  crown  hinge.  The  influence  line 

for  stress  D„  will  be  obtained  by  laying  off  the  ordinate  — over 

tbe  left  abutment  and  by  connecting  this  ordinate  with  the  projection 

of  the  neutral  point  on  the  x-axis. 
To  find  that  part  of  the  influence  line  relative  to  the  left  portion 

of  the  semistructure,  a  line  parallel  to  the  first  should  be  drawn 

through  the  zero  point  at  the  left  abutment  whereafter  the  position 
of  the  joints  A:  and  n  shall  be  marked  on  these  two  lines  and  connected 

together.  That  portion  of  the  influence  line  corresponding  to  the 

right  half  of  the  structure  will  bo  obtained  by  connecting  the  ordin¬ 
ate  at  Ihe  crown  hinge  with  the  zero  point  over  the  right-hand  abut¬ 

ment.  'I'ho  completed  line  is  represented  in  Fig.  99.4g. 
Influence  lines  for  any  other  web  member  or  vertical  connecting 

the  multihioged  arch  with  the  truss  can  be  obtained  in  a  similar  way. 
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1.5.  GENERAL 

In  a  most  general  way  of  speaking  the  term  space  framework  indi¬ 

cates  three-dimensional  through  structures  capable  of  resisting 
loads  in  different  planes. 

Certain  of  such  structures  may  be  reduced,  for  a  given  arrange¬ 
ment  of  loads,  to  a  combination  of  plane  structures  (trusses),  which 
simplifies  greatly  their  design. 

Thus,  the  bridge  truss  shown  in  Fig.  1.5a  can  be  reduced  to  two 
vertical  piano  trusses  A  BCD  and  MNFE  when  the  loads  P  are 

symmetrical  about  the  longitudinal  axis  of  the  structure.  However, 
if  I  he  same  truss  were  loaded  unilaterally,  it  should  he  considered 
as  a  space  structure,  the  horizontal  trusses  AMNJi  and  DEFC 

transmitting  part  of  the  load  from  one  vertical  truss  to  the  other. 

The  three-dimensional  structure  of  Fig.  1.5b  supporting  a  water 

tank  is  Strakhov's  hyperboloid  which  cannot  be  reduced  to  any 
number  of  plane  structures  and  must  be  designed  as  a  single  unit. 
The  same  applies  to  the  Schwedler  dome  illustrated  in  Fig.  1.5c. 

The  different  members  of  space  frameworks  are  usually  connected 

together  by  riveted  or  welded  joints,  providing  a  certain  degree 
of  rigidity.  However,  computations  taking  into  consideration  this 
rigidity  become  exceedingly  cumbersome,  and  therefore,  in  actual 

design  work  such  structures  are  always  regarded  as  articulation- 

connected  (differing  thereby  from  three-dimensional  framed  bents 
in  which  all  the  joints  are  made  and  regarded  rigid). 

The  articulations  of  space  framed  structures  must  allow  rotation 

around  three  mutually  perpendicular  axes  thus  providing  three 
degrees  of  freedom  as  compared  to  the  single  one  of  the  pin  joints 
of  plane  trusses.  Accordingly,  all  the  members  of  a  space  structure 
mooting  at  one  joint  can  rotate  about  any  line  passing  through  the 

point  of  intersection  of  their  axes,  whilst  those  of  a  plane  truss  may 
do  so  only  about  an  axis  perpendicular  to  the  plane  of  the  truss. 

On  the  other  hand,  the  arrangement  of  the  individual  members 

of  a  space  framework  must  be  such  that  they  should  form  an  unyield¬ 
ing  combination  just  as  in  the  case  of  a  plane  one. 

1C* 
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Consequently,  a  space  framework  is  a  geometrically  stable 

structure,  consisting  of  a  number  of  bars  situated  in  different  planes 

and  connected  together  by  so-called  universal  or  bell-and-socket
 

joints.  When  such  a  structure  is  subjected  to  a  system  of  loads 

acting  at  the  joints,  no  flexural  stresses  are  induced  in  any  of  its 

members  which  become  directly  extended  or  compressed. 

Any  system  of  noncoplanar  forces  in  equilibrium  must  comply 

with  six  statical  equilibrium  equations  which  may  be  grouped 

together  into 
three  equations  of  projections 

2X  =  0;  2Y  =  0;  22  =  0 

and  three  equations  of  moments 

2Mx=0;  2Mj,  =  0;  2Mt  =  0 
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In  statically  determinate  systems  these  equations  are  always 
sufficient  for  the  computation  of  all  the  reactions  at  the  supports 
and  of  all  the  stresses  in  the  individual  members. 

It  must  be  borne  in  mind  that  the  solution  of  these  equations 
becomes  the  easier,  the  smaller  the  number  of  unknowns  in  each 
of  them.  Therefore,  it  is  advisable  to  seek  such  systems  of  equa¬ 
tions  in  which  each  contains  no  more  than  one  unknown  (two  at 
the  utmost). 

2.5.  SPACE  FRAMEWORK  SUPPORTS 

Space  frameworks  are  connected  to  their  foundation  or  any  other 
unyielding  system  using  three  different  types  of  supports: 

(1)  the  spherical  movable  support  (Fig.  2.5), 
(2)  the  spherical  roller  support  (Fig.  3.5), 
(3)  the  spherical  fixed  support  (Fig.  4.5). 
The  first  consists  of  two  flat  parallel  slabs  with  a  ball  in  between. 

This  type  of  support  allows  rotation  about  all  the  three  axes  x. 

y  and  z.  as  well  as  the  displacement  along  any  direction  lying  in 
the  xy  plane.  Only  the  displacements  along  the  z-axis  (both  upward 
and  downward)  are  prevented.  (The  arrangement  precluding  upward 
displacement  is  not  shown  in  Fig.  2.5).  Thus  only  one  constraint 
is  imposed  by  a  support  of  that  type,  a  vertical  reaction  Rz  being 

developed  along  the  direction  of  this  -constraint.  The  conventional 
schematic  representation  of  a  support  of  the  first  type  is  shown  in 
Fig.  2.5h. 

The  second  type  of  support  consists  in  principle  of  two  rockers, 
the  upper  and  the  lower,  with  a  ball  inserted  in  their  sockets;  the 
lower  rocker  bearing  on  rollers  which  lie  on  a  slab  provided  with 
lateral  ribs.  Similar  ribs  existing  on  the  lower  surface  of  the  rocker 
make  any  lateral  displacement  of  the  two  impossible. 

This  type  of  support  permits  free  rotation  about  any  axis  pass¬ 
ing  through  the  centre  of  the  ball  and  a  longitudinal  displacement 
in  a  direction  perpendicular  to  the  roller  axes.  It  prevents  displace- 
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merit  along  two  directions,  one  being  perpendicular  to  the  plane 

of  the  roller  axes  and  the  other  parallel  to  their  axes,  thus  imposing 
two  constraints  on  the  body  it  carries.  Two  reactions,  Rx  and  Rz  or 
Rv  and  Rl  (depending  on  the  position  of  the  rollers)  will  develop 
at  a  support  of  that  type.  Its  conventional  representation  is  shown 

in  lrig.  3.56. 
The  fixed  spherical  support  (Fig.  4.5 a),  occasionally  referred 

to  simply  as  spherical  support,  consists  of  a  pair  of  similar  rockers 
with  a  ball,  but  no  rollers,  so  that  the  upper  rocker  can  only  rotate 
about  any  axis  passing  through  the  centre  of  the  ball,  but  cannot 
move  in  any  direction.  A  support  of  this  type  will  impose  three 

constraints,  hence,  three  reactions  Rx,  Rv  and  Rz  may  develop. 
Schematically  this  support  is  represented  in  Fig.  4.56. 

'The  minimum  number  of  constraints  necessary  to  maintain  a  body 
in  a  fixed  position  is  always  equal  to  the  number  of  equilibrium 
equations.  Therefore,  in  the  case  under  consideration  this  number 

will  equal  six  and  the  simplest  combination  of  such  constraints  is 
shown  in  Fig.  5.5. 

The  body  /  is  provided  with  a  fixed  spherical  support  at  point  C 
and  a  roller  support  at  point  B  which  leaves  the  body  free  to  rotate 

only  about  the  axis  BC.  This  last  degree  of  freedom  will  be 
eliminated  if  a  movable  spherical  support  is  added  at  a  third  point 
A,  provided  point  A  does  not  fall  on  the  line  BC. 

If  the  structure  proper  does  not  constitute  an  unyielding  combi¬ 
nation  the  number  of  constraints  at  the  supports  should  be  increased 

accordingly.  As  au  example,  let  us  consider  the  hinged  quadrangle 
BRi.Ji^B^  in  Fig.  6.5a.  if  it  were  attached  to  the  ground  at  three 
corners  using  as  heretofore  three  supports  of  the  different  types 
described,  it  would  conserve  two  degrees  of  freedom,  for  its  shape 
could  bo  altered  in  its  own  plane,  and  furthermore  it  could  fold 
around  one  of  the  diagonals.  The  system  could  be  made  immovable 
by  adding  two  constraints  and  effectively,  four  supports  of  the  roller 
type  as  shown  in  Fig.  6.5a  will  provide  the  required  stability. 
Indeed,  point  Bt  can  move  neither  along  the  vertical,  nor  along 
the  direction  BtB2  due  to  the  constraints  developed  by  the  support 

at  this  same  point;  at  the  same  time  the  displacement  along  BtB 4 
is  made  impossible  due  to  the  presence  of  a  horizontal  constraint 
at  point  B,t.  Accordingly,  joint  is  fully  immobilized.  The  joints 
B 2,  B3  and  B 4  are  connected  to  the  first  one  and  to  the  ground  using 
a  sufficient  number  of  bars  (constraints)  to  make  the  whole  system 
completely  stable. 

The  position  of  the  supports  must  be  judiciously  chosen,  for  other¬ 
wise  it  may  happen  that  one  part  of  the  structure  will  have  redundant 
constraints  and  will  become  statically  indeterminate,  while  the  other 

part  will  retain  one  or  more  degrees  of  freedom.  An  example  of 
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a  faulty  distribution  of  support  constraints  is  given  in  Fig.  6.56. 

The  direction  of  the  horizontal  constraints  at  joints  and  B2  coin¬ 
cides  with  that  of  point  C,  these  two  constraints  become  redundant, 
whereas  both  joints  Bt  and  Bz  are  free  to  move  towards  A.  This 
could  be  corrected  by  shifting  the  constraints  marked  with  a  cross 
to  new  positions  indicated  in  dash  lines. 

3.5.  THE  FORMATION  OF  STATICALLY  DETERMINATE  SPACE 
FRAMEWORK 

The  simplest  unyielding  plane  system  is  constituted  by  a  triangle 
ACB  shown  in  Fig.  7.5 a.  Let  us  add  joint  D  using  two  bars  AD 
and  CD  as  indicated  in  Fig.  7.56.  The  system  obtained  will  be 

unstable,  for  triangle  ADC  can  rotate  about  AC.  Tn  order  to  obtain 

an  unyielding  combination,  a  third  bar  not  lying  in  the  plane  of 
ADC  should  be  introduced,  say  bar  BD  (Fig.  7.5c). 

The  pyramid  so  obtained  is  the  simplest  three-dimensional  framed 
structure;  additional  joints,  each  connected  to  the  already  existing 
system  by  three  separate  noncoplanar  bars,  may  be  introduced 
to  form  now  structures,  which  will  remain  statically  determinate 
and  unyielding. 

Let  us  now  examine  the  relation  existing  in  a  space  framework 
as  described  above  between  the  number  of  joints,  the  number  of  bars 
and  the  number  of  constraints  at  the  supports.  Let  S  be  the  number 

of  bars,  S0  the  number  of  constraints  and  K  the  number  of  articulat¬ 
ed  joints.  The  total  number  of  the  unknown  stresses  and  reactions 

will  then  equal  ( S  +  S0)  and  the  total  number  of  equilibrium  equa¬ 
tions  which  may  be  used  to  find  these  unknowns  is  3 K,  for  at  each 

joint  we  may  equate  to  zero  the  x,  y  and  z  projections  of  all  forces 
(internal  and  external)  applied  to  this  joint. 
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Hence  the  number  of  redundant  members  and/or  support  con¬ 
straints  i  will  be  given  by 

i  =  S  +  Sc  —  3K  (1.5) 

When  i  >  0,  the  system  is  statically  indeterminate,  when  i  </  0, 

the  system  is  unstable,  and  only  when  i  =  0  the  system  may  remain 
statically  determinate  and  form  an  unyielding  combination. 

However,  this  condition  though  necessary  is  not  sufficient,  for 

the  equation 

S  +  So  —  3K  =  0 
permits  the  determination  only  of  the  number  of  bars  and  support 
constraints  required,  but  furnishes  no  information  on  their  mutual 

position.  The  latter  must  be  known  in  order  to  determine  whether 
the  system  is  statically  determinate  or  not. 

In  the  case  of  the  simplest  structure  shown  in  Fig.  7.5c  we  have: 

S  —  6;  S0  =  6;  K  —  4,  the  expression  (1.5)  showing  that  in  this 
case,  i  —  6  -f  6  —  3x4  =  0  and  therefore  the  requirement  stip¬ 
ulated  above  is  satisfied  assuming  that  the  constraints  at  the  sup¬ 
ports  (not  shown  in  Fig.  7.5)  are  the  same  as  in  Fig.  5.5.  However, 
the  same  results  could  be  obtained  for  the  structure  given  in  Fig.  8.5 
which  differs  from  the  one  just  mentioned  by  the  fact  that  bars  AD, 
BD  and  CD  lie  in  one  and  the  same  plane,  thus  making  the  whole 
structure  instantaneously  unstable,  for  joint  D  can  move  along 
a  normal  to  the  plane  ABC. 

Accordingly,  having  made  sure  that  i  =  0,  the  stability  of  the 
system  must  be  examined  by  the  method  of  zero  load  described  for 
plane  structures  in  Art.  6.4.  As  will  be  remembered,  this  method 
consists  in  the  computation  of  stresses  in  all  the  members  of  the 

system  at  zero  load;  when  these  stresses  aro  nil,  the  system  is  geo¬ 
metrically  stable,  but  when  they  are  indeterminate  and  may  differ 
from  zero,  the  system  is  instantaneously  unstable. 

In  the  case  of  the  structure  shown  in  Fig.  7.5c  it  is  easy  to  prove 

that  at  zero  load  all  its  members  remain  idle.  Indeed,  separating' 
joint  D  and  projecting  the  stresses  Nu  iV2  and  1V3  acting  in  members 
AD,  BD  and  CD  respectively  on  a  normal  to  plane  ADC  (Fig.  9.5) 
we  obtain  N2  cos  p  =  0,  wherefrom  Nz  =  0.  The  same  reasoning 
shows  that  the  stresses  in  all  the  other  members  of  the  system  are 

also  nil,  which  means  that  the  structure  forms  an  unyielding  combi¬ 
nation. 

But  if  we  apply  this  reasoning  to  joint  D  of  the  system  shown  in 
Fig.  8.5  we  obtain 

iV,x0  +  jVax0-i-fVa  X  0  =  0 

which  is  an  identity  satisfied  for  any  values  of  iVlt  N»  and  N3. 

The  remaining  two  equilibrium  equations  which  ]may  be  written 
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lor  this  joint  will  contain  three  unknowns  whose  values  therefore 
remain  indoterminate.  This  indicates  clearly  that  the  system  is 
instantaneously  unstable. 

Lot  us  now  examine  the  structure  represented  in  Fig.  10.5.  VVe 
have  in  this  case 

S0  =  8;  H as  16;  A'  =  8;  f  =  8+ 16— 3  x  8  =  0 

and  thus  ihe  system  may  be  statically  determinate.  Applying  again 
the  zero  load  method  we  shall  start  by  separating  joint  A  and  by 

Pig-  S.5  Fig.  9.5 

projecting  stresses  Nt,  Nz,  Ns  and  jV4  on  a  normal  to  plane  ACB2Bt. 

'this  leads  immediately  to  iV*  =  0.  Proceeding  now  to  joint  E  we may  easily  prove  that  all  the  bars  meeting  at  this  joint  remain  idle. 
Passing  consecutively  to  points  D.  C ,  Bu  B2  and  and  consider¬ 
ing  their  equilibrium,  we  shall  find  that  all  the  other  bars  of  our 
structure  remain  unstressed,  which  proves  that  this  structure  is  both 
statically  determinate  and  geometrically  stable. 

The  system  which  we  have  just  examined  does  not  belong  to  the 
category  of  simple  structures  for  it  is  impossible  to  dismantle  it  by 
the  successive  elimination  of  joints,  each  connected  to  the  remainder 
of  the  system  with  the  aid  of  three  bars  only. 

Such  systems  are  termed  complicated  and  may  he  obtained  by 
replacing  one  or  more  bars  of  a  simple  system  by  a  corresponding 
number  of  differently  situated  members.  For  instance,  if  in  our 
system  we  replace  the  diagonal  AB2  by  a  diagonal  B{C  (shown  by 
a  dotted  line)  we  shall  be  able  to  take  the  structure  down  by  elim¬ 

inating  successively  joints  A,  E,  D  and  6’,  each  with  three  con¬ 
necting  bars.  Thus  the  complicated  system  shown  in  Fig.  10.5  in 
solid  linos  can  bo  obtained  by  altering  the  position  of  only  one 
bar  in  a  simple  system. 
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In  conclusion  let  us  examine  the  plane  truss  represented  in 

Fig  11.5,  all  the  joints  of  which  are  of  the  universal  type.  If  we 

Fig,  a  5 

assume  that  the  central  triangle  of  this  truss  i.s  rigidly  connected 

to  the  ground  by  means  of  6  support  constraints  we  have 

5=11;  S6  =  6;  K  =  7\  i  =  ll-6— 3x  7=  — 4 

Thus  the  system  is  unstable  and  has  four  degrees  of  freedom; 

indeed,  it  may  fold  along  lines  /-/,  //-//,  Ill-Ill  and  JV-IV. 

4.5.  STRESS  ANALYSIS  IN  SPACE  FRAMEWORK 

The  following  three  methods  are  in  use  for  stress  determination 
in  statically  determinate  space  frameworks: 

(a)  the  meLhod  of  sections, 

(b)  the  method  of  bar  replacement, 

(c)  the  method  of  reducing  the  space  structure  to  a  series  of  plane 
ones. 

We  shall  examine  each  of  these  methods  in  turn. 

(a)  The  method  of  sections.  This  method  is  used  for  the  computa¬ 
tion  of  stresses  in  the  members  of  simple  framed  structures  and 

consists  essentially  in  passing  a  section  through  a  certain  number 

of  bars  in  which  the  stresses  are  sought.  The  portion  of  the  struc¬ 
ture  removed  is  replaced  by  the  internal  forces  acting  along  the 

sectioned  bars,  these  forces  being  then  determined  with  the  aid 

of  equilibrium  equations.  In  general  six  equations  of  statics  may 
be  written  for  each  section  and  therefore  the  number  of  unknown 

stresses  determined  for  a  single  section  may  not  exceed  six. 

Depending  on  the  equilibrium  equations  used  and  on  the  posi¬ 
tion  of  the  section  itself  this  method  may  be  subdivided  into: 

(1)  the  method  of  moments, 
(2)  the  method  of  shears, 
(3)  the  method  of  joints. 
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In  the  first  of  these  three  methods  the  equilibrium  equations  are 
obtained  by  expressing  that  the  sum  of  moments  of  all  external 

forces  acting  on  a  body  in  equilibrium  about  some  preselected 
axis  is  always  nil.  As  its  name  implies,  this  method  is  very  similar 
to  the  method  of  moments  described  in  Art.  2.4  for  plane  structures. 

As  an  illustration  of  this  method,  let  us  determine  stresses  N, 

and  N 2  acting  in  the  logs  of  an  elevated  tank  appearing  in  Fig.  12.5. 

Having  passed  the  section  m-m  we 
may  equate  to  zero  of  all  tin- 
forces  acting  on  the  upper  portion  of 
the  structure  about  the  axis  /-/.  The 

stresses  Ar,  and  Nz  are  regarded  as 
applied  at  point  A ,  where  their  resul¬ 
tant  is  resolved  into  a  vertical  and 

a  horizontal  component.  This  leads 
to  the  following  equation 

SA /,  =  WH— Qa— (A',  +  Ar2)  c sin 
where  the  angle  a  is  given  by 

.  A tan  u.  —  -r- 
O 

Owing  to  the  symmetry  of  the 

loading,  Ar,  =  A'2  and  therefore A'i  —  A  j 
WH—Qa 
2c  sin  a 

ng.  1 4,. a  The  ggcoQd  method  is  analogous 
to  the  method  of  shears  used  in  the 

analysis  of  plane  structures.  In  this  case  the  equilibrium  equa¬ 
tions  express  that  the  sum  of  projections  of  all  external  forces  on 
some  conveniently  chosen  axis  is  nil.  This  method  will  be  made 

quite  cloar  if  we  consider  the  cantilever  truss  represented  in 

Fig.  13.5.  Joints  A,  B  and  C  of  this  truss  are  rigidly  fixed  by  means 

of  six  support  constraints  (not  shown  in  the  drawing).  Using  expres¬ 
sion  (1.5)  we  find  that 

i=S  +  S0— 3£  =  15  +  6— 3x  7  =  0 

and  since  under  zero  load  all  the  bars  will  remain  idle,  which  be¬ 
comes  immediately  apparent  if  joints  1,  2,  3  and  4  are  isolated  in 
succession,  the  system  is  statically  determinate  and  forms  an  un¬ 
yielding  combination. 

In  order  to  determine  the  stresses  Nt  and  1V2  acting  in  the  diago¬ 
nals  let  us  pass  section  R  and  assume  that  the  projection  on  the 

2-axis  of  all  forces  applied  to  the  right-hand  portion  of  the  truss 
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is  nil 

2Z  =  —  P  +  { +-  A'*)  sin  a  =  0 

Taking  the  moments  of  A',  and  .V2  about  the  .r-axis  we  obtain 

SAT*  =  Nta  sin  a  —  A.a  sin  a  =  0 
and  therefore 

rVt  =  A* 

In  this  case  the  solution  of  2Z  =  0  yields 

A't  =  Art 
_ 7>_ 
2  sin  a 

When  the  section  passed  separates  only  one  joint  we  obtain  the 
method  of  joints.  The  equilibrium  equations  used  in  this  case  do 
not  differ  in  principle  from  those  used  in  the  previous  one. 

We  shall  use  this  method  to  determine  the  stress  Ar3  acting  in 
bar  1-2  of  the  same  truss  (sec  Fig.  13.5). 

Separating  joint  1  and  equating  to  zero  the  sum  of  forces  pro¬ 
jected  on  the  z-axis  we  obtain 

2Z=—  _P  +  Arssinp  =  0 
wherefrom 

V _ *1 

*  3  “shift 

The  method  of  joints  is  particularly  well  suited  iu  the  following 
cases: 

1.  When  three  bars  meet  at  an  unloaded  joint.  In  this  case  as 
previously  mentioned  (see  Fig.  9.5)  all  three  bars  are  idle. 
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2.  When  all  the  bars  meeting  at  a  joint,  with  the  exception  of 

one,  lie  in  the  same  plane,  if  no  load  is  applied  to  such  a  joint  or 

if  this  load  acts  in  the  said  plane,  the  stress  in  the  member  which 
is  outside  this  plane  will  he  nil. 

(t>)  The  method  of  bar  replacement.  The  method  can  he  advanta¬ 

geously  used  for  complicated  space  systems  when  it  is  impossible 

to  pass  a  section  cutting  six  bars  only,  thus  making  the  method 

of  sections  practically  inapplicable.  The  basic  principle  of  this 

method  derives  from  the  fact  that  any  complicated  statically  deter¬ 

minate  system  can  be  reduced  to  a  simple  one  by  replacing  one 
or  more  bars. 

Let  us  take  up  the  case  of  a  complicated  system  which  can  be 

converted  into  a  simple  one  by  the  replacement  of  one  bar  only. 

Let  X  be  the  stress  in  the  bar  to  be  replaced.  Having  introduced 

the  substitute  bar,  let  us  consider  the  simple  structure  so  obtained 

under  the  action  of  the  given  set  of  loads  and  of  the  load  X  applied 

along  the  direction  of  the  bar  replaced.  Denoting  by  Xp.  Xr 

and  Nx  the  stresses  induced  in  the  substitute  bar  by  the  loads 

actually  applied,  the  force  X  and  by  a  load  unity  acting  in  the 
direction  of  X,  respectively,  we  may  write 

Nx  =  X  Nx 

The  combined  stress  in  the  substitute  bar  may  be  then  expressed 

by  Np  +  XNx.  As  in  the  actual  structure  this  bar  is  absent, 
we  must  equate  this  stress  to  zero 

Np  +  XNx  =  0 
which  leads  immediately  to 

x=-4r  (2-5> 

Once  the  value  of  X  is  known,  the  stress  in  any  member  of 

the  structure  will  he  easily  found  using  the  formula 

A  k  —  A  u  p  +  Nh  x  X  (3.5) 

where  Xjir  •—  stress  induced  in  member  k  of  the  simple  structure 

by  the  actual  set  of  loads  /J 

X i,x  —  stress  in  the  same  member  induced  by  the  load  uni¬ 

ty  A  —  1. 
The  same  procedure  can  be  followed  when  the  conversion  of  the 

given  system  to  a  simple  one  requires  the  replacement  of  several 
bars.  In  the  latter  case  the  determination  of  stresses  in  the  bars 

which  are  being  replaced  will  require  the  solution  of  several  equa¬ 

tions  with  several  unknowns  equal  in  number  to  that  of  the  bars 
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just  mentioned.  It  will  be  readily  seen  that  in  this  respect  there 

is  no  difference  between  space  frameworks  and  plane  structures 

(see  Art.  4.4). 

In  order  to  illustrate  the  use  of  the  above  method,  let  us  com¬ 

pute  the  stresses  in  the  structure  shown  in  Fig.  14.5a  (incidenlal- 

3  IP  3  X  X  t  P 

ly  these  stresses  could  be  obtained  directly  by  the  method  of  sec¬ 
tions). 

As  usual  let  us  check  first  whether  the  system  is  statically  deter¬ 

minate  and  stable.  In  the  case  under  consideration  S  =  12,  S0  =  f> 

and  K  -  0.  wherefrom 

{  —  12  +  6 — 3  xO-O 

which  shows  that  at  least  one  of  the  basic  requirements  is  satisfied. 
The  demonstration  that  under  zero  load  all  the  bars  remain  idle 

will  be  given  later. 

Replacing  bar  1-3  by  bar  A-2  (Fig.  14.56)  we  obtain  a  simple 
structure  for  which  the  stress  in  the  substitute  bar  may  be  found 

by  the  method  of  joints. 

Starting  with  joint  1  wo  find  the  stress  produced  in  bar  1-2  by 

the  load  P‘,  passing  to  joint  3  we  see  that  under  the  action  of  this 
load  bar  2-3  remains  idle;  separating  then  joint  2  we  shall  easily 

obtain  the  stress  in  bar  A-2. 

This  being  done  let  us  examine  the  stress  arising  in  the  same  bars 

from  the  application  of  the  unit  load  X. 
This  stress  may  he  represented  by 

A  y  --  NX  +  A  x 

where  A+  =  stress  in  bar  A-2  induced  by  the  load  unity  applied 

at  joint  1 

A';  =  stress  in  the  same  bar  induced  by  the  same  load  applied 
at  joint  3. 
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Owing  to  the  symmetry  of  the  structure 

and  accordingly 
N'X  =  N'X 

Nx  =  2  N'x 
As  will  he  readily  observed  from  Fig.  14.5 b,  the  stress  N'x  is  oppo¬ 

site  in  sign  to  the  stress  Np  and  P  times  smaller  than  the  latter. 
Hence 

Ar;= 

If, 

and  Nx  =  2N’X 

2Np 

P 

Substituting  this  value  in  expression  (2.5)  we  obtain 

X  = 

,v  v  P 

*  p  _  • p‘ Srx  /) 2 
P 

Once  X  is  known,  the  stresses  in  all  the  members  of  the  struc¬ 
ture  are  found  with  no  difficulty. 

Returning  to  the  demonstration  that  under  zero  load  all  bars 
of  the  structure  remain  idle  we  can  now  state  that  for  P  =  0  the 

force  X  =  0  and  accordingly  bar  1-3  is  idle.  Separating  joints  2,  3 
and  2  in  succession  we  shall  find  immediately  that  the  same  applies 
to  all  the  other  bars. 

The  method  of  bar  replacement  can  he  of  considerable  help  when 

investigating  the  geometrical  stability  of  the  structure. 

Determining  the  stress  Nx  induced  in  the  substitute  bar  by  a 

load  unity  we  may  meet  with  two  cases: 

1.  The  stress  Nx  =  0-  Then  X  becomes  indeterminate  being 

expressed  by  which  indicates  that  the  system  is  instantaneously 

unstable. 

2.  The  stress  Nx  =?*=  0.  Then  in  the  absence  of  external  loads 

X  =  0,  and  both  terms  of  the  expression 

As  =  Nhp  -f-  XA  ft* 

reduce  to  zero  indicating  that  the  system  forms  an  unyielding  com¬ 
bination. 

(e)  The  method  of  reducing  the  space  structure  to  a  series  of  plane 

ones.  This  method  becomes  appiicabie  when  the  structure  is  com¬ 
posed  of  distinct  groups  of  coplanar  members.  In  such  cases  all 
the  external  loads  should  be  resolved  along  planes  coinciding  with 

those  of  the  groups  of  bars  just  mentioned,  whereafter  each  of  these 

eoplmar  groups  may  he  analyzed  separately. 
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Le!  us  consider,  i'or  instance,  the  system  represented  in 
Fig.  15.5.  The  number  of  support  constraints  S0  —  5  x  2  - .  10,  the 

number  of  bars  S  =  35  and  the  number  of  joints  K  -  15,  giving 

i  =  10  +  35—3  x  15  =  0 

Separating  consecutively  joints  G,  7 ,  9,  10,  1,  2,  3,  4  and  5 

it  is  easy  to  prove  that  when  P  -=  0  aJI  tile  bars  remain  idle. 

Accordingly,  the  structure  is  both  statically  determinate  and  geo¬ 

metrically  stable.  In  order  to  find  the  stresses  induced  by  load  P 

Fig.  15.5 

let.  ns  resolve  this  load  into  three  components  i\\,  AT  and  Ar?  as  in¬ dicated  in  Fig.  15.5. 

Isolating  thereafter  join Ls  7,  fi,  2  and  3  we  find  that  bars  7-3,  2-3 
and  3-B-.  remain  idle.  Similarly,  isolating  joints  9,  10,  6  and  5 
we  shall  prove  that  the  same  applies  to  bars  0-10,  10-4,  4-3  and 

5-Bb.  Mono  two  plane  trusses  B2-G-7-B3  and  Br10-6-B2  will  take 
up  the  entire  load.  These  trusses  may  be  designed  in  the  usual  way, 

component  Ari  being  applied  to  the  first  one,  component  Ns  to  the 
second,  and  component  AT  being  divided  between  (he  two  in  any 
arbitrary  proportion. 

5.5.  EXAMPLES  OF  STRESS  ANALYSIS  IN  SPACE  FRAMEWORK 

Lot  us  determine  the  stresses  in  the  members  of  the  central  panel  of  the  canti¬ 
lever  structure  represented  in  Fig.  10.5  both  by  the  method  of  section  and  bv 
reducing  the  structure  to  a  series  of  plane  trusses. 

(a)  Method  oi  sections.  Start  by  proving  that  all  the  web  members  of  the  plane 
truss  5-3-12-9  remain  idle.  For  this  purpose  isolate  joint  0;  four  bars  meet  at 
17-853 
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this  joint  but  three  (1-9,  2-0  and  10-!))  lie  in  the  same  plane,  and  as  no  external 
load  is  applied  to  the  joint  the  stress  in  bar  5-0  must  be  nil.  For  the  same  reason 
bars  5-10,  10-6  6-11 ,  11-7  and  7-12  will  remain  idle. 

This  being  known,  pass  section  R  cutting  all  the  members  of  the  panel  under 
consideration. 

Determine  stress  Uzz  by  equating  to  zero  the  sum  of  moments  of  all  forces 

acting  on  the  left  part  of  the  truss  about  the  i--uxis  coinciding  with  the  direction 
of  bar  6-10 

ZMx=zUyi^U  -a  3.2=0 

wherefrom 

1-23  — () 

In  order  to  determine  stresses  D{  and  Dz  in  diagonals  3-6  and  3-10 

project  the  forces  acting  in  tho  left  part  of  truss  on  the  x-  and  z-axes 

IX  =  2 P-\-  [Dt  —  Dz)  ens  a  =  0 

E2  —  Dj  sin  (5+  Dz  sin  p  —  0 
wherefrom 

Di—  —  #2 

and  by  substituting  in  IX  we  find 

DZ  = 

P 

cos  a 

cos  a  = 

2.4 

5J)  
= 

=  0.48 
From  triangle  10-13-3 
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Therefore 

0 1  = 

P 

D2- 

p 0.48 

+SP In  order  to  determine  stresses  L\  end  t2  of  the  lower  chord  elements 
(>-/  and  10-11  write  =0  about  an  axis  x±  {parallel  to  the  a'-nxis  but passing  through  the  centre  of  joint  3 

giving 
2d/ xi - (£4 — £-2)  3-2  =  0 

This  being  known,  write  2Afz  =  0  about  the  r-axis  passing  through  the same  point 

wherefrom 

SA/t=  — QP  —  3P-f-2.4£j — 2.4f,2  — 0 

il- 

DP 

4.8 

(6)  Method  o/  reduction  to  plane  trusses. 
Start  by  resolving  the  loads  along  the  planes  of  the  twm  inclined  lateral 

trusses.  The  corresponding  components  {Fig.  17.5)  will  equal 

P i  =■  P-2 

- =  —  P 

2  COS  y  fj 

#  consider  the  truss  1-4-12-0  shown  in  Fig.  18.5  and  determine  stress 
U'\  in  the  upper  chord  member  2-3.  As  this  same  member  belongs  also  to  truss 

Pig-  17.-5  Fig.  18.5 

5- 1-4-8  (see  Fig.  10.5),  another  stress  U\  will  be  induced  in  it  at  the  same  time 
Owing  to  the  fact  that  the  vertical  projections  of  loads  />,  and  )\  are  of 
opposite  sign 

t/i — c/r 

and  therefore  the  resulting  stess  will  be  nil. 

17* 
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The  stress  D ■>  in  tin;  diagonal  will  bo  obtained  by  projecting  all  the 

forces  acting  on  the  left  part  of  the  truss  on  a  normal  to  the  chords 

vy  =  —  2i\  -I-  D-,  cos  ft  —  0 

As  I* i  ~~F  Cose  — 0,8 

D^jL**xlP=Jxp <5x4  Id 

Obviously  the  stress  Dx  in  the  corresponding  diagonal  of  the  other  truss 
will  equal 

25 

Dt  -  -Dz 12 

Finally  equating  to  zero  S M  about  point  3  gives 

XAf  a  =  -  <  )/>i — 4  r,2 = 0 

wherefrom 

,•  f/q  9  X  5  p  ,_=  1j  p 

Hid  the  stress 
6X4 

Thus  the  stresses  determined  by  both  method?  are  in  complete  agreement. 



6. KINEMATIC  METHOD 

OF  INFLUENCE  LINE 

CONSTRUCTION 

1.0.  GENE  HAL 

The  kinematic  method  of  influence  line  construction  for  any  giv¬ 
en  function  (shear,  bending  moment,  normal  force,  abutment 

reaction,  stress  in  a  member  of  a  truss)  is  based  on  one  of  the  most; 

general  principles  of  theoretical  mechanics— the  principle  of  vir¬ 
tual  disp  lace  men  is. 

In  accordance  with  this  principle,  the  total  work  performed  by  any 

given  system  of  forces  along  virtual  displacements  of  a  body  in  equilibri¬ 
um  must  be  nil.  Such  displacements  are  reckoned  infinitely  small 

and  therefore  they  may  be  accomplished  without  disturbing  any 

of  the  existing  internal  or  external  constraints.  At  the  same  time 

the  insignificance  of  those  displacements  permits  the  introduction 

of  the  following  simplifications:  when  plate  /  shown  in  Fig.  l.fi 

rotates  an  infinitesimal  angle  dtp  about  point  O,  any  other  point  a 
located  a  distance  r  from  poinL  O  will  shift  to  along  a  circular  arc; 

however,  since  the  angle  of  rotation  is  very  small,  we  may  consider 

that  point  a  moves  along  the  tangenL  to  the  arc  and  not  the  arc 

itself,  neglecting  completely  the  distance  «ia2.  For  the  same  reason 

we  may  also  neglect  the  difference  between  dip  and  tan  (d<p)  which 

simplifies  very  considerably  the  construction  of  the  virtual  dis¬ 
placement  graphs. 
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The  kinematic  theory  (also  called  the  strain  energy  or  elastic 
energy  theory)  enables  the  construction  of  influence  lines  for  all 

types  of  structures:  beams,  arches  or  trusses,  statically  determinate 

or  redundant.  The  methods  based  on  this  theory  are  particularly 

well  fit  for  certain  complicated  cases  where  they  lead  to  quicker 

and  more  reliable  results;  they  are  also  very  useful  Cor  checking 
influence  lines  constructed  by  other  methods, 

Hereunder  we  shall  describe  only  one  of  the  methods  derived 

from  the  above  theory.  This  method  might  be  termed  the  instan¬ 
taneous  centre  of  rotation  method  and  is  extremely  simple  and 

easy  to  grasp. 

2.0.  BASIC  PRINCIPLES  OF  THE  KINEMATIC  METHOD 

Let  us  consider  a  plate  rigidly  connected  to  the  ground  by  means 

of  three  constraints  represented  by  three  supporting  bars  (Fig.  2.0a). 

Assume  that  it  is  required  to  construct  the  influence  line  for  the 

stress  in  one  of  these  bars,  say,  bar  B,  when  a  unit  load  P,  remain¬ 
ing  always  parallel  to  itself  (Fig.  2.6b)  travels  along  the  plate. 

Unlike  the  statical  methods,  which  require  that  a  section  be 

passed  across  several  bars,  usually  separating  the  whole  structure 
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or  pari  thereof  from  the  ground,  the  method  described  involves 
the  elimination  of  one  bar  (or  constraint)  only  and  its  replacement 

by  a  force  X  equal  to  the  stress  acting  therein. 
In  the  case  under  consideration  the  system  so  obtained  can  rotate 

freely  about  poinL  A  and  is  maintained  in  equilibrium  by  the  load 

P,  the  force  X  and  the  reactions  acting  along  the  remaining  sup¬ 
porting  bars. 

Let  us  apply  to  this  system  the  principle  of  virtual  displacements. 

As  point  A  is  rigidly  connected  to  the  ground  it  will  constitute 

the  centre  of  rotation  of  the  plate,  the  only  possible  motion  of  which 
will  consist  in  a  rotation  about  this  point.  Suppose  that  the  plate 

has  turned  clockwise  an  infinitesimal  angle  cU\>  (Fig.  2.6b)  causing 

the  load  point  to  shift  from  a  to  and  the  point  of  application  of 
the  force  X  from  b  to  b,. 

Denoting  by  6P  the  component  of  the  displacement  a-ax  directed 

along  the  force  P  and  by  the  component  of  the  displacement  b-bt 
directed  along  the  force  X  we  may  write 

Pbp  +  X  6*  =  0 
which  expresses  that  the  work  performed  by  the  external  forces 

acting  on  a  body  in  equilibrium  remains  nil.  The  load  P  being 

equal  to  unity,  we  draw  immediately  from  the  above 

which  represents  the  equation  for  the  required  influence  line  in 

its  most  general  form. 

Analyzing  this  expression  we  note  that  from  triangle  «2««i 

(Fig.  3.6) 

bp  =  aa-t  cos  p 

where  aal  =  A  a  d<.[ . 
It  follows  that 

=  Aa  cos  p  d<\ 

Aft  cos  p  being  equal  to  the  lever  arm  of  the  load  P  about 

point  A,  let  us  denote  it  by  x  which  gives 

bp  —  x  dy 
Hereafter  any  displacement  accomplished  by  some  point  of  the 

plate  in  the  direction  of  the  load  will  be  reckoned  positive  and  any 

displacement  accomplished  in  the  opposite  direction — negative. 
It  is  clear  that  the  displacements  of  different  points  will  depend 

on  the  position  of  load  P,  this  displacement  being  proportional  to 
the  lover  arm  x,  or  in  other  words,  to  the  distance  of  the  load  poinL 
to  the  cen Olio  of  rotation  A  . 
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I  laving  determined  the  displacements  of  all  the  possible  points 

of  application  of  the  load  P  we  may  represent  these  displacements 

graphically  obtaining  the  so-called  diagram  of  virtual  displacements 
or  displacement  graph  of  the.  system. 

Let  us  examine  the  term  8*.  Using  the  same  reasoning  as  above 

wc  obtain  from  Fig.  -4.6 

6,.  =  bbx  cos  y  =  Ab  cos  y  dip  =  r  dip 

As  botli  the  point  of  application  of  the  force  X  and  its  direction 

remain  constant,  the  displacement  d*  is  a  constant  independent 

from  the  position  of  the  load  P,  and  may  therefore  be  regarded  as 

representing  the  scale  to  which  the  virtual  displacements  have  been 
drawn. 

Indeed,  the  shape  of  the  influence  line  will  depend  solely  on 

the  numerator  6P  of  the  expression  (1.0)  but  the  determination  of 

numerical  values  of  the  ordinates  to  this  line  requires  that  the 

value  of  flic  denominator  d*  be  exactly  known. 

Thus,  the  ordinates  to  the  influence  line  for  any  function  are  equal 

to  those  of  the  graph  of  virtual  displacements  of  the  system  made  pos¬ 

sible  by  the  elimination  of  the  corresponding  constraint  divided  by 

the  scale  factor  6*. 

The  sequence  iri  which  the  construction  of  the  influence  lines 

by  the  method  of  the  instantaneous  centre  of  rotation  should  be 
carried  out  is  as  follows: 

(1)  eliminate  the  constraint  corresponding  to  the  function  under 
consideration  and  replace  it  by  the  force  X, 

(2)  draw  the  graph  of  virtual  displacements  for  the  mechanism 

obtained  upon  elimination  of  the  said  constraint, 

(3)  determine  the  scale  factor  pertaining  to  this  graph, 

(4)  determine  the  signs  of  Lhc  ordinates  to  the  influence  line. 

As  an  illustration  of  the  above,  let  us  consider  the  example  of 

a  cantilever  beam  appearing  in  Fig.  5.(1  a  for  which  it  is  required 
to  construct  the  influence  line  for  reaction  B. 



2.6.  Basic  Principles  of  the  Kinematic  Method l!ti5 

The  elimination  of  the  eight-hand  support  leaves  the  beam  free 

to  pivot  about  the  remaining  one  (point  .4),  which  will  therefore 
constitute  the  centre  of  rotation  of  the  system.  If  the  beam  is  turned 

counterclockwise  through  an  angle  dtp  about  this  centre  the 

I’iK,  5.6 

displacements  of  all  the  points  will  be  represented  by  a  straight 

line  intersecting  the  beam  axis  at  A  (where  the  displacement  is 

nil).  The  ordinates  to  this  lino  will  he  reckoned  positive  to  the  left 

of  A  (all  the  points  being  displaced  downwards,  e.g.,  along  the 

direction  of  force  P)  and  negative  to  the  right  of  it. 

The  displacement  bx  is  positive  and  equal  to  the  ordinate  cor¬ 
responding  to  point  B.  If  in  our  drawing  we  put  bx  =  1,  expression 

(1.6)  will  give 

In  order  to  obtain  the  influence  line  for  reaction  B  all  that  remains 

to  be  done  is  to  change  the  sign  of  all  the  ordinates  to  the  displace¬ 
ment  graph  as  shown  in  Fig.  5.6c. 

In  Lhe  following  articles  we  shall  consider  more  complicated 
cases. 
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3.6.  replacement  of  constraints  by  corresponding 

FORCES 

As  already  stated,  the  construction  of  an  influence  line  for  any 

function  starts  with  the  elimination  of  the  corresponding  constraint 

which  must  be  replaced  by  a  force. 

Fig.  6.6 
Fig.  7.  6 

Let  us  consider  in  detail  some  of  the  more  typical  cases  of  con¬ 
straint  elimination. 

(a)  Elimination  of  the  constraint  corresponding  to  the  vertical  re¬ 
action.  In  this  case  the  fixed  support  should  be  represented  by  two 
■concurrent  bars  one  of  which  is  horizontal  and  the  other  vertical 

as  shown  in  Fig.  6.6a.  The  vertical  supporting  bar  is  then  eliminat¬ 

ed  and  replaced  by  forces  X  ■—  V A  directed  towards  the  hinges  as 
shown  in  Fig.  6.6 b,  which  corresponds  to  a  positive  reaction  induc¬ 
ing  a  compressive  stress  in  the  eliminated  bar. 

lb)  Elimination  of  the  constraint  corresponding  to  a  thrust.  In  this 

case  the  horizontal  bar  is  removed  (Fig.  7.6)  and  replaced  by 

forces  X  =  II A  again  directed  towards  the  hinges,  this  direction 
coinciding  with  the  direction  of  the  thrust  reckoned  positive. 

(c)  Elimination  of  constraints  corresponding  to  stresses  in  truss 

members.  It  is  the  member  for  which  the  influence  line  is  required 

that  should  be  removed.  The  forces  X  should  be  directed  away  from 

the  joints  thus  indicating  that  tensile  stresses  are  reckoned  posi¬ 
tive  (Fig.  8.6). 
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(d)  Elimination  of  constraints  corresponding  to  shearing  forces.  Any 
cross  section  oi  a  beam,  an  arch,  or  a  bent  capable  of  resisting  the 

action  of  a  bending  moment,  a  shearing  or  a  normal  force  may  be 

schematically  replaced  by  a  connection  consisting  of  three  bars  as 

indicated  in  Fig.  9.6b. 

The  mutual  position  of  these  bars  may  be  varied  at  will  but 

they  must  always  ensure  the  rigidity  of  the  connection  which  im¬ 

plies  that  these  three  bars  may  never  have  a  common  point  of 
intersection. 

In  the  arrangement  appearing  in  Fig.  9.66  the  force  acting  in  the 

vertical  bar  is  equal  to  the  shear,  which  follows  from  the  equili¬ 
brium  of  vertical  components  of  all  forces  acting  to  the  left  (or  to 

the  right)  of  section  I-I 

SY  —  Q—X  =  0 
whence X=Q 

Consequently,  the  construction  of  the  influence  line  for  the  shear 

acting  over  section  CC  reduces  to  the  construction  of  that  for  the 
stress  X  in  the  vertical  bar. 

Upon  removal  of  the  vertical  bar  the  two  parts  of  the  beam  will 

have  a  mobile  connection  represented  schematically  in  Fig.  9.6c. 

(e)  Elimination  of  the  constraint  corresponding  to  a  normal  force. 

Adopting  for  the  connection  bars  a  pattern  represented  in  Fig.  10. 6« 

and  projecting  all  the  forces  acting  to  the  left  (or  to  the  right)  of 
section  I-I  on  a  horizontal  we  obtain 

2X-=JV— X-0 
wherefrom 

X  -  N 
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In  other  words,  the  stress  in  the  horizontal  bar  is  equal  to  the 

normal  force  N  aeLing  in  the  member  under  consideration. 

Upon  removal  of  the  horizontal  bar  the  two  parts  of  the  member 

will  have  a  mobile  connection  represented  schematically  in 
Fig.  10.6b. 

(f)  Elimination  of  the  constraint  corresponding  to  a  bending  moment. 

The  connecting  bars  may  be  placed  as  indicated  in  Fig.  11.6a. 

Passing  section  /-/  and  equating  to  zero  2 M  about  point  K  at  Lhe 
intersection  of  the  vertical  rod  with  the  one  coinciding  with  the 
neutral  axis  of  the  member  we  obtain 

SAf),  =  AT — Xr  —  0 
wherefrom 

r 

If  r  -1.  the  force  X  in  the  connecting  rod  will  be  numerically 
equal  to  the  moment 

and  thus,  instead  of  constructing  the  influence  line  for  the  bending 
moment  acting  over  the  cross  section  we  may  construct  the  influence 

line  for  the  stress  X  induced  in  the  lower  bar  of  Fig.  11.6.  Upon 

elimination  of  this  bar  Lhe  connection  between  the  two  parts  of  the 

member  will  consist  of  two  bars  intersecting  in  its  neutral  axis 

which  is  equivalent  to  a  hinge.  Schematically  this  connection  is 

represented  in  Fig.  11.6b. 
All  the  above  shows  that  the  construction  of  influence  lines  for 

the  usual  stress  functions  may  he  reduced  to  the  construction  of 

those  for  a  normal  force  acting  in  a  bar. 
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4.6.  CONSTRUCTION  OF  THE  DISPLACEMENT  GRAPHS 

The  virtual  displacement  graph  determines  completely  the  shape 

of  the  influence  linos,  their  ordinates  differing  by  a  constant  factor 

only.  For  this  reason  it  may  be  said  that  when  the  displacement 

graph  is  completed  the  main  bulk  of  work  has  been  done.  Let  us 

examine  the  construction  of  displacement  graphs  in  the  case  of  one, 

two  and  four  hinge-connected  plates. 

(a)  Displacement  graph  for  a  single  plate.  Assume  that  plate  / 

with  (me  fixed  poinL  O  is  acted  upon  by  one  moving  load  P  ■-  1 

and  a  fixed  force  X ,  the  direction  of  the  former  may  he  arbitrary. 

Let  plate  /  turn  an  angle  dg>  about  point.  0  in  a  clockwise  direction 
(on  the  choice  of  direction  see  Art.  6.6). 

The  x-axis  of  the  graph  may  he  chosen  at  will  excepting  paral¬ 
lels  to  the  direction  of  force  P.  Thus,  in  Fig.  12.66  the  x-axis  is 
normal  to  the  line  of  action  of  force  P  while  in  Fig.  12.6c  it  lias 

been  chosen  horizontal.  The  axis  of  ordinates  must  he  ahvays  taken 

parallel  to  force  P.  The  pertinent  points  of  the  system  will  be  denot¬ 
ed  on  the  graphs  by  the  same  letters  with  a  prime  index. 

The  displacement  of  point  m  along  the  direction  of  P  will  equal 

(sec  Art.  2.6) 

6,,  —  x  dc p 
where  x  is  the  distance  of  the  line  of  action  of  the  force  to  the  centre 

of  rotation  (always  measured  along  a  normal  to  this  line,  regardless 

of  the  direction  adopted  for  the  x-axis  of  the  graph). 
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lhe  above  expression  shows  clearly  that  in  the  case  under  con¬ 
sideration  the  displacement  graph  will  form  a  straight  line  inter¬ 
secting  tlie  2-axis  at  point  O'  where  x  reduces  to  zero. 

To  the  right  of  point  O'  the  ordinates  of  the  graph  are  positive, 
as  the  direction  of  the  displacement  6P  coincides  with  the  direction 

of  the  force  P,  while  to  Lhe  left  of  this  same  point  the  ordinates 
will  be  negative,  for  this  portion  of  the  plate  will  move  in  an  oppo¬ site  direction. 

The  scale  factor  will  be  obtained  remembering  that 

6*  =  rdtf 

It  follows  that  for  x=r 

In  other  words,  the  scale  factor  is  equal  to  the  displacement,  graph 
ordinate  measured  a  distance  r  from  point  O'  (Pig.  12. Oh  and  c). 

(b)  Displacement  graph  for  two  pin-connected  plates.  Lot.  us  con¬ 
struct  Lhe  displacement  graph  for  two  plates  I  and  II  fixed  at 
points  0,  and  02  and  connected  to  one  another  by  means  of  hinge  2 
located  in  line  with  points  Ot  and  Oz  (Fig.  13.0).  As  we  know,  such 
a  system  will  he  instantaneously  unstable,  hinge  1  being  able  to 
sustain  infinitesimal  displacements  along  a  normal  to  line  0t-02, 
its  motion  involving  infinitely  small  rotations  of  plate  I  about 
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point  Oi  and  of  plate  II  about  point  02-  Having  chosen  the  r-axis 
of  the  displacement  graph  and  having  found  the  projections  of 

0,,  02  and  hinge  7  on  this  axis  we  may  proceed  with  the  construction 

of  the  graph  itself,  which  will  consist  of  lines  0\1‘  and  0'il'  inter¬ secting  at  point  V  (Fig.  13.66). 

The  scale  factor  can  be  found  assuming  either  that  the  displace¬ 

ment.  of  point  1 ,  common  to  both  plates,  is  caused  by  the  rotation 

of  plate  /  about  point  Ou  or  by  the  rotation  of  plate  II  about  point 

02.  In  the  first  case  the  scale  factor  will  be  given  by  the  length  of 

the  insert  between  the  line  bounding  the  graph  and  the  ar-axis, 
measured  along  a  parallel  to  the  direction  of  force  P  a  distance  r 

from  point  0\,  and  in  the  second  by  the  length  of  a  similar  insert 

but  measured  a  distance  rz  from  point  O'z.  If  measured  correctly, 
both  scale  factors  will  he  exactly  the  same. 

Thus  far  we  have  admitted  that:  plates  I  and  II  are  fixed  to  the 

ground  at  points  O t  and  02  which  remain  immobile,  thereby  impli¬ 
cating  the  presence  of  a  third  unmoved  plate  constituted  by  the 
ground  itself. 

In  this  respect  it  is  quite  important  to  note  that  from  the  view¬ 
point  of  theoretical  mechanics  all  of  these  three  plates  are  perfect¬ 
ly  equivalent.  Therefore,  it  is  absolutely  immaterial  which  of  the 
three  will  he  reckoned  immovable  and  no  change  whatsoever  will 
occur  in  tho  outline  of  the  displacement  graph  when  the  label 

“immobile”  is  shifted  from  one  plate  to  another. 
indeed,  if  it  were  assumed  that  plate  II  is  the  immovable  one, 

line  7 '-02  should  be  adopted  as  the  axis  of  the  displacement  graph 
and  nothing  except  the  hatching  of  the  graph  area  would  alter  as 
shown  in  Fig.  13.6c. 

The  importance  of  the  above  remark  resides  in  the  fact  that  in 
a  number  of  cases  the  construction  of  the  virtual  displacement  graph 

may  be  considerably  simplified  by  an  appropriate  choice  of  that 
part  of  the  structure  which  will  be  reckoned  immovable. 

(c)  Displacement  graph  far  a  system  of  four  plates.  Let  us  consider 
a  system  of  plates  /,  II,  III  and  IV  connected  by  means  of  hinges- 

7,  2,  3  and  4  (Fig.  14.6a),  such  systems  being  frequently  encounte¬ 
red  in  practice.  If  we  assume  that  plate  /  is  the  immovable,  points  7 

and  4  will  lie  on  the  axis  of  the  graph  (points  1'  and  4'  in  Fig.  14.66). 
Imparting  to  plate  II  an  infiniLcsimal  rotation  about  point  7  in 

a  clockwise  direction  we  shall  obtain  a  displacement  graph  repre¬ 

sented  by  the  line  l'-2'. 
In  order  to  complete  the  displacement  graph  for  plate  III  the 

displacement  of  only  one  extra  point  is  required  as  the  displace¬ 

ment  of  point  2  is  already  known  (point  2').  it  is  very  convenient 
to  adopt  as  such  the  instantaneous  centre  of  rotation  (otherwise 
called  the  instantaneous  centre  of  zero  velocity)  of  this  plate  with 
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reference  to  plate  I,  for  on  the  graph  this  point  will  necessarily 
lie  oil  the  axis  of  zero  displacements.  In  order  to  find  this  centre 
let  us  extend  the  line  1-2  until  its  intersection  with  the  line  3-4 
at  point  0±. 

It  is  easy  to  prove  that  point  Ot  constitutes  the  required  centre 
of  rotation.  Indeed,  fictitiously  enlarging  plate  Ilf  until  inclu¬ 
sion  of  point  Ot,  and  fixing  this  point  we  obtain  two  instantane¬ 
ously  unstable  systems  formed:  the  lirst,  by  plates  II  and  III. 

each  having  one  lived  point  (points  7  and  Ou  respectively)  and 

hinge-connected  at  point  2,  and  the  second  by  plates  III  and  IV 
lived  at  points  0±  and  4  and  hinge-connected  at  point  3.  Each  of 
these  two  systems  is  in  every  respect  similar  to  the  system  of 
Fig.  13.6a. 

As  living  the  point  Ot  does  not  prevent  infinitesimal  displace¬ 
ments  of  plates  //,  III  and  IV  with  respect  to  plate  /  reckoned 
immovable,  it  is  clear  that  this  point  is  in  effect  Ihe  instantaneous 
centre  of  rotation  of  plate  III.  It  follows  that  the  projection  of 
point  (9,  on  the  axis  of  the  graph  will  provide  the  extra  point  re¬ 

quired  and  therefore  line  2'-0'-3'  will  constitute  the  displacement 
graph  lor  the  plate  III.  Repeating  the  same  reasoning  for  plate  IV 
we  shall  imd  that  line  4' -3' -O'  forms  Lhe  displacement  graph  for  the latter. 
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Thus  the  broken  line  f'-2'-3'-4'  constitutes  the  entire  displacement 
graph  of  the  system  formed  by  four  hinge-connected  plates. 

If,  for  instance,  plate  IV  were  regarded  as  the  reference  one,  line 

3' -4'  would  constitute  the  axis  of  the  graph  from  which  all  the 
displacements  should  he  measured.  The  instantaneous  centre  of 
rotation  of  plate  If  would  be  located  at  point  02  formed  by  the 

intersection  of  lines  1-4  and  2-3.  On  the  displacement  graph  the 

corresponding  point  should  lie  on  the  axis  of  the  graph  (line  3' -4'), 
its  displacement  being  nil.  Points  I',  2'  and  O’z  must  also  lie  on 
one  and  the  same  straight  line,  for  all  the  three  belong  to  plate  //. 

5.(i.  DETERMINATION  OF  THE  SCALE  FACTOR 

As  already  known  (Art.  2.6),  the  displacement  in  the  direction 
of  the  force  X  equals 

bx  —  r  dtp 

whereas  the  displacement  of  any  point  of  the  plate  along  the 
direction  parallel  to  the  load  P  amounts  to 

6p  =  x  dtp 
It  follows  that  for  x=r 

dx~bp 

Thus,  the  scale  factor  may  be  obtained  by  measuring  the  ordinate 

to  the  displacement  graph  at  a  distance  r  from  the  projection  of  the 
centre  of  rotation,  where  r  is  the  lever  arm  of  the  force  X  about  this 
centre.  On  flic  graph  distance  r  must  he  always  measured  along 
a  normal  to  the  direction  of  the  mobile  load,  regardless  of  the  angle 
formed  by  the  axis  of  the  graph  and  the  direction  of  the  load  (see 
Fig.  12.6c). 

Examples  of  scale  factor  determination,  when  the  system  con¬ 
sists  of  one  or  two  plates,  were  given  in  Art.  4.6. 

There  are  several  ways  of  obtaining  the  value  of  the  scale  factor 

when  three  or  more  plates  arc  involved.  Jt  is  obvious  that  regardless 
of  the  procedure  adopted  we  must  always  obtain  the  same  results, 
lmt  nevertheless  for  the  sake  of  clarity  we  shall  denote  by  6Jx, 

etc.,  the  values  of  the  scale  factors  determined  in  different 
ways. 

Assume  that  in  Fig.  15.0a  plate  I  is  fixed  in  which  case  line  I '-4' 
in  Fig.  15.6b  will  constitute  the  axis  of  the  graph.  The  displace¬ 
ment  til*  will  be  conditioned  solely  by  the  motion  of  hinge  2,  point 
3  belonging  to  plate  /  which  is  regarded  as  immovable. 

Assume  that  the  entire  force  X  is  applied  to  plate  II  in  which 
case  the  corresponding  lever  arm  will  equal  r, .  The  scale  factor 

I  8-853 
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6,*  will  then  be  equal  to  orditiale  to  line  l'-2'  measured  a  distance  r( 
either  to  the  left  or  to  the  right  of  point  V . 

If,  on  the  other  hand,  the  force  X  were  applied  to  plate  ///,  the 
lever  arm  rz  should  be  measured  from  point  0,  and  the  scale  factor 

Fig.  1 5. 6 

d2x  would  be  given  by  the  ordinate  to  the  line  2' -S'  measured  n 
distance  r2  from  point  0\. 

Let  us  determine  the  scale  factor  63;t  assuming  that  plate  TV  is 
rendered  immovable.  In  this  case  both  points  2  and  5  will  acquire 
a  certain  displacement  and  therefore  the  required  scale  factor  will 
bo  represented  by  the  algebraic  sum 

?>3x  =  <j3x  4*  63* 

where  dj*  is  the  displacement  of  point  2  and  63*  that  of  point  5. 
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In  order  to  determine 63 x let  force  X  act  solely  on  plate  III.  In  that 

case  the  lever  arm  equals  ra  and  the  insert  between  the  axis 

of  the  graph  (line  3' -4'  in  this  case)  and  the  line  corresponding  to 
the  displacement  of  plate  III  (line  2’ -3')  measured  a  distance  rs 
from  point  3'  will  represent  63^.  It  must  he  reckoned  positive,  for 

point  2  moves  along  the  direction  of  the  force  X.  As  for  h"Jx  its  valuo 
will  be  found  by  applying  force  X  to  plate  I,  the  lever  arm  in 
that  case  equalling  r4. 

The  insert  between  the  graph  axis  and  line  l'-4'  (representing 
the  displacement  of  plate  I  with  reference  to  plate  IV)  measured 

a  distance  r4  from  point  4’  willyield  the  value  required.  This  displace¬ 
ment  is  negative  and  therefore  the  value  of  63*  will  be  found  by 
subtracting  the  length  of  63*  from  that  of  63*.  A  comparison  of  the 

three  scale  factors  obtained  appears  in  Fig,  15,6c,  If  all  the  opera¬ 
tions  were  carried  out  correctly  all  the  scale  factors  obtained  will 
be  in  strict  coincidence. 

6.6.  THE  SIGN  CONVENTION 

The  correct  determination  of  signs  will  he  greatly  simplified 
if  the  rotations  of  the  plates  were  such  as  to  ensure  in  every  case 

a  positive  displacement  along  the  line  of  action  of  the  force  X, 
for  in  this  case  the  scale  factor  6X  will  be  always  positive. 

This  will  be  fulfilled  if  the  motion  imparted  to  the  plates  coin¬ 
cides  with  the  direction  of  X.  All  the  ordinates  to  the  influence 

line  in  that  case  will  be  opposite  in  sign  as  compared  with  the  ordi¬ 
nates  to  the  displacement  graph,  since  X  is  equal  in  amount  and 

opposite  in  sign  to  [see  expression  (1.6)]. 

o.-e 

If  the  load  P  is  directed  downwards  (in  which  case  positive  dis¬ 
placements  6  „  are  laid  oil  below  the  graph  axis  and  the  negative 
ones  above  the  axis),  those  of  the  ordinates  to  the  influence  line 

which  are  above  the  x-axis  will  be  positive,  and  those  below  the 
same  axis  negative.  Vice  versa,  when  the  load  is  directed  upwards, 

positive  influence  line  ordinates  will  be  below  the  T-axis  and  nega¬ 
tive  ones  above  it. 

7.6.  EXAMLPES  OF  INFLUENCE  LINE  CONSTRUCTION 

Problem  1.  Required  the  influence  line  lor  reaction  at  B  of  a  mullispan  sta¬ 
tically  determinate  beam  shown  in  Fig.  16.Su. 

Solution.  Eliminate  the  constraint  at  the  support  B  and  replace  it  by  a  force 
X.  Impart  an  upward  motion  to  point  1  coinciding  in  direction  and  sign  with 
force  X  and  construct  the  displacement  graph  for  plate/ which  will  be  represent¬ 

ed  by  the  line  0’-l'~2'  of  Fig.  16.66.  Line  2’-3’-4'  will  correspond  to  the  dis¬ 

placements  of  plate  II  and  line  4'-5'-6‘  to  those  of  plate  III.  The  lever  arm  of  X 

18* 
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about  point  0  is  equal  to  l.  The  value  of  scale  factor  6X  will  he  given  by  the  ordi¬ 
nate  to  the  displacement  graph  at  point  1.  If  the  latter  is  adopted  for  unity  the 
influence  line  will  merge  with  the  displacement  graph. 

The  ordinates  at  points  2,  4  and  G  will  he  found  from  the  similitude  of  tri¬ 
angles 

.3  3  ,3 

y 2=+Y'  rji~ — 2  ''  ?/*==+_2' 

Positive  ordinates  are  above  the  x-axis,  negative  ones  below.  The  same  influ¬ 
ence  line  was  obtained  previously  using  statics  (see  Fig.  57 .2r). 

Problem  2.  Required  the  influence  line  for  the  shear  in  cross  soction  m-n 
of  the  beam  represented  in  Fig.  17.6a. 

Solution.  Introduce  a  movable  connection  as  shown  in  Fig.  17,66  between  the 

two  pai  ls  of  the  beam  separated  by  section  m-n  and  two  forces  X  =  Qmn  replac¬ 
ing  the  vertical  constraint  at  this  cross  section.  Select  a  graph  axis,  say,  line 

1 ■-11 '  and  mark  on  it  ail  the  fixed  points  of  the  beam  (points  1,3,  D  and  11). 
Impart  a  clockwise  rotation  to  plate  /  about  point  A  and  a  similar  rotation  to 

plate  II  about  point  B.  The  two  displacements  will  be  represented  in  the  graph 

ivy  the  lines  2'-3’-m'  and  n'-9'-{0' ,  respectively,  these  two  lines  being  parallel 
as  both  parts  of  the  beam  are  rotated  through  the  same  infinitesimal  angle  rfq. 

Mark  points  5'  and  0'  on  the  corresponding  lines  of  the  graph. 
Line  V-2‘  will  constitute  the  graph  for  plate  III,  line  for  plate  IV 

and  line  10' -11'  that  for  plate  V,  the  whole  graph  consisting  of  the  broken  line 
r-2'-5'~6’-io'-ir. 

In  order  to  determine  the  scale  factor  assume  that  plate  I  is  fixed.  Then 

<5X  will  be  equal  to  m' n'  which  will  he  regarded  as  unity 

bx  —  m,'n'  --  1 

It  is  readily  seen  that  6X  is  the  sum  of  Sx  and  6”.  The  same  influence  line  had 
been  obtained  previously  using  statics  (see  Fig.  55.2c). 
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Problem  3.  Required  the  influence  line  for  the  stress  U ,, 0  of  a  deck-bridge 
truss  of  Fig.  18. Uu. 

Solution.  Replace  upper  chord  member  4-0  by  the  stress  X  =  U&.  It  should 
1)0  noted  that  the  elimination  of  bar  4-6  does  not  entail  that  of  the  corresponding 

stringer. 

The  force  X  will  cause  a  clockwise  rotation  of  plate  I  and  counterclockwise 

one  of  plate  II.  The  corresponding  displacement  graphs  will  lie  represented  by 
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linos  .7 '-o'  and  5' -12'  (Fig.  18.66).  Projecting  on  these  lines  points  4'  and  6' 
we  obtain  the  displacement  of  joints  4  and  6  of  the  upper  chord. 

The  scale  factor  is  found  assuming  that  plate  I  is  rendered  immobile,  plate  II 

rotating  about  point  5.  Tho  lever  arm  r  of  stress  X  about  this  point  equals 

h  =  4  in  and,  accordingly,  tho  scale  factor  will  be  given  by  the  insert  between 
lines  V-5’  and  fi' -IS'  measured  vertically  a  distance  of  4 in  from  point  5’  (assum¬ 
ing  plate,  I  fixed,  line  l'-5'  becomes  the  graph  axis).  Knowing  the  value  of 
this  insert  and  reckoning  it  equal  to  unity,  it  is  easy  to  determine  tho  influence 
line  ordinate  at  tho  abutment  A.  Indeed,  from  the  similitude  of  triangles, 
!/„  ~  3.  Tho  same  influence  line  had  been  obtained  previously  (seeJFig.  71.4). 

Problem  4.  Required  the  influence  lino  for  the  stress  in  diagonal  5-6  of  a 
through  bridge  truss  shown  in  Fig.  19.6. 

Solution.  Eliminate  the  diagonal  unber  consideration  and  replace  it  by  two 
forces  X  —  D.M.  The  system  will  he  thus  transformed  into  two  plates  /  and  II 

(hatched  on  the  drawing)  connected  to  one  another  by  two  bars  .5-7  and  4-6  the 
directions  of  which  intersect  at  point  K. 

Let  plate  II  he  fixed,  its  displacements  being  in  lhatcase  nil,  the  correspond¬ 

ing  displacement  graph  6' -IS'  will  merge  with  the  z>axis  (Fig.  19.66)  and  the instantaneous  centre  of  rotation  of  plate  /  will  be  at  point  K.  The  force  X 
will  impart  a  clockwise  rotaLion  to  plate  /  about  thiscentre,  line  K'-4'  represent¬ 
ing  its  displacement  graph  while  tho  lines  4'-6'  and  5’-7’  will  represent  that  of bars  4-6  and  5-7. 
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Actually  it  is  not  the  plate  II  but  the  ground,  i.e.,  points  1  and  12,  that  should 

he  regarded  as  fixed.  Therefore  trace  line  l'-12'  and  adopt  it  as  the  final  axis  of 
the  graph. 

The  entire  displacement  graph  will  then  be  represented  by  the  broken  line 

l'-4'-C/-l 2',  the  sign  convention  stipulated  in  the  previous  section  remaining 
in  force. 

Thereafter  proceed  with  the  determination  of  tho  scale  factor.  Assuming  that 

plate  II  is  immobile  and  that  force  X  acts  on  plate  /,  the  lever  arm  r  of  this 
force  about  point  K  will  equal  20.6  metres  (see  Problem  2  in  Art.  7.4).  The  insert 

between  the  graph  axis  6”-72'  and  the  line  representing  tho  displacement  of 

plate  /  (line  V-4')  measured  at  a  distance  of  20.6  m  from  point  K'  will  provide 
tho  value  of  bx  =  1. 

Using  the  similitude  of  triangles  obtain  ordinate  pj  under  the  left-hand 
abutment 

1  _  20 . 6 

18 

wherefrom 

Tho  influence  line  thus  obtained  coincides  fully  with  that  of  Fig.  69.4  con¬ 
structed  using  statics. 

Problem  5.  Required  the  influence  lino  for  the  bending  moment  acting  ovor 

cross  section  K.  of  a  parabolic  three-hinged  spandrel  arch  of  Fig.  20.6a. 

Fig.  20.6 

Solution.  Introduce  an  extra  hinge  at  cross  section  K  which  leads  to  the 
formation  of  four  plates  I ,  IT,  III  and  IV  connected  together  by  means  of  four 

hinges  9,  K,  13  and  17. 
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Construct  the  displacement  graph  of  this  system  of  plates  using  the  instanta¬ 
neous  centre  of  rotation  of  plate  III  with  reference  to  plate  I  (point  m)  which  will 

bo  represented  by  the  broken  line  9' -K' -13' -17'  (Fig.  20, (56). 
Points  V  and  8'  are  plotled  on  the  graph  axis.  Points  2'  and  3'  are  then 

marked  on  Lhc  displacement  graph  for  Plate  II,  point  4'  on  that  for  plate  HI, 
and  points  5' ,6’  and  7'  on  that  for  plate  1  V.  Connecting  all  these  points  together 
the  displacement  graph  of  all  the  panel  points  of  the  deck  will  he  obtained. 

In  order  to  determine  tho  scale  factor  fix  piate  II  and  let  force  X  act  on 
plate  III  causing  it  to  rotato  with  reference  to  plate  II  about  the  hinge  K. 
The  lever  arm  of  force  X  may  be  taken  equal  to  1  metre. 

Tho  scale  factor  6X  will  be  given  by  the  length  of  the  segment  between  the 

graph  axis  9'-K'  and  the  line  representing  the  displacement  of  plate  III  (line 
IV -13')  measured  one  metre  away  from  point  K' . 

Knowing  the  value  of  this  segment  the  ordinate  to  the  influence  line  for 
the  bending  moment  at  the  abutment  hinge  9  will  he  found  from Vo  _ 

0*  1 
wherefrom 

ya  =  hxxk—Uk  =  7 
All  the  other  ordinates  to  the  Influence  line  will  he  readily  found  thereafter. 



7 RETAINING  WALLS  AND  EARTH 

PRESSURE  COMPUTATION 

1.7.  CKNERAL 

Retaining  walls  are  structures  intended  to  prevent  the  sliding  down 

of  slopes  too  steep  to  remain  standing  on  their  own.  Fig.  1.7  shows 

l wo  different  types  of  retaining  walls  and  a  sheet  pile-wall  which 
in  numerous  cases  may  serve  the  same  purpose. 

The  retaining  wall  shown  in  Fig.  1.7a  is  a  massive  construction, 

its  main  dimensions  b  and  h  being  of  the  same  order.  Walls  of  this 

(t>) 

Fig.  1.7 

n 

a 

i  * 

fJ.-JJ-WU.-, 

c _ 

£t 

t  i 

l 

tc) 

type  are  usually  built  of  rubble  or  mass  concrete.  They  are  subjected 

to  their  dead  weight  Q ,  the  active  and  passive  pressure  of  the  earth 
E\  and  E 2  developed  over  the  rear  and  front  faces  AD  and  CD  and 
the  reaction  CB  acting  over  the  foundation.  Retaining  walls  of 
much  lighter  construction  shown  in  Fig.  1.7b  are  usually  built  of 
reinforced  concrete  and  consist  of  a  foundation  slab  CD  and  a  ver¬ 
tical  wall  AB.  The  forces  acting  on  a  wall  of  this  type  consist  of 
the  dead  weight.  Qx,  Qz,  .  .  .,  etc.,  of  the  weight  G  of  the  column 

of  earth  resting  on  the  foundation  slab,  the  active  and  passive- 
pressure  of  the  earth  Eu  E2,  .  .  .,  and  the  reactive  forces  distri¬ 
buted  over  the  lower  surface  of  the  foundation  slab.  The  reduced 

weight  of  these  walls  renders  it  possible  to  make  use  of  prefabrica¬ 
tion  techniques. 
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Sheet  pile-walls  are  built  up  of  separate  wooden,  reinforced  con¬ 
crete,  or  steel  sheet  piles  which  are  sunk  into  the  ground  side  by 
side  using  special  equipment.  The  dead  weight  of  sheet  piles  and 
the  vertical  reaction  applied  to  their  points  are  so  small  that  they 
are  always  neglected.  Accordingly,  the  only  forces  that  must  be 
considered  are  the  active  and  the  passive  pressures  of  the  earth 
Eu  E 2,  E 3,  .  .  .,  etc.,  which  must  balauce  each  other. 

In  all  computations  pertaining  to  retaining  walls  the  depth  of 
the  structure  in  the  direction  normal  to  the  surface  of  the  drawing 
will  ho  always  taken  equal  to  one  metre.  The  design  of  retaining 

walls  and  of  sheet  piling  must  be  always  preceded  by  the  determi¬ 
nation  of  the  loads  and  forces  acting  on  these  structures  including 
the  earth  pressure  E.  Without  committing  any  serious  error,  both 
the  active  and  the  passive  earth  pressures  may  be  computed  on  the 
•assumption  that  the  earth  constitutes  a  granular  material. 

2.7.  PHYSICAL  PROPERTIES  OF  GRANULAR  MATERIALS 

Granular  materials  consist  of  very  small  solid  rounded  particles 
•and  therefore  the  only  internal  stresses  that  can  develop  in  such 
materials  are  friction  and  compression.  Dry  sand  and  grains  of  cere¬ 
als  in  large  quantities  constitute  granular  materials  which  are  as 
close  as  possible  to  the  definition  given  above.  In  the  actual  design 
■of  retaining  walls  cohesive  soils  are  frequently  met  with  but  the 
forces  of  cohesion  are  usually  neglected  and  the  soil  is  regarded  as 
•a  granular  mass. 

In  order  to  determine  the  pressure  oxerLed  by  a  granular  mate¬ 

rial  on  a  retaining  wall  the  following  physical  properties  of  this 
material  must  be  known: 

1.  Its  weight  per  cubic  metre  y  usually  given  in  tons.  This  weight 
varies  from  1.0  tons  per  cubic  metre  for  dry  sand  to  2.0  tons  per 
cubic  metro  for  water  saturated  materials. 

2.  Its  porosity  given  in  per  cent  and  representing  the  ratio  of 
nil  the  intergranular  voids  to  the  total  volume  of  the  material.  For 

■compacted  sand  t]  ~  30  per  cent,  for  loose  sand  it  is  close  to  50  per 
■cent  and  for  dry  clay  it  may  vary  from  25  to  40  per  cent. 

3.  The  weight  of  the  material  suspended  in  water  ytf  also  given 
in  tons  per  cubic  metre.  As  one  cubic  metre  of  the  material  con¬ 

tains  i]  per  cent  of  voids,  the  loss  in  weight  duo  to  its  immersion  will 
he  equal  to  the  weight  of  the  water  displaced  or,  in  other  words,  to 

( 1  Too) 

where  y,u  is  the  density  of  the  water. 
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Consequently 

7o  =  7“7»  —  iSo)  (L7) 

/(.  The  angle  ot  repose  <p  which  is  the  steepest  angle  to  the  hori¬ 
zontal  at  which  a  heap  of  this  material  will  stand  on  its  own 

(Pig.  2.7).  This  angle  is  characteristic  of  the  friction  developed 

between  the  particles  at  the  surface  of  the  granular  material  (all 
forces  of  cohesion  being  neglected). 

The  magnitude  of  the  angle  of  repose  <p  depends  greatly  on  the 
degree  of  humidity  of  the  material.  Thus 

for  dry  sand 
for  humid  sand 
tor  wet  sand 
for  dry  clay 

for  wot  clay 

9  =  30-35° 

9  =  40° 

9  =  25°
 <p  =  40-45° 

9  =  20-25° 
5.  The  angle  of  internal  friction  p  characterizing  the  friction 

between  the  inner  particles  of  a  large  volume  of  the  material.  The 
magnitude  of  this  angle  can  be  determined  experimentally  using 

a  device  schematically  represented  in  Fig.  2.7 b.  This  device  con¬ 
sists  of  a  metal  cylinder  separated  horizontally  in  two  parts  (/  and 

2 ),  a  plunger  die  3  and  a  dial  indicator  4.  The  lower  part  of  the 
cylinder  (part  i)  is  fixed  whilst  the  upper  one  (part  2)  can  move 
horizontally  under  the  action  of  a  force  T.  The  specimen  of  the 
granular  material  5  contained  in  the  cylinder  is  subjected  to  a 
constant  vertical  pressure  N,  transmitted  through  the  plunger  die 
4,  and  to  a  gradually  increasing  shearing  force  T.  The  magnitude 
of  this  force  is  registered  at  the  precise  moment  when  the  state  of 
limit  equilibrium  is  reached,  in  other  words,  at  the  moment  when 
the  first  sign  of  sliding  of  the  upper  part  of  the  cylinder  along  the 

plane  a-b  is  detected  by  the  dial  indicator  4. 
At  this  moment  the  compressive  stress  <7  acting  across  section 

a-b  is  equal  to^  while  the  shearing  stress  x  equals-^-,  F  being 
the  area  of  the  cross  section  a-b. 
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When  the  slalc  of  limit  equilibrium  is  reached,  the  resulting1 
stress  p  is  deviated  from  the  normal  to  the  plane  along  which  the 
sliding  occurs  by  an  angle  equal  lo  the  anglo  of  internal  friction 
given  by 

'f 

tan  p -= — 

1  a 

wherefrom 
t  =  o  tan  p 

The  U.S.S.R.  Building  Codes  usually  stipulate  the  following 
values  for  the  angle  of  the  internal  friction: 

for  fino  sand 

P  =
 

20-30° 

for  medium  sand 

f>  = 

30--!  0° 

for  course  sand,  gravel 
and  rounded  pebbles 

P  ~
 

'.o~ir>° for  sandy  loam 

P  = 

15-30° 

for  ordinary  loam 

P  ~ 

10-30° 

The  value  of  the  angle  of  internal  friction  in  sandy  soils  may 

be  considered  approximately  equal  to  its  angle  of  repose  q\  i.e., 

p  ̂   (p. 
6.  The  angle  of  friction  between  the  material  and  the  face  of  the 

wail  8,  which  depends  mainly  on  the  condition  of  the  surface  along 
which  the  contact  occurs.  When  the  surface  is  very  smooth  8  almost 

equals  0,  and  for  very  course  surfaces  8  may  approach  the  angle 
of  internal  friction  p.  In  actual  design  work  8  is  frequently  taken 
equal  to  zero.  Otherwise  it  may  be  expressed  as  a  fraction  of  the 
angle  of  internal  friction 

„  1  .3 
6  —  p  up  to  —  p 

7.  The  cohesion  C  which  is  usually  expressed  in  kg  per  sq  cm 

or  in  tons  per  sq  m.  In  dry  granular  materials,  such  as  sand  or 
grain,  C  is  practically  nil.  In  other  usual  soils  the  cohesion  will 
amount  only  to  a  fraction  of  a  ton  per  square  metre  and  therefore 
it  may  be  safely  neglected.  A  device  similar  lo  the  one  described 
above  can  he  used  for  the  determination  of  the  cohesion  C  which 

is  related  lo  the  normal  and  shearing  stresses  by  Coulomb’s  for- m  ula 

T  =  C-\-o  tan  p 

3.7.  ACTIVE  PRESSURE  OF  GRANULAR  MATERIALS 

The  active  pressure  of  a  granular  material  is  the  force  which  it 
will  develop  on  some  surface  when  the  latter  moves  over  a  very 
small  distance  away. 
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As  the  surface  AB  of  Fig.  3.7a  shifts  to  a  new  position  a 
part  of  the  granular  material  contained  in  the  wedge  ABC  starts 
moving  downwards.  The  surface  which  separates  the  moving  part 
from  the  one  remaining  immovable  is  called  the  cleavage  or  slip 

plane  (surface)  and  its  projection  on  the  plane  of  the  drawing— 
the  cleavage  or  slip  line.  The  paths  of  the  particles  contained  in 

the  wedge  ABC  arc  very  intricate  and  depend  both  on  the  chara¬ 
cter  and  the  magnitude  of  the  displacement  of  the  surface  AB.  The 

C 

Fig.  3.7 

directions  of  the  pressures  E  and  R  exerted  hy  the  granular  mate¬ 
rial  cannot  he  determined  with  certainly,  for  the  state  of  limit 

•equilibrium  will  never  he  reached  simultaneously  at  all  points 
along  the  surfaces  concerned  and  therefore  the  stress  will  not  he 

deviated  everywhere  from  the  normal  by  an  angle  equal  to  the 
angle  of  friction. 

The  correct  determination  of  the  pressure  developed  by  the  earlh 
against  some  surface  is  therefore  extremely  complicated  and  has 
as  yet  not  found  a  comprehensive  solution.  The  simplified  wedge 

theory  given  hy  Coulomb  (1736-1806)  is  based  on  the  following 
assumptions: 

1.  The  curved  cleavage  surface  is  replaced  hy  a  plane  whereby 
its  projection  on  the  plane  of  the  drawing  becomes  a  straight 
lino  BC. 

2.  The  granular  materials  contained  within  the  wedge  are  con¬ 
sidered  solid. 

3.  The  wedge  itself  is  in  a  state  of  unstable  equilibrium,  i.e., 
in  a  stale  preceding  immediately  its  sliding  down.  The  latter  assump¬ 
tion  permits  to  determine  the  directions  of  the  resultant  pres- 
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si  ires  E  and  R.  When  the  surface  AB  moves  away,  the  wedge  ABC 

starts  sliding  down  and  the  forces  of  friction  which  develop  along 
the  surfaces  AB  and  BC  within  the  material  will  be  also  directed 

downwards.  If  the  limit  equilibrium  is  reached  simultaneously  at 

every  point  along  the  surface  AB  the  resultant  stress  will  bo  deviat¬ 
ed  everywhere  from  the  normal  to  this  surface  by  an  angle  equal 

to  the  angle  of  friction  6  and  therefore  the  resultant  pressure  will 

also  make  an  angle  6  with  the  normal  U.  Similarly  the  pressure  R 

will  be  deviated  from  the  normal  V  by  an  angle  equal  to  the  angle 
of  internal  friction  p. 

Lot  us  determine  the  pressure  Eq  developed  against  the  surface 

AB  (Pig.  3.7b)  when  an  arbitrary  surcharge  is  applied  to  the  sur¬ face  of  the  earth. 

Assume  that  G  —  dead  weight  of  the  wedge  ABC  (G  =  area 
ABCy) 

Q  =  resultant  of  the  surcharge  acting  on  the  wedge 

Gq  =  resultant  of  the  forces  G  and  (?;  Gq  =  G-\-Q. 
Knowing  the  magnitude  of  Gq  and  the  directions  of  the  pressures 

Eq  and  B  wo  may  construct  the  triangle  of  forces  abc. 
The  angles  oF  this  triangle  are 

/_abc  =  $  —  p;  /_  cab  =  90D— e— 6  = 

/_  acb=  180°  —  (0  —  p  +  T) 

From  tli is  triangle  we  obtain 

Eq _ _ 

sin  (ft  —  p)  “  sin  [180°  — wherefrom 

Eq  =  Gq 

sin  (0 — p) 

sin  (ft-t-ip  — p) (2.7) 

This  expression  cannot  be  used  as  yet  for  the  determination  of 

the  active  pressure  Eq  for  it  contains  the  angle h  made  by  the  cleav¬ 

age  plane  with  the  horizontal  which  remains  unknown  as  well 

as  the  dead  weight  of  the  wedge  G  and  the  magnitude  of  the  sur¬ 

charge  Q ,  both  depending  on  the  angle  just  mentioned. 

When  the  angle  ft  made  by  the  cleavage  plane  with  the  horizon¬ 
tal  varies  it  entails  a  corresponding  variation  in  the  value  of  the 

pressure  Eq,  this  variation,  if  represented  graphically,  having 

the  shape  of  a  curve  shown  in  Fig.  3.7c.  When  ft  — p,  sin  (ft  —  p)  = 

=  0  and  Eq  =  0;  for  ft  =  90°+e  the  cleavage  plane  BC  will 
coincide  with  the  back  of  the  wall  AB  and  both  Eq  and  the  result¬ 

ant  Gq  will  also  reduce  to  zero. 
It  is  obvious  that  the  maximum  value  of  the  active  pressuro 

Eq  will  correspond  to  some  intermediate  value  of  ft=ft0. 
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When  designing  a  retaining  wall  this  maximum  value  oE  the* 
active  pressure  should  he  taken  into  consideration,  for  if  the  strength 

and  stability  of  the  wall  are  insured  under  these  most  adverse  con¬ 
ditions,  the  wall  will  remain  standing  for  any  other  direction  of  tho 

cleavage  plane.  The  value  of  the  angle  corresponding  to  the  maxi¬ 
mum  of  Eq  may  be  determined  from  the  equation 

The  sign  of  the  second  derivative  shows  that  the  pressure  thus  ob¬ 

tained  by  Coulomb’s  wedge  theory  is  indeed  the  maximum  one.  In 
actual  practice  the  maximum  active  pressure  developed  by  the 

earth  against  the  back  of  a  retaining  xvallmaybe  somewhat  small¬ 

er  than  Eq  max  determined  as  above.  However,  in  certain  cases  when 
the  displacement  of  the  wall  becomes  extremely  small  {for  instance, 
when  the  wall  is  founded  on  solid  rock)  the  pressure  it  will  sustain 

may  exceed  substantially  the  maximum  pressure  computed  on  the- 
basis  of  the  aforesaid  theory. 

When  the  surface  of  the  earth  is  of  irregular  shape,  the  equation 

^3  =  0  may  he  solved  only  by  graphical  methods.  If  tho  surface 

is  plane,  direct  computation  becomes  possible. 

4.7.  GRAPHICAL  DETERMINATION  OF  MAXIMUM  ACTIVE 

PRESSURE 

Cot  us  determine  the  direction  of  the  cleavage  plane  corresponding' 
to  the  maximum  pressure  developed  against  the  back  of  a  retaining 
wall  AB  when  Lhe  surface  of  the  earth  is  irregular  in  shape  but 

no  surcharge  is  applied  thereto.  Adopting  an  oblique  system  of 
coordinates  IIBD  we  shall  first  construct  the  graph  of  the  variation 

of  the  active  pressure  En  in  terms  of  the  direction  of  the  cleavage 

plane  (Fig.  4.7).  For  this  purpose  let  us  measure  to  some  scale  tho 
dead  weight  of  the  wedges  along  the  axis  BD  and  the  pressures 

En  along  the  axis  BH.  It  may  he  shown  that  the  length  of  the  line 

KnFn  will  represent  the  amount  of  the  pressure  corresponding  to 

the  direction  ot  cleavage  line  BCn.  Indeed,  the  weight  Gn  of  the 

corresponding  ABCn  will  equal 

G,,  =  YX(area  of  triangle  ABCn) 

Assume  that  BF„  represents  to  scale  this  weight.  The  line  FnKn 
parallel  to  the  axis  of  coordinates  BH  will  meet  the  line  BCn  at 
point  Kn. 

The  angles  of  the  triangle  BFnKn  are  equal  to 

EnBF n  =  fin —  P 

Z  KnFnB  =  a  =  (90 3 — e)  -F  p  — (p -|- 6)  =  90°  — e  — 5  —  ̂  
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Lot  us  now  construct  the  trianglo  of  forces  abc  in  which  the  ray 
ah  =  Gn  =  BFn  and  the  ray  ac  —  En.  Comparing  the  triangles 
abc  and  FnBK„  we  remark  immediately  that  they  are  identical 
and  therefore 

En  =  KnF n 

Thus,  in  order  to  determine  the  pressure  developed  by  a  granu¬ 
lar  material  against  the  face  AB  for  auy  given  direction  of  the  cleav¬ 
age  plane  BCn  we  must  lay  off  along  the  axis  BD  the  dead  weight 
of  the  wedge  A£Cn  {represented  by  the  length  Bfn)  and  then  trace 

through  the  point  Fn  a  line  parallel  to  the  other  axis  B II  until  its 

intersection  with  the  corresponding  cleavage  line  BCn  at  point  K„. 

The  length  of  the  line  KnFn  measured  to  scale  will  represent  the 
magnitude  of  the  pressure  En. 

if  we  repeat  the  construction  just  described  for  a  number  of  con¬ 
veniently  chosen  directions  of  the  cleavage  planes  BCt,  BC 3,  etc., 
we  shall  find  a  series  of  points  Ku  E3,  etc.  Connecting  these  points 
by  a  smooth  curve  we  shall  obtain  the  required  graph  showing  the 
variation  of  En  in  terms  of  the  angle  ft  exactly  in  the  same  way  as 
the  graph  schematically  represented  in  Fig.  3.7c.  in  order  to  Had 

the  maximum  of  En  we  may  now  trace  a  tangent,  to  the  curve  paral¬ 
lel  to  the  axis  BD  and  through  the  point  of  tangency  K  we  must 
trace  the  line  KF  parallel  to  the  other  coordinate  axis  BN.  The 

length  of  this  line  (always  measured  to  scale)  will  give  us  the  maxi¬ 
mum  value  of  the  active  pressure  E  which  will  be  developed 

against  the  hack  of  the  walMB  while  the  line  BKC  will  indicate  the 
inclination  of  the  cleavage  plane. 

The  graphical  method  described  above  remains  valid  when 
a  surcharge  is  applied  to  the  surface  of  the  earth.  In  that  case  the 
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dead  weight  of  each  wedge  should  be  increased  by  the  amount  of 
the  load  which  it  carries. 

Problem.  Determine  graphically  the  maximum  active  pressure  developed  by 
a  granular  material  against  the  surface  AB  (Fig.  5.7),  provided  p  =  40°,  o  =  5° 
and  y  =  1.0  tons  per  cubic  metre. 

Solution. 

1.  Start  with  tracing  the  coordinate  axes  BD  and  BH. 

2.  Adopt  a  number  of  cleavage  plane  directions  given  by  BC ,,  BC2,  etc. 
For  this  purpose  divide  the  lino  A  into  five  segments  each  one  metre  long  and 
select  points  Ge.  G7,  .  .  C10  equally  at  one  metre  intervals. 

Fig.  5.7 

3.  Compute  the  dead  weight  of  the  wedges.  For  the  wedge  ABCt  this  weight 
equals 

1 

Gi  =  -^-x5.35xf  X  1.6  =  4.28  tons 

The  weights  of  the  other  wedges  abutting  to  the  line  ACa  will  he  exactly  the same. 

The  weight  of  the  wedge  C$BCq  and  of  all  the  other  wedges  abutting  to  the 
horizontal  C5C)fl  will  be  equal  to 

da  — C5  =  -i-X7.8x  1  X  f. 6  =  6. 24  tons 

4.  Set  out  to  scale  along  the  axis  BD  the  dead  weights  of  the  wedges 
G j,  G2,  ...,  G 10  which  are  as  follows 

/iF,  =  G1  =  4.28  tons  BF0  —  Gq  =  27.64  tons 

B 1 2  —  Gz~  8.56  tons  BF-j  =  £7  =  33.88  tons 

GF3  =  G3  =  12.84  tons  //F8  =  G8  =  40.12  tons 

BF^  =  Gr,  =  17. 12  tons  ffFg  =  Go  =  46.36  tons 

Z?F5  =  G8  =  21.40  tons  BF10  =  Glo=52.60  tons 

I  9—853 



290 
Retaining  Walls  and  Earth  Pressure  Computation 

5.  Through  the  points  F„  Fz,  .  .  Fl0  trace  the  lines  F2K2,  .  .  . 
.  .  Fi0Kio  parallel  to  the  axis  BII. 

6.  Connect  the  points  B,  Kt . Kia  by  a  smooth  curve  thus  obtaining 
the  graph  showing  the  variation  of  the  pressure  E  developed  against  the  sur¬ 
face  AB. 

7.  Trace  the  line  TT  tangent  to  the  graph  and  parallel  to  the  axis  til). 
8.  Connect  the  point  of  tangency  K  and  the  foot  of  the  wall  B  by  a  straight 

lino  BKC  which  will  constitute  the  cleavage  lino. 

9.  Through  the  same  point  of  tangency  trace  a  line  KF  parallel  to  the  axis 
BH  and  measure  to  scale  the  length  of  this  line  which  will  represent  the  maximum 
active  pressure  developed  against  the  surface  AB 

E^-KF^  13  tons 

5.7.  PONCE  LIST'S  METHOD 

In  all  cases  when  the  surface  of  the  granular  material  and  the 

surface  AB  are  plane,  the  determination  of  the  maximum  active 

pressure  may  be  carried  out  by  a  graphical  method  devised  by 
Poncelet, 

Without  entering  into  the  theoretical  demonstration  of  this 

method  (based  equally  on  Coulomb’s  wedge  theory)  we  shall  describe 
hereunder  the  procedure  to  be  followed  when  a  uniformly  distrib¬ 
ute  b  surcharge  q  acts  on  the  surface  of  the  earth. 

Start  with  replacing  this  surcharge  by  an  equivalent  layer  of 
earth,  the  thickness  of  which  is  given  by 

This  being  done,  the  position  of  the  cleavage  plane  corresponding 

to  the  maximum  of  the  active  pressure  Eq  is  determined  as  follows. 
The  line  AB  is  continued  until  its  intersection  at  point  A  ,  with 

the  upper  surface  of  the  equivalent  layer  (Fig.  6.7).  Thereafter: 

(1)  through  the  point  B  trace  a  line  BLX  making  an  angle  p  with 
the  horizontal  and  meeting  the  upper  surface  of  the  equivalent 
layer  at  L,; 

(2)  through  the  point  At  trace  the  line  AyM  making  an  angle 

(p^-6)  with  the  surface  AtB  until  its  intersection  with  the  line 

BLi  at  point  M\ 

(3)  using  the  line  BLi  as  a  diameter,  trace  a  semicircle; 

(4)  at  point  M  erect  a  perpendicular  to  the  line  BLS  until  its 
intersection  at  point  N  with  the  semicircle  just  mentioned; 

(5)  from  point  B  swing  an  arc  with  a  radius  equal  to  BN  cutting 

the  line  B Lt  at  point  O  (BN  =  BO)\ 

(C)  from  point  0  traco  line  OC\  parallel  to  A\M  until  its  inter¬ 
section  at  point  Ci  with  AiLi\ 

(7)  the  line  BCi  connecting  the  foot  of  the  wall  with  point  C i 

constitutes  the  projection  on  the  paper  of  the  cleavage  plane. 
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This  being  done,  proceed  with  the  determination  ol  the  magni¬ 
tude  of  the  pressure  Eq  developed  against  the  surface  AD; 

(8)  from  point  O  trace  an  arc  using  OCx  as  radius  until  its  inter¬ 

section  with  line  BLX  at  point  P\ 

(9)  connect  points  Cx  and  P  hy  a  straight  line  thus  obtaining  the 
triangle  OC tP; 

(10)  through  point  C  draw  the  line  CDS  parallel  to  BL,. 

The  area  of  the  trapezoid  PRSO  multiplied  by  1  and  by  the  den - 
sity  of  the  granular  material  y  will  give-  the  magnitude  of  Eq  max  de¬ 
veloped  against  the  surface  AB. 

If  the  surcharge  q  were  nil,  it  would  suffice  to  take  ko  =  0  in 
which  case  the  line  AXCXLX  of  Fig.  6.7  would  coincide  with  the 
line  ACL  and  the  point  Ct  would  coincide  with  the  point  The 
direction  of  the  cleavage  plane  will  remain  unchanged,  as  for  the 
magnitude  of  the  maximum  pressure  it  will  be  given  by  the  area 
of  triangle  POC  (see  Fig.  7.7)  multiplied  by  1  and  by  y 

B  =y  X  (area  of  triangle  POC) 

Problem.  Required  to  determine  graphically  lire  active  pressure  developed 
against  t.he  back  of  the  wall  AB  (Fig.  7.7),  provided  h  —  5  metres,  n  =  40°, 
=  5°,  e  =•  20°,  a  --  10°,  y  =  t.6  tons  per  cubic  metre. 

19* 
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Solution.  1.  Determine  as  just  explained  llic  position  of  the  points  A,  M, 
N,  0,  C,  P. 

2.  Determine  the  position  of  the  cleavage  plane  DC. 
3.  Measure  to  scale  the  base  and  the  height  of  the  triangle  POC equal,  respec¬ 

tively,  to  3 A  metres  and  3.08  metres. 

4.  Compute  the  area  of  the  triangle  POC 

F  =— 3. 4  x  3.08=3.24  square  metres 

5.  Determine  the  magnitude  of  the  active  pressure  required 

D— 1.6x5.24  =8.38  tons 

fi.7.  METHOD  OF  DIRECT  COMPUTATION  OF  THE  EARTH 
PRESSURE 

In  order  to  compute  directly  the  earth  pressure  we  must  first 

reduce  Coulomb’s  formula  (2.7)  to  the  following  form 

£,  =  C/(ft) 
where  C  is  a  certain  factor  independent  of  ft.  Thereafter  using  the 

expression  providing  for  the  maximum  of  Eq  determine  the 

position  of  the  cleavage  plane  (angle  ft„).  Having  fonnd  this  angle, 

substitute  ils  value  in  the  expression  of  Eq  thus  obtaining  the  maxi¬ 
mum  pressure  required 

Eq  =  Cf(%) 
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Due  to  purely  mathematical  difficulties,  this  method  may  be 
applied  only  in  some  particular  cases. 

Let  us  lake  up  the  most  simple  case  when  it  is  required  to  find 
the  pressure  exerted  against  a  smooth  vertical  surface  AB  shown  in 
Fig.  8.7  (8=0  and  e  =  0),  when  the  surface  of  the  granular  mass 
is  horizontal  and  loaded  with  a  uniformly  distributed  surcharge  q 
Ions  per  square  metre. 

Let  BC  represent  the  direction  of  some  cleavage  plane.  In  that 

ease  the  dead  weight  of  the  wedge  ABC  will  be  given  by  G  — 

Fig  8.7 

=  0.5  -  AB  -AC  A  y  and  the  resultant  of  the  surcharge  acting  on 
this  wedge  by  Q  —  AC -l  -q.  The  resultant  of  G  and  Q  will  be 

Cq  =  G  +  Q  =  ̂AB  AC-y  +  ACq=\AC-y  (AB  +  2-|-) 
Substituting  in  this  expression  h  for  AB,  by  h  cotfi  for  AC  and 

h0  for-^  (where  hQ  is  the  thickness  of  the  equivalent  layer)  we 
obtain 

Gq  =  -i-  yh  ( k  -f-  2/tj)  cot  t> 

Reverting  to  the  expression  (2.7) and  replacing  "vp  =90°— e — 8  by 
90°.  the  fractional  part  of  this  expression  becomes  equal  to 

shi(ft-p)  sin  (ft  — p)  > 

Sill  (0-i-T)3  —  p)  COS(«  — p)  V' 

After  the  above  transformations,  the  expression  (2.7)  becomes 

Eq  =  ~yh  (kA-2hi))  cot  ft-  tan  (fl  —  p)  =  C-/  (0) 

C  =  -^yh{h-\-2hq)\  f  (■&)  =  cot  d-tan  (ft — p) 

where 
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The  angle  of  the  cleavage  plane  and  the  horizontal  will  be  deter¬ 
mined  using  the  equation 

^r=0or^(C'm)]- 

=C  [-iisn?tan  <»-P>  +  cot  »coS»(LP)]  “° 

Reducing  both  terms  in  brackets  to  the  same  denominator  and 
dividing  the  equation  by 

_ C _ 
sin^  ft  cosa  (it  —  p) 

we  obtain 

sin  ft -cos  ft  =  sin  (it — p)  cos  (ft  —  p) 
or 

sin  2ft  —  sin  2  (ft — p) 

The  roots  of  this  equation  are 

ft  =  n  90°-(-  ( —  l)n(ft — p) 
where  n  =  0,  1,  2,  3,  ... 

If  /i  =  0,  we  obtain  ft  =  ft  —  p  leading  to  p  =  0.  This  solution 
is  incompatible  with  the  physical  properties  of  the  granular  mate¬ 
rials  for  which  we  always  have  p  0. 
When  7i  =  l,  we  obtain  ft  =  (XT —  (ft  —  p)  leading  to  ft0  = 

-45*+f. 

For  values  of  n  greater  than  one  we  obtain  again  a  series  of  solu¬ 
tions  incompatible  with  the  terms  of  the  problem.  Therefore,  the 
only  root  of  the  equation  to  be  retained  corresponds  to  n  =  1  in 
whicli  case  the  angle  formed  by  the  cleavage  plane  with  the  horizon 
equals 

ft0  =  45°  +  |  (3.7) 
Substituting  this  value  of  ft0  in  the  expression  of  the  pressure 

we^obtain 

Eq  •=  C  ■  f  ( ft0)  =  C  cot  ( ft0)  tan  (ft 0  —  p)  =  C  cot  (45°  +  -j)  x 

X  tan  (45°— Replacing  in  this  expression  cot  by  tan  ̂45° — and 
substituting  its  value  for  C  we  finally  obtain 

E„=jyh(h  +  2h0)  tans  (45° — £.) 
(4.7) 
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If  the  surface  AB  had  a  batter  (e  =p  0)  and  were  rough  (6  0) 
and  the  surface  of  the  earth  sloped  towards  the  wall  (Fig.  9.7), 

the  magnitude  of  the  active  pressure  would  be  given  by  the  follow¬ 
ing  formula 

Eq  =  \yh{h  +  2hoKq)K  (5.7) 

,,  cos  e  cos  a 
q  ~  cos  (e  —  a) 

„  sin  (p  —  a) 
1  cos  (e — a) 

j,  _./ sin  (,p  — r 6)  cos (e — a) a~y  cos  (e-t-d)  sin  (p— a) 

K  _  r  cos  (p  s)  -]2  
1 

cosej  cos  (e  -+■  o) 

The  position  of  the  cleavage  plane  wouldjbe  determined  by 

.  x0  =  K0ki  (7.7) 

where  k,  =  ̂~e  (see  Fig.  9.7). 
The  determination  of  the  point  of  application  of  the  active  pres¬ 

sure  requires  that  the  distribution  of  the  unit  pressures  along  the 
surface  of  the  wall  bo  known. 

In  order  to  obtain  this  distri¬ 
bution  let  us  first  consider  the 
variation  of  the  aclive  pressure  Eq 
in  terms  of  the  depthy  (Fig.  10.7a). 
For  this  purpose  we  may  use 
expression  (5.7)  replacing  in  the 
latter  h  by  the  ordinate  y ,  thus 
obtaining 

Eqy  =  y  yy  (y  +  2vt,) K 

This  expression  permits  us  to 
construct  the  graph  just  mentioned 
(shown  in  Fig.  10.76)  which 
represents  the  increase  of  the 

pressure  Equ  with  the  increase  Fts-  9.7 
of  the  depth  of  the  foot  of  the 
wall.  It  is  easily  seen  that  this  graph  is  a  conic  parabola. 
When  the  depth  y  is  increased  by  dy  the  active  pressure  Eqy  is 

increased  by  dEqy.  This  increment  dEqv  is  distributed  over  an 
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elementary  area,  the  vertical  projection  of  which  is  equal  to  dy 
multiplied  by  1  (as  the  depth  of  the  structure  iu  the  direction  nor¬ 

mal  to  the  surface  of  the  drawing  is  considered  equal  to  unity). 

Thus,  the  unit  pressure  referred  to  the  .vertical  projection  of  the 
surface  it  acts  upon  equals 

P 
_dE<tv 

w—df 

or,  in  other  words,  it  equals  the  first  derivative  of  the  resultant 
pressure  in  terms  of  y. 

Differentiating  Eqy  as  indicated  we  obtain 

P<n  =  y(V  +  KKq)K  (8.7) 

This  expression  shows  that  the  unit  pressure  varies  along  the  sur¬ 
face  AB  linearly.  In  order  to  construct  the  corresponding  graph 
it  will  suffice  therefore  to  determine  the  unit  pressures  at  any  two 
points,  say,  at  A  and  at  B  (Fig.  10.7c) 

PA  =  yh0KqK;  PB  =  y(h  +  KKq)K 

Let  us  now  determine  the  vertical  distance  from  the  centroid 

of  this  graph  to  the  foot  of  the  wall,  using  for  this  purpose  the 

well-known  expression  giving  the  position  of  the  centre  of  gravity 
of  a  trapezoid 

_h  2 gx+gg 
0  3  '  PA+PB 

(9.7) 
If  wo  now  trace  a  horizontal  line  through  the  centroid  of  the  graph 

until  its  intersection  at  point  O  with  the  rear  face  of  the  wail  AB 

we  shall  find  the  point  of  application  of  the  active  pressure  Eq 
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(Fig.  10. 7a).  The  direction  along  which  the  pressure  Eq  acts  will 
form  with  the  normal  to  the  surface  AB  an  angle  equal  to  the  angle 
of  friction  6. 

Thus,  the  magnitude  of  the  active  pressure  developed  by  a  granular 
material  against  some  surface  may  be  calculated  using  expression 

(5.7);  its  point  of  application  will  be  situated  at  the  same  level  as  the 
centroid  of  the  unit  pressure  graph,  the  position  of  the  point  may  be 

calculated  using  expression  (9.7),  and  the  direction  of  the  active  pres¬ 
sure  will  form  an  angle  6  with  the  normal  to  the  surface  under  consid¬ 
eration. 

The  magnitude  of  the  active  pressure  may  also  be  determined 

with  the  aid  of  the  unit  pressure  graph.  Indeed,  from 

it  follows  that  dEqy  =  Pqydy .  Upon  integration  of  both  parts  of 
this  equation  we  obtain 

/> 

^  Pqy-
dy 

0 

The  right-hand  part  of  this  equation  represents  the  area  of  the 
unit  pressure  graph  Fig.  (10.7c).  In  other  words 

Eq=^(PA  +  PJh  (10.7) 

The  latter  expression  is  more  convenient  for  actual  computation 
than  the  expression  (5.7). 

Problem.  It  is  required  to  compute  the  active  pressure  developed  against  the 

lower  part  BC  of  the  rear  face  or  a  retaining  wall  AB  (Fig,  11.7)  if  p  =  35°, 
6  =  8°,  cc  =  20°,  e  =  10°,  y  =  1.6  tons  per  cubic  metre  and  q  =  0.8  ton  per 
square  metre.  All  the  dimensions  aro  indicated  in  the  figure. 

Solution.  Using  formulas  (6.7)  determine  h„  as  well  as  the  factors  of  the  K 
group 

ho- 

'  V 

=  0.5  m 

cos  10° -cos  20°  .... 
K.,— - tks - =  0.94 
*'  cos  10 

sin  15° 

n  9SQ 

K 

A'o 

■/ 

sin  43° cos  18°  XU. 263 

~Yl 
0.682 

951  X  0.263 =  1/2.72  =  1.05 

r  cos  25°  I 
*  1 0.906  \ 

L(1  1.65x0. 263)  cos  10°  J 
cos  18° 

ll.  434x0. 984  J 

1 
0  951 

=  0  434 
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This  being  done,  determine  the  values  of  the  unit  pressures  at  points  D 
and  C  using  formula  (8.7) 

Pb*0  1-6 (2- 5  -|-0. 5  X  0.94) 0.484  =  2.06  tons  per  sq  m 
(6.5  +  0. 5 x  0.94)  0.434  =  4.84  tons  per  sq  m 

Thevoafter  compute  the  area  of  the  graph  corresponding  to  the  lower 
portion  of  the  wall  face  RC ,  this  area  representing  the  magnitude  of  the 

Pig.  11.7 

active  pressure  required 

£•  — 4"  <2  0B-K4*8^)  4  =  13.8  tons 

f\  The  ordinate  ""of sion  (9.7) 
the  centroid  of  the  graph  will  be  given  by  the  expres- 

4  2  x  2.06  +4.84 

3  X  2.06  +  4.84 
-  =  1.73gmetres 

The  point  of  application  of  E  will  lie  at  the  intersection  of  the  horizontal 
passing  through  this  centroid  and  the  face  of  the  wall  AC.  The  direction  of  E 
will  form  an  angle  6=8°  with  the  normal  U  to  this  surface. 

7.7.  PARTICULAR!  CASESJOF  PRESSURE  COMPUTATION 

(a)  Pressure  developed  by  an  unsurcharged  granular  material 
(Fig.  12.7).  Substituting  hB  =  0  in  the  expressions  (5.7),  (6.7), 
(8.7)  and  (9.7)  we  obtain 

E=-jyh*K 

P„^yyK;  PA  =  0;  P„=yhK\  z„  =  L 

(11.7) 

(12.7) 
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The  direction  of  the  cleavage  plane  will  remain  unaltered  as  the 

factor  K0  is  independent  of  thB  intensity  of  the  surcharge  q  acting 
on  the  surface  of  the  earth. 

(b)  Pressure  developed  against  a  vertical  smooth  surface  by  a  uni¬ 

formly  surcharged  granular  material  having  a  horizontal  surface. 
This  case  was  already  considered  above  (see  expression  (4.7)1. 

Fig.  12.7 Fig.  13.7 

Hereunder  we  shall  use  the  more  general  expressions  (5.7)  and 

(6.7)  for  the  same  case.  Putting  e  =  6  =  a  =  0  (Fig.  13.7)  in  Lhe 
expressions  (5.7)  and  (6.7)  we  obtain 

...  sin  (p — a)  .  cos  8  cos  a  . 

1  cos  (e  —  a)  r  v  cos(b  —  a) 

K  ■|  /riK>'(P  +  6) costs— «)  _  , 0  V  cos  (e  6)  sin  (p  — a) 

,,  f  cos(p—  e)  I2  t  _  cos*p  t  —  sin^j) 

A  —  L(M-^o^i)c°srJ  cos  (e+6)  —  (i+sinp)S~(l-|-3inp)2  — 

=  ̂±SL  =  tan2  (45‘— 1  +sin  p  (  1 1 

With  these  values  of  the  K  factors,  the  expressions  (5.7),  (8.7) 

and  (9.7)  become 

A4  =  lyh(h+2ho)tan2  (45°— |)  (4.7) 

Pyq  =  y(y  +  h0)  tan2  (45°— j 

Pa  —  yho  tan4  (45°— j 

Pb-T/  (h  +  ho)  tan2  ̂45° — -y)  J 

».  I  OL 3  ’  Ji  +  2fc0 (14.7) 
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The  position  of  the  cleavage  plane  will  be  determined  by  laying  off 

as  heretofore  the  length  a-0  along  the  x-axis  [see  expression  (7.7)} where 

xq  ~  K0hi  —  1  X  h 

The  line  connecting  point  D  with  the  foot  of  the.  wall  repre¬ 
sents  the  cleavage  line  required.  The  angle  i>0  made  by  this  line 

Pig- H  I  Fig.  15.7 

with  the  horizontal  is  equal  to 

=  90° — /_  ABD  =  90 - 

_ gQo   180  (90^-1- p)  _  j> 

which  coincides  with  its  value  given  by  the  expression  (3.7)  found 
previously. 

(c)  The  same  case  as  in  (b)  but  without  surcharge  (Fig.  14.7).  Sub¬ 
stituting  in  the  expressions  obtained  above  ho  =  0  we  obtain 

tan*  (45°-!)  (15.7) 

—  yy  tan2  (45°— ;  P^O;  PB  =  yhtan*  (45°— (16.7) h 

z°  3 

The  position  of  the  cleavage  plane  remains  the  same  as  in  case- 
(b)  when  a  uniform  load  was  acting  on  the  surface  of  the  earth, i.  e., 
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(d)  Pressure  developed  against  a  polygonally  shaped  surface 
(Fig.  15.7). 

The  pressure  Eq  developed  against  the  upper  portion  AD  of  the 

polygonal  surface  ABB\  will  be  determined  as  heretofore  using  for¬ 
mulas  (5.7)  through  (1 0.7). 

The  pressure  developed  against  the  lower  portion  BB ,  may  be 

computed  approximately  assuming  that  this  pressure  will  be  the 
same  as  that  acting  on  an  equivalent  portion  of  a  plane  surface 

In  order  to  compute  this  pressure,  trace  through  point  B 

the  line  BD  parallel  to  the  surface  of  the  earth  and  consider  the 

weight  of  the  overlaying  portion  of  the  material  as  a  uniformly 

distributed  surcharge  of  intensity  q  =  yh'o .  The  depth  of  this  layer 
hf,  will  be  taken  equal  to  the  sum  of  the  thickness  of  the  layer  h0, 

the  vertical  projection  of  AA'  equal  to  ha  and  the  vertical  projec¬ 
tion  of  AB  equal  to  h.  Computing  as  usual  the  factors  of  the  K 

group  and  substituting  them  in  the  usual  formulas  in  which  the 
batter  of  the  wall  is  taken  equal  to  et  we  obtain 

E^±yk'(h’+2KKq)K 

P'n  =  y(y  +  K^q)  K 
P’B  =  vKKqK 

P'b-i  —  V  {h'  +  K  Kq)  &■ 

,  h'  h  -\~3hoKq 
Zo~~T  h'-\-WaKq 

The  unit  pressure  graph  for  the  case  under  consideration  is  repre¬ 
sented  in  Fig.  15.76. 

Fig.  16.7a  represents  a  more  complicated  case  which  may  be  met 
with  in  the  design  of  reinforced  concrete  retaining  walls  provided 
with  a  spur. 

The  pressure  developed  against  a  wall  of  this  type  will  be  deter¬ 
mined  separately  for  each  of  the  plane  surfaces  constituting  its  rear 
face.  Thus,  the  pressures  exerted  against  the  portions  AB  and  CD 

will  be  computed  using  expressions  (12.7)  in  which  the  ordinates 

yB  and  yc  (corresponding  to  points  B  and  C,  respec  lively)  will  be 
taken  equal  to  h  and  the  ordinate  yp  of  the  point  D  equal  to  (6  + 

+  /*().  The  factors  of  the  K  group  will  he  computed  using  formu¬ 
las  (0.7)  in  which  a  =  e  =  0;  the  unit  pressure  graph  for  both  parts 
will  be  given  by  one  common  straight  line  ab  (Fig.  16.76). 
The  magnitude  of  the  pressures  developed  against  AB  and  CD 

will  be  provided  by  the  corresponding  areas  of  the  abovo  graph 

E^\hPb 

E2‘=-jhl(Pc+Pa) 
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The  horizontal  surface  BC  is  subjected  to  the  action  of  a  verti¬ 
cal  load  G  equal  to  the  dead  weight  of  the  material  contained  in 
the  prism  ABCCi  and  equal  to G  =  hby 

There  is  no  load  applied  to  the  horizontal  surface  FD. 
As  for  the  portion  FH  it  should  be  subdivided  into  two  parts 

FG  and  GR.  point  G  being  determined  by  the  intersection  with 

Fig.  16.7 

the  face  of  the  wall  of  a  line  parallel  to  the  cleavage  plane  and 
passing  through  point  D.  The  position  of  the  cleavage  plane  is  deter¬ 
mined  using  formula  (7.7) 

x0  —  FK  —  GFKa 

The  factor  K0  entering  this  expression  will  be  computed  using 
formulas  (6.7)  putting  a  =  0  and  e  =  —  e,,  p,  S.  The  portion  FD 
will  be  subjected  to  the  pressure  developed  by  the  layer  h2  (Pig.  16.7) 
alone,  this  pressure  being  independent  of  the  weight  of  the  overlay¬ 
ing  material.  The  corresponding  unit  pressure  graph  will  bo  repre¬ 
sented  by  a  straight  line  cd ,  the  slope  of  which  is  steeper  than  that, 
of  line  ab.  At  point  G  the  unit  pressure  will  be  computed  using 
formula  (12.7)  for  ya  =  h2.  The  pressure  acting  on  the  portion 
of  the  wall  considered  will  equal 

E*  =  \KPa 
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As  for  tlie  pressure  sustained  by  the  wall  below  G  it  is  already 

dependent  on  the  weight  of  the  whole  granular  mass.  Therefore, 

when  unit  pressures  are  determined  at  points  G  and  H  we  must  adopt 

ya  =  h -)- fej T-  A|j  yn  —  k— hi-\-  k j  -i-  h3 

The  corresponding  graph  will  consist  of  a  straight  line  ef  paral¬ 

lel  to  cd  and  intersecting  the  graph  axis  at  point  a.  The  resultant 

pressure  sustained  by  portion  G II  will  therefore  be 

Et  =  Yh3{PG  +  PK) 

(e)  Pressure  developed  by  water  saturated  earth  (Fig.  17.7).  In  the 

case  under  consideration  the  rear  face  of  the  wall  AB  may  he  regard- 

Fig.  J7.7 

ed  as  subjected  separately  to  the  hydrostatic  pressure  W  and  to 

the  pressure  of  the  earth  whose  weight  is  reduced  by  the  amount  <>t 
water  expelled.  _ 

The  hydrostatic  pressure  W  can  be  found  using  expressions  («.<) 

through  (10.7)  on  the  assumption  that 

p  =  a  =  6  =  0  and  h0  =  0 
We  obtain 

AT  =  0; cose 

1 V=±yBIP 
l 

cos  e 

The  indeterminate  value  of  factor  Kq indicates  that  the  hydroslal 

ic  pressure  is  completely  independent  of  the  position  of  the  cleavage surface. 

Referred  to  the  vertical  projection  of  the  rear  lace  of  the  wall, 

the  hydrostatic  pressure  at  point  B  will  equal 

w  =  yDH  — cos  e 
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1‘he  point  of  application  of  IV  will  be  at  the  same  level  with 
the  centroid  of  the  unit  pressure  graph 

77 

3 

In  the  computations  relative  to  the  active  pressure  of  the  earth 

itself,  its  weight  per  cubic  metre  must  be  taken  equal  to  y0  instead 

of  y  fsee  expression  (1.7)]  owing  to  the  presence  of  water.  In  that 
case  expressions  (11.7)  and  (12.7)  will  give 

Pv*=y<>yK 

Pbi  =  o 
P  b  —  yohK 

The  total  pressure  sustained  by  the  wall  will  be  thus  composed 
by  the  hydrostatic  pressure  W  and  the  earth  pressure  E  computed 

with  due  regard  to  the  alteration  of  its  weight  per  cubic  metre 
caused  by  the  water. 

(f)  Pressure  exerted  by  a  layer  of  impervious  soil  surmounted  by 
water  (Fig.  18.7). 

Pressure  computations  are  very  approximate  in  this  case  and  are 
carried  out  assuming  that  the  water  acts  on  the  upper  part  of  the 
wall  situated  above  the  surface  of  the  soil  alone,  while  the  lower 

part  of  the  wall  is  subjected  to  the  pressure  of  the  earth  on  which 
the  water  acts  as  a  surcharge. 

The  hydrostatic  pressure  W  will  be  computed  as  heretofore  and 
will  amount  to 

1 1 
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Its  poiut  of  application  being  given  by 

The  vertical  pressure  developed  by  the  layer  of  water  on  the 
surface  of  the  earth  amounts  to 

<]  =  Vu  (if— h) 

the  depth  h0  of  the  equivalent  layer  of  earth  being 

VI,  (//-*) V 

As  Lho  surface  of  the  earth  is  assumed  horizontal  (a=0) 

..  _  cos  r  cos  a   , Q  —  cos  (E  — a) 

['lie  value  of  the  active  pressure  Eq,  the  values  of  the  unit 
pressures  and  the  point  of  application  of  Eq  may  be  now  found 

using  expressions  (5.7)  to  (9.7) 

Eq~±yh(h+2htl)K 

P<]v  =  V(VJrho)K 

Pn, 

Pb  -=■?(*+  K)K 

h  2Plh  +  Pn a  ‘  EBl  +  pn 

8.7.  PASSIVE  PH  ESS  lj  HE  OE  GRANULAR  MATERIALS 

The  term  passive  pressure  refers  to  the  resultant  pressure  devel¬ 
oped  by  a  granular  material  against  some  surface  when  the  latter 
shifts  over  a  very  small  distance  towards  this  material. 

The  magnitude  of  the  passive  pressure  may  be  determined  using 

the  same  wedge  theory  of  Coulomb  (see  Art.  3.7),  all  the  assump¬ 
tions  made  in  the  development  of  this  theory  remaining  valid. 
When  the  surface  AD  of  Fig.  19.7a  is  forced  towards  the  granular 

material  a  wedge  ABC  is  formed  again,  this  wedge  behaving  as  a 

solid  body  and  sliding  upwards  along  the  surface  AD  and  the  clea¬ 
vage  plane  DC.  The  forces  of  friction  which  develop  within  the 
wedge  along  the  two  surfaces  just  mentioned  are  directed  upwards. 
It  will  be  remembered  that  in  the  case  of  the  active  pressure  the 

wedge  moves  downwards,  and  the  forces  of  friction  act  in  the  same 

20—853 



306 
Retaining  Walls  and  Earth  Pressure  Computation 

direction.  When  a  state  of  limit  equilibrium  is  reached  the  passive 

pressure  E'n  (which  is  the  resultant  of  the  normal  earth  pressure 
and  of  the  forces  of  friction)  will  be  deviated  clockwise  from  the 
normal  U  to  the  surface  of  the  wall  by  an  angle  <5.  Similarly,  the 

resultant  pressure  R'q  is  deviated  from  the  normal  V  to  the  cleavage 
plane  BC  counterclockwise  through  an  angle  p  equal  to  the  angle 

of  internal  friction  of  the  material.  The  resultant  of  the  two  pres¬ 

sures  E'q  and  R'q  will  be  equal  to  the  dead  weight  G„  of  the  wedge ABC. 

The  triangle  of  forces  abc’  for  the  case  of  the  passive  pressure 
is  represented  in  Fig.  19.7b.  For  comparison  the  triangle  of  forces 
corresponding  to  the  case  of  active  pressure  is  represented  in  the 
same  figure  in  dash  lines.  It  is  clearly  seen  that  for  one  and  the 

same  position  of  the  cleavage  plane  the  passive  pressure  is  consid¬ 
erably  greater  than  the  active  pressure. 

From  the  triangle  abc’  wc  can  determine  the  magnitude  of  the 

passive  pressure  E'q 
E'a  =G. sin  (ff-*-p) q  sin  (Q  +  vp'  +  p) (17.7) 

where 

aj,'  =  90° — e-)-6 

Comparing  expressions  (17.7)  and  (2.7),  we  come  to  the  conclu¬ 
sion  that  the  magnitude  of  the  passive  pressure  can  he  computed 
using  the  expression  for  the  active  pressure,  provided  the  angles 

p  and  6  are  replaced  by  ( — p)  and  ( — 6),  which  is  easily  understood 
if  we  remember  that  the  forces  of  friction  act  in  the  two  cases  in 

opposite  directions. 
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The  angle  ft  of  the  cleavage  plane  BC  with  the  horizontal  will 
bo  again  deter  mined  using  the  expression 

The  sign  of  the  second  derivative  indicates  that  the  value  of  the 

passive  pressure  obtained  with  the  aid  of  the  above  expression 
corresponds  to  a  minimum. 

The  general  expressions  for  the  computation  of  the  passive  pres¬ 
sure  obtained  by  replacing  p  and  8  in  expressions  (5.7)  and  (6.7) 

by  ( — p)  and  (—6)  are 

=  y  yh  (A  4-  2k0Kv)  A'  (18.7) 

Pyq  —  y  ( h  -phaKq)  A  ' 

(19.7) 

The  factors  of  the  K  group  entering  these  expressions  are 

K'  —  sin  <  —(>—«)  ■) 1  _  COS(K  —  Ct) 

A'0  = 
cos  e  cos  a 

ros  —  a) 

j,'  __  sin  (p-+- 6)  cos  (e— a) 0  ~  V  cos(e  — 6)  sin(p-f-a) 

A."'  =  /  cos(p-fe)  ~|2 
 I 

V(t-i-AiA’i)  cos  t  j  cos(e  — 

(20.7) 

6) 

9  he  ordinate  of  the  point  of  application  of  the  passive  pressure 
will  be  derived  from 

_  h  2  Pa  +  Pd 
3  ’  Pa  +  P'v 

lu  case  the  rear  face  of  the  wall  is  vertical  and  smooth  and  the 

stirlace  of  the  earth  is  horizontal,  the  magnitude  of  the  passive 
pressure  can  be  calculated  using  formulas  (4.7),  (13.7)  and  (14.7) 
after  replacing  in  these  formulas  p  by  ( — p) 

E'q  =  ~yh(k  +  2h0)U^  (45° -ff)  (22.7) 

pw  =  Y(tf+*o)tan*  (4.V>+-£-)  1 

P’A  =  yh 0  tan2  ̂45® -}-•£•)  ) 

lJn  =  y  (k+  hq)  tan8  (  45" 
h  h  1-  3*o 

•  3  *  h+2h0 

(23.7) 

(24.7) 

20* 
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In  the  above  expressions  h0  is  as  usual  the  Uuckness  of  the  layer 

of  earth  equivalent  to  the  surcharge  of  itilensily  q. 

The  corresponding  position  of  the  cleavage  plane  will  he  ob¬ 
tained  by  tracing  through  the  top  of 
the  wall  A  {Fig.  20.7)  the  axis 

x’  making  an  angle  — p  with  the 
horizontal  and  by  laying  off  along 

this  line  a  length  AD'=x0  = 

=  K'tih  =  h.  The  line  BD’  will  rep¬ 
resent  the  projection  of  the  cleavage 

or  slip  plane  on  the  plane  of  the 
drawing.  For  the  sake  of  comparison 

'  we  give  again  in  the  same  figure 
the  position  of  the  cleavage  plauoiTD 

corresponding  to  the  case  of  active 

pressure. 
mg.  20.7  The  triangle  ADD'  permits  the 

determination  of  the  angle  O' 

formed  by  the  cleavage  piano  BD'  with  the  horizon 

0'  =  4f)°— £  (2.1.7) 

]  n  conclusion  it  is  worth  mentioning  that  nil  the  graphical  meth¬ 

ods  permitting  the  determination  of  the  active  pressure  remain 
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applicable  to  the  case  of  the  passive  pressure,  provided  the  angles 

p  and  6  are  replaced  everywhere  by  (— p)  and  (—6). 

Problem.  It  is  required  to  determine  graphically  the  passive  pressure  devel¬ 

oped  against  the  surface  AJi  of  Fig.  21.7,  if  A  =  5  in,  p  —  40°,  6  —  5°,  s  —  20°, 
a  =  10=,  y  =  t.C  tons  per  cubic  metre. 

Solution.  1.  Start  with  determining  the  position  of  points  A,  M,  N,  0,  D, 

0  and  P  in  a  way  exactly  similar  to  the  one  used  above  (see  Fig.  (>.7)  but  re¬ 
placing  everywhere  the  angles  6  and  p  by  — 6  and  — p. 

2.  Determine  the  position  el  the  cleavage  plane  BDC. 
3.  Measure  to  scale  the  base  and  the  height  of  the  triangle  OPC,  which  are 

equal,  respectively,  to  1 1 .0  m  and  10.7  m. 
4.  Compute  the  area  of  triangle  OPC 

71'  1 1 .0  x  10.7  =  58.85  sq  in 

5.  Determine  the  passive  pressure  oxorled  against  the  surface  AB 

£'>=1.6x58.85  =  94.2  tons 

6.  Compare  the  value  of  the  passive  pressure  thus  obtained  with  that 
of  the  active  pressure  computed  for  an  identical  case  in  Art.  5.7. 

E'  04.2  ,,  „ 



8. STRAIN  ENERGY  THEORY 

AND  GENERAL  METHODS 

OF  DISPLACEMENT  COMPUTATION 

1.8.  GENERAL 

The  stress  analysis  o[  redundant  structures  requires  that  use 

should  be  made  of  displacement  equations  in  addition  to  the  usual 
equilibrium  equations.  It  becomes  therefore  necessary  to  determine 
the  deformations  and  strains  in  differont  parts  of  the  structure. 

Moreover,  the  deflections  of  statically  determinate  structures  must 

be  also  frequently  determined,  such  structures  having  to  fulfil  cer¬ 
tain  requirements  concerning  both  their  strengLh  and  their  rigid¬ 
ity,  in  order  to  avoid  excessive  deformations  under  service  toads. 
For  this  reason  the  study  of  various  methods  of  strain  and  deflection 
compulation  for  elastic  systems  acquires  the  greatest  importance 
in  the  theory  of  structures. 

This  chapter  will  be  devoted  to  the  study  of  general  methods 
permitting  the  determination  of  the  strains  and  deflections  of 
various  framed  structures,  arches,  rigid  frames,  otc.  We  shall  start 
with  reviewing  certain  questions  concerning  the  work  accomplished 

by  the  external  forces  and  the  potential  or  strain  energy  accumu¬ 
lated  in  various  elastic  systems  during  their  deformation. 

5.8,  '.YORK  OF  EXTERNAL  FORCES 

During  the  loading  of  any  system  its  elements  aro  put  into  mo¬ 
tion,  acquiring  certain  velocities  and  accelerations.  It  is  clear  that 
the  rate  of  growth  of  the  deformations  will  increase  proportionally 

to  the  rate  of  loading,  and  if  the  latter  becomes  very  small,  the 
momentum  acquired  by  the  system  when  passing  from  one  state  to 
another  will  become  quite  negligible.  Hereafter  this  latter  type 
of  loading  will  be  referred  to  ns  statical  loading. 

In  order  to  determine  the  work  of  any  external  load  P  applied 

gradually  to  any  elastic  system  (Fig.  1.8)  we  shall  make  use  of 

Maxwell’s  principle  of  superposition,  provided  the  material  fol¬ 

lows  Hooke's  law.  Consequently,  the  displacements  suffered  by 
different  points  of  an  elastic  system  will  be  in  direct  proportion 
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to  the  loads  which  have  caused  them.  In  its  most  general  form  this 

may  be  expressed  by  the  following  equation 

A  —  aP  (1.8) 

In  this  expression  A  is  the  deformation  sustained  by  the  system 
along  the  line  of  action  of  force  P,  and  a  is  a  factor  depending  oti 

the  material  itself,  on  the  pattern  and  the  dimensions  of  the  struc¬ 
ture  and  on  the  point  of  application  of  the  load  P. 

Let  force  P  increase  by  dP\  this  will  immediately  cause  a  cor¬ 
responding  increase  of  A  by  dA.  The  work  performed  by  the  load 

P  along  the  displacement  d A,  neglecting  as  usual  the  infinitesimals 
of  the  higher  orders,  will  be 

dA  =  (P+dP)dA  =  PdA 

Replacing  dA  by  its  value  adP  (1.8)  we  obtain 

dA  =  P  dA  =>  <xP  dP 

Integrating  tbis  expression  from  zero  to  the  final  value  of  tho 
external  load,  we  obtain  the  expression  of  the  work  accomplished 
by  this  load  during  its  statical  application 

A  =  «\pdP=*-£ 0 

As  A  =  a P,  this  may  be  equally  written 

A  =  ±PA 

It  should  be  noted  that  the  direction  of  the  displacement  caused 

by  a  load  P  may  differ  from  that  of  the  load.  As  the  work  accom¬ 
plished  by  a  load  is  always  expressed  by  the  product  of  a  force  by 
the  length  of  the  displacement  measured  along  the  line  of  action 
of  this  force,  the  displacement  A  will  always  represent  the  projection 
of  the  total  displacement  of  the  load  point  on  the  direction  of  the  load. 
Thus,  for  instance,  if  a  load  P  acts  at  an  angle  (5  to  the  axis  of  a 
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beam  (l’’ig.  2.8),  the  displacement  A  will  be  given  by  the  length 
of  the  line  ab,  this  length  being  equal  to  the  projection  of  the  total 
deflection  aat  on  the  line  of  action  of  load  P. 

The  work  accomplished  by  a  couple  or  moment  3K  can  he  found 
in  the  same  way  provided  the  displacement  A  corresponds  to  that 

typo  of  loading.  It  will  be  readily  seen  that  in  this  case  A  must 

represent  the  angular  rotation  of  the  cross  section  to  which  the 
aforesaid  moment  is  applied. 

Fig.  3.  8 

Thus,  the  work  accomplished  hy  a  moment  9JI  applied  statically 
to  the  beam  of  Fig.  3.8  will  be  given  by 

A  =  y  SOW 

where  0  is  the  angular  rotation  (in  radians)  of  the  cross  section  to 

which  the  moment  9J1  is  directly  applied.  Thus,  the  work  accom¬ 
plished  by  any  external  force  applied  gradually  to  an  elastic  system  will 
be  always  given  by  half  the  product  of  this  force  by  the  length  of  the 
displacement  measured  in  the  direction  of  this  force.  The  term  force 
applies  in  this  case  to  any  external  action  including  moments, 
distributed  loads,  etc. 

As  for  the  term  displacement,  it  will  mean  the  deformation  cor¬ 
responding  to  the  type  of  action  whose  work  is  being  studiod.  Thus, 
a  linear  displacement  will  correspond  to  a  concentrated  load  P, 

ao  angular  rotation  to  a  moment  9)1  and  the  area  of  the  displacement 
graph  of  a  loaded  stretch  to  distributed  loads. 

When  a  system  of  loads  is  gradually  applied  to  a  structure ,  the  work 
accomplished  by  each  of  these  loads  will  equal  half  the  product  of  its 
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magnitude  by  the  displacement  corresponding  to  this  load  but  caused 
by  all  the  loads  in  question.  Tims,  in  the  case  of  the  beam  of  Fig.  4.8 

which  carries  two  concentrated  loads  P\  and  1\  and  which  is  sub¬ 
jected  at  the  same  time  to  the  action  of  two  moments  SDTf  and  5B?2 
the  work  of  the  external  forces  will  equal 

A  _ ■PlA)  P2\»  ,  9H2#2 

2  2  r  2  2 

The  negative  sign  of  the  Inst  term  of  this  equation  indicates  that 
the  angular  rotation  of  the  cross  section  to  which  moment  3R* 

is  applied  is  opposite  in  direction  to  the  said  moment.  Thus, 

A  =  2^  +  2^-  (2.8) 

The  work  performed  by  the  external  forces  along  the  displace¬ 
ments  caused  by  these  forces  can  bo  equally  expressed  in  terms 
of  the  stresses  (bending  moments,  normal  forces  and  shears)  which 

are  developed  in  the  cross  sections  of  the  structure  under  consid¬ 
eration.  Let  us  take  the  bar  represented  in  Fig.  5.8  and  let  us  con¬ 
sider  an  infinitely  small  length  dx  bounded  by  two  pianos  normal 
to  the  bar  axis.  Tho  whole  bar  will  comprise  an  infinite  number 
of  such  sections.  If  all  the  loads  act  in  the  plane  of  the  bar  axis, 

the  element  dx  will  be  subjected  to  a  normal  force  N,  a  bending 
moment.  M  and  a  shearing  force  Q. 

For  a  bar  as  a  whole  these  actions  constitute  internal  forces  while 

for  the  elouicnt  dx  they  may  be  regarded  as  external  loads  whose 
work  will  then  be  expressed  by  the  products  of  N,  M  and  Q  by  the 

corresponding  displacements  sustained  by  the  said  element. 
Hereunder  let  us  study  separately  the  work  performed  by  each 

of  these  actions. 

An  element  dx  subjected  solely  to  a  normal  force  N  appears  in- 
Fig.  6.8.  Tf  we  admit  that  its  left  extremity  is  held  fast,  the  right- 
hand  ono  will  move  along  the  direction  of  force  N  towards  the 
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right  over  a  length  equal  to 

where  EF  is  the  tensile  or  compressive  rigidity  of  the  bar  under 
■consideration. 

The  work  performed  by  the  stress  N  along  the  displacement  A* 
will  be  therefore  expressed  by dAs 

1  1  ..-A'  dx 
2  ~  2  ̂  EF 

An  element  dx  acted  upon  solely  by  a  bending  moment  is  repre¬ 

sented  in  Fig.  7.8.  Once  again  let  us  assumo  that  its  left-hand  extre¬ 

4 
1 _ - _ 

i 
i 

!  N 
1 
1 
r 
l 

dx 
SI 

Fig.  6.S 

mity  remains  fixed  in  which  case  the  angular  rotation  of  the  right- 
hand  one  will  bo  given  by 

A»  = 

M  dx EJ 

EJ  being  the  flexural  rigidity  of  the  bar  section  under  considera¬ 
tion.  During  its  statical  application  the  bending  moment  will 
therefore  accomplish  the  work  given  by 

dAM  —  -j  M\$  =  ~2M  ~eT 

Let  us  further  examine  the  element  dx  of  Fig.  8.8a  acted  upon 

by  a  shearing  force  Q.  If  we  fix  again  the  left  end  face  (fig.  8.8b) 
we  must  apply  to  the  right-hand  face  transversal  stresses  xdF  of 
which  the  shearing  force  Q  is  the  resultant.  In  the  case  of  pure  bend¬ 

ing  these  transversal  stresses  will  be  given  by  Zhuravsky’s  formula 

'dF  =  %dF 

where  dF  is  the  area  of  a  horizontal  elementary  strip  situated  a 
distance  y  from  the  neutral  axis,  while  S  is  the  statical  moment 
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of  that  part  of  the  cross  section  above  (or  below)  this  strip  about 

the  same  axis  (Fig.  8.8c).  The  magnitude  of  the  mutual  displace¬ 
ment  of  two  identical  strips,  one  belonging  to  the  left  end  face 
and  the  other  to  the  right  one,  will  be  equal  to  the  displacement 

Y  dx  of  the  right  end  (the  left  one  being  assumed  fixed)  and  will 
therefore  be  given  by  the  expression 

Y  dx  =  -^rdx 
where  y  is  the  angle  of  shear. 

Hence,  the  work  of  an  elementary  transversal  stress  id/1’  along 
the  displacement  y  dx  will  be  given  by 

A 

-xdF-ydx 

Integrating  this  expression  over  the  whole  area  of  the  cross 
section  F  we  obtain  the  work  of  all  the  shearing  stresses  acting 
across  this  section 

dAQ  =  l  Y^dxdF=  l  7JWdF=  l  = 
<?2  dx  f*  S2  ,,, 

—  2GJ1  J 
 62  d  '  =  1

1 
Q*dx 

2  GF 

In  this  expression  GF  is  the  transversal  rigidity  of  the  cross 

section  considered,  while  =  dF  is  nondimensional  factor 
F 

depending  solely  on  the  shape  and  size  of  the  cross  section. 

Denoting  r]  by  Av,  the  elementary  work  dAQ  will  be  ex¬ 

pressed  by 

=  |  <?*,-■}■  G%jrr, 
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In  this  expression  \tJ  may  be  regarded  as  the  mutual  vertical 
displacement  of  the  two  cross  sections  bounding  the  element  dx 
(see  Fig.  8.6b).  For  rectangular  cross  sections  the  value  of  factor 

t)  will  be  obtained  replacing  in  the  corresponding  expression  F 

by  bh.J  by^-,  and  S  by 'j  ̂   which  leads  to  q  =  1.2.  For  a 

circular  section  the  same  procedure  will  yield  whilst  for 

F 
H-  or  for  I-shaped  section  the  approximate  value  of  q  =  may 

*  IQ 

be  adopted,  Fw  being  the  cross  section  of  the  web.  If  the  elements 

under  consideration  are  actod  upon  simultaneously  by  a  normal 

stress  N ,  a  bending  moment  M  and  a  shear  Q.  the  work  accom¬ 
plished  by  each  of  these  actions  along  the  displacements  caused  by  the 
two  other  ones  will  remain  nil.  Consequently,  the  total  work  will 
be  expressed  by 

dA  =  dAy  +  dAM+  dAQ=±{N^+M^+Q^r\) 

Integrating  the  expression  of  dA  over  the  whole  length  l  of  each 
bar  constituting  the  structure  and  summing  up  the  results,  wc  obtain 
the  following  expression  which  permits  the  computation  of  the 
work  of  external  forces  expressed  in  terms  of  the  internal  ones  for 
the  whole  structure 

which  may  be  written  as  follows 

i  i 

.  v  P  M»th  ,  v  P  N*dx  ,  „  P  Q*dx 
A  =  *  J -2ET  +  1'  i  W  +  *  \ 0  0  0 

(3.8) 

(4.8) 

In  Lhe  expression  (3.8)  the  letters  M,  N ,  and  Q  represent  the  inter¬ 
nal  forces  acting  over  a  cross  section  situated  a  distance  x  from 

the  origin  of  coordinates,  while  the  terms  and 
Ct/  Jir  Lir 

are  the  corresponding  displacements  of  the  clement  dx  of  the  bar. 

The  above  two  expressions  permit  the  computation  of  the  work 
accomplished  by  the  loads  in  terms  of  the  internal  stresses  devel¬ 

oped  under  the  action  of  these  loads.  Expression  (4.8)  shows  that 
the  work  of  the  external  loads  will  be  always  positive. 
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3.8.  STB  A  IN  ENERGY 

During  tlio  loading  of  a  body  the  external  forces  accomplish 
a  certain  amount  of  work  part  of  which  may  be  used  to  overcome 
the  internal  friction,  to  alter  the  temperature  or  the  magnetic 

properties  of  the  material,  etc.  in  the  materials  usually  consid¬ 
ered  as  elastic  this  part  of  the  work  is  negligible  and  therefore  wo 
may  admit  that  all  the  work  of  external  forces  is  transformed  in 

that  case  into  potential  or  strain  energy.  The  latter  is  accumulat¬ 
ed  in  the  body  under  consideration  during  the  period  of  increas¬ 
ing  strains  and  deformations  caused  by  these  forces.  When  the 
body  is  unloaded,  this  energy  is  restituted  as  work  accomplished 
by  the  internal  stresses.  As  no  energy  is  ever  lost,  we  may  say  that 
all  the  work  A  accomplished  by  the  external  forces  is  transformed 
into  strain  energy  W  or,  in  other  words,  that 

A=W 

Substituting  in  this  equation  the  value  of  A  given  by  the 

expression  (4.8)  we  obtain 

W  = 

Wdz  , 

2EJ  
“r 

:V2  dx 

‘JLEF 

(Adx 

2Gr^ 

(5.8) 

The  analysis  of  this  expression  leads  to  the  following  conclusions: 
1.  The  strain  energy  is  always  positive,  for  the  above  expression 

contains  the  values  of  the  internal  forces  M ,  N  and  Q  in  the  second 

power. 
2.  The  strain  energy  is  expressed  by  a  homogeneous  function  of 

the  stresses  or  strains  in  the  second  power,  the  strains  being  directly 
proportional  to  the  stresses. 

3.  The  strain  energy  accumulated  under  the  action  of  a  certain 
system  of  forces  is  not  equal  to  the  sum  of  strain  energies  due  to 

each  of  these  forces  separately  and  therefore  the  principle  of  super¬ 
position  is  no  longer  valid.  This  follows  from  the  fact  that  the  strain 
energy  is  a  function  of  the  second  power  of  the  stresses  M,  N  and 
Q  and  that  the  square  of  a  sum  is  never  equal  to  the  sum  of  the 

squares. 
4.  The  strain  energy  accumulated  in  a  body  is  independent  of 

the  sequence  in  which  (he  external  forces  are  applied,  the  final 
values  of  the  stresses  M,  N  and  Q  being  independent  of  this  sequence. 

Consequently,  the  strain  energy  depends  only  on  the  final  state 
of  an  elastic  body. 

Statement  3  can  be  confirmed  by  the  following  example.  Lot 

us  consider  three  different  ways  of  load  application  to  the  elastic- 
bar  shown  in  Pig.  9.8<z,  viz.: 
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(1)  loading  by  a  single  force  P j  (Fig.  9.8 &), 
(2)  loading  by  a  single  force  P2  (Fig.  9.8c), 
(3)  simultaneous  loading  by  both  forces  P,  and  P2  (Fig.  9.8d). 
The  strain  energy  accumulated  in  the  first  two  cases  as  given  bv 

expression  (5.8)  amounts  to 

Wi  = 

P'xl 2EF w. PH 2  EF 

In  the  third  case  it  will  be  given  by 

w  =  (pi+p&1  _  I1L  .  Zli  ,  pM 
3  2EF  2EF~r2EF~t  EF 

Comparing  1F3  with  the  sum  {W{  +  W2)  we  note  that  the  sum 
of  strain  energies  due  to  each  of  the  forces  separately  is  not  equal 

to  the  strain  energy  due  to  the  simultaneous  action  of  the  same 
forces.  Indeed 

w3=wt+wt+Z$ 

For  a  better  understanding  of  the  above  equation  let  us  imagine 
that  at  first  load  Pt  is  increased  gradually  from  zero  to  its  final 
value  and  then  remains  constant  while  load  P2  slowly  reaches  its 

full  value  in  the  same  way.  ft  is  clear  that  the  application  of  load 
jP2  will  cause  the  end  of  the  bar  to  move  downwards  an  amount 
p-l 

■jjjr,  and  that  during  that  time  the  load  Pj  (assumed  constant)  will 

perform  the  work  equal  to  P'PJl. 

Thus,  the  last  term  of  the  expression  for  W3  gives  the  value  of 
the  work  performed  by  the  load  Pt  when  its  point  of  application  is 

shifted  by  force  P*  (or  vice  versa,  if  the  sequence  of  loading  is  in¬ 
verted). 

The  above  example  shows  clearly  that  the  principle  of  superpo¬ 
sition  docs  not  apply  to  the  computation  of  the  strain  energy  accu- 
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mulated  in  an  elastic  body  for  otherwise  the  terms  of  the  equation, 
taking  care  of  the  work  accomplished  by  one  part  of  the  loads  along 
the  displacement  caused  by  the  other  part  of  the  loads,  would  be 
completely  lost. 

Problem  1.  Required  to  determine  tlio  strain  energy  accumulated  by  an  end- 
supported  beam  of  rectangular  cross  section  (its  width  and  depth  equalling 

b  and  h,  respectively),  tho  beam  being  loaded  by  a  couple  2B  acting  at  its  right- 
hand  exlremity(Fig.  10.8a). 

Solution.  Draw  the  bending  moment  and  tho  shearing  force  diagrams  as 
shewn  in  Fig.  10.86  and  c  (normal  stresses  in  this  particular  case  hoing  nil). 
The  magnitude  of  these  stresses  in  any  cross  section  will  be  given  by 

M  = 

and 

Introducing  these  values  in  the  expression  for  the  strain  energy  (5.8)  we 
obtain 

l  t 

C  0 2  pej  y  + o 

95?* 

+  2 liCF  n S 
Let  us  compare  now  the  magnitudes  of  tho  strain  energies  due,  on  the  one 

hand,  to  the  shearing  forces  and,  on  the  other,  to  the  bending  moments.  For 
this  purpose  let  us  replace  G ,  F,  J  and  q  by  their  values  corresponding  to  a  cross 
section  of  rectangular  shape 

G—(tAE,  F=bh, J 
12 and  q  =  1.2 
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This  leads  to 

...  3K*/  f2  .  1.2  \  2W*1T<  ,  3  (  M21 

21  I  2 Ebh*  +0AEbh\  Ebh*  L  ‘  4  U  j  J 

TIr*  second  term  in  brackets  represents  the  relative  value  of  llie  strain  energy 

due  to  the  shearing  forces.  Tills  term  is  directly  proportional  to  the  ratio  — 

where  h  is  the  depth  of  the  cross  section  and  l  is  the  span  of  the  beam. 
Hence,  the  influence  of  the  shearing  forces  will  drop  rapidly  with  the  dorroaso 

of  tlris  ratio.  When  the  ratio  is  equal  to  j-  (beams  with  a  greater  ratio  are  seldom 
met) 

W'  = 
2WH 

Ebh3 

(1  \  0.03) 

ft.  follows  that  in  the  ease  under  consideration  the  strain  energy  due  to  the 
shearing  forces  constitutes  about  3  per  cent  of  tho  total  energy  accumulated. 

I  ii  the  case  of  beams  mot  with  in  actual  practice  for  which  the  rat  io  -j  is  usually 
much  smaller,  the  influence  of  the  shearing  forces  becomes  quite  negligible. 

Problem  2.  Required  to  determine  tho  strain  energy  accumulated  in  the  truss 
of  Fig  11.3,  all  the  elements  of  this  truss  having  the  same  cross  section  F. 

Solution.  As  the  bending  moments  and  shearing  forces  remain  nil  in  all  tho 

bars  of  the  truss  and  as  the  normal  stresses  A’  and  the  rigidities  EP  remain  con¬ 
stant  over  the  whole  length  of  each  bur,  expression  (5.8)  giving  the  amount  of 
the  strain  energy  accumulated  becomes 

t 

o 

dx=Zi 

N*  l 2EF 
(0.8) 

In  ill  is  expression  .V  —  total  direct  stress  in  each  ol  the  bars  caused  l»y  the 
system  of  loads  applied 

l  =  length  of  the  bar. 
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The  sign  2  shows  that  the  summation  of  the  energies  must  be  carried  over 

all  the  bars  of  tho  tr  uss.  Of  course,  those  bars  which  remain  idle  may  be  neglect¬ 
ed,  the  product  TV2/  remaining  always  nil  when  N  —  0. 

In  the  case  of  trusses  ana  similar  structures  strain  energy  computations 
lioiild  he  carried  out  in  tabular  form  as  indicated  hereunder. 

Table  1.8 

Bar  No. 
Total  stress 

:V* ,  tons 

jV* 

l,  m 

1-2;  OS 

T
*
 

5 
4 

2-4;  4-0 

S'* 

5 

VI 

1-3;  3-6 2P 

Apt 

4 

10/* 

5-7:  7-8 

2-3;  6-7 0 0 3 0 

2-5;  5-0 

-V 
'£pt 

30  1 

5 

125
 

30 

4-6 p 

Pt 

6 

0  pt 

The  last  column  of  the  Table  contains  the  values  of  NH  for  each  bar  of  the 

truss.  Summing  up  all  those  values  and  dividing  the  result  by  2EF  (E  boing 
expressed  in  tons  per  sq  m  and  F  in  sq  m)  wo  shall  obtain  the  value  of  the  strain 
energy  accumulated  in  the  whole  of  the  truss 

H'  =  (2f  p»+2'JH  P*+10/>»x4+Ox*+2  g  _^=83  1,  ̂ 

4.8.  THEOREM  OF  RECIPROCAL  WORKS  (THEOREM  OK  BETTY) 

Let  us  consider  two  different  slates  of  the  same  elastic  system 
in  equilibrium  and  let  us  assume  that  in  the  first  stale  the  system 
is  acted  upon  by  a  single  statically  applied  load  Pt  and  in  the  se¬ 
cond  l>y  a  statically  applied  load  P2  (Fig.  12.8). 
We  shall  denote  by  Amn  the  deflection  sustained  by  any  point 

of  the  system,  the  first  of  the  index  letters  m  indicating  the  direc¬ 
tion  of  the  deflection  and  the  second  n  the  number  of  the  load  which 
has  caused  this  deflection.  Thus,  will  indicate  the  deflection 
along  the  line  of  action  of  load  m  caused  by  the  load  n.  When  the  body 
is  acted  upon  by  a  moment,  A„,T1  will  represent  an  angular  rota¬ 
tion  expressed  in  radians.  The  action  n  may  consist  also  of  several 
concentrated  loads,  moments  or  combinations  of  distributed  loads. 

♦ 

♦Tho  compulation  of  stresses  N  has  not  been  included  in  the  above  Table. 

21—853 



322  Strain  Energy  Theory  and  Methods  of  Displacement  Compulation 

In  the  ease  under  consideration  the  various  displacements  An6B 
are: 

An  -  deflection  along  the  direction  of  load  P,  due  to  the  same 
load 

AI2  =  deflection  along  the  direction  of  load  P,  due  to  the  load  P2 
A21  —  deflection  along  the  direction  of  load  P2  due  to  the  load  Pj 
A 22  —  deflection  along  the  direction  of  load  P2  duo  to  the  same 

load. 

These  four  deflections  are  clearly  shown  in  Fig.  12.8. 
Let  An  he  the  work  performed  by  load  P,  along  the  direction 

of  this  same  load  (in  other  words,  the  work  corresponding  to 

state  I).  Lot  also  j422  he  the  work  performed  by  the  load  P2  along  the 
deflections  corresponding  to  state  II. 

Expression  (2.8)  leads  to  the  following  values  of  the  work  cor¬ 
responding  to  each  of  these  states,  provided  the  loads  are  applied 

gradually piAn  . 

2  ’ 

An 

P2  A  22 

2 

This  work  could  also  be  expressed  in  terms  of  the  internal 

forces  acting  in  the  beam  (see  expression  (4.8)1 

(  i 
IV?  dx 
IFF 

QU* 

2  CF A 
0 
l 

• 

(7.8) 
jV|  dx 

Qi  dx 

2  EF 2  GF A 

o  > 
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323 Let  us  assume  that  the  same  system  is  loaded  in  the  following 
sequence:  first,  load  1\  (Fig.  13.8)  is  increased  gradually  from  zero 
to  its  final  value;  the  deflections  sustained  hy  the  system  and  the 
stresses  developed  in  that  case  will  be  exactly  the  same  as  those 
corresponding  to  state  I  of  Fig.  12.8a.  In  particular,  the  deflection 
under  load  P,  will  equal  An  and  the  work  performed  by  this  load 

during  its  application  will  amount  to  A  n  =  After  that  let 

load  P 2  increase  in  the  same  way.  This  will  entail  Lhe  development 
of  additional  sLresses  and  deflections,  these  stresses  and  deflections 
being  equal  to  those  sustained  by  the  system  in  state  II  of  Fig.  12.86; 

Elastic  carve  due  Elastic  curve 
to  P,  and  Pz  due  to  P, 

Fig.  13.8 

thus  the  additional  deflection  at  the  point  of  application  of  load  P, 
will  equal  A,2.  As  the  load  Pt  did  not  vary  during  the.  application  of 
load  Pz  it  will  travel  downwards  a  distance  equal  to  the  additional 
deflection  Als  performing  the  work  A12  =  PiA,2;  at  the  same  time 

load  P. j  will  perform  the  work  A22  =  ft  follows  that  the  total 

work  accomplished  during  tho  loading  of  the  system  first  by  load 
P{  and  next  by  load  P2  will  equal 

A  =  An  +  Au-AM  =  ?£li  +  Pt\tt  +  ?2l2  (8.8) 

At  the  same  time  the  work  performed  by  loads  /-%  and  P2  may 
be  expressed  (see  Eq.  2.8)  by  half  the  product  of  each  of  these  loads 

by  the  total  deflection  along  the  direction  of  this  load  (Fig.  14.8). 

a  I4j|  4-ii2)  ,  P2  ( A2i  -1-  Ajj) 
A - - 2 - H - - - 

Equating  the  above  two  expressions  we  obtain 

|  7>  V  t  P2&22  I  A|1 Aj2)  ,  P2  (A2I  -p  A22) 

-2-  +  ̂ ,A,24 - 2~ - 2 - *■ - 2 - 

wherefrom 

P  jA)2  —  P  jA2| 

21* 
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The  product  P iA12  represents  the  work  AIZ  performed  by  load 

Pi  (corresponding'  to  state  I  of  Fig.  12.8a)  along  the  deflection 
caused  by  load  P 2  following  the  direction  of  load  Pt  (state  IT  of 

P, 
1*2 

|  &11  +  &
17 

"  "" 

Fig.  ly.ft 

Fig.  12.8b).  In  Lhe  same  way  P2 A2I  represents  the  work  Az,  per¬ 

formed  by  load  Pz  of  state  II  along  the  deflection  following  the  lino 
of  action  of  this  load  caused  by  load  Pt  of  slate  I, 

Consequently 

Au*-Atl  10.8) 

The  same  rosulL  would  he  obtained  if  the  body  under  considera¬ 

tion  were  acted  upon  by  any  number  of  concentrated  or  distrib¬ uted  loads  or  moments. 

Thus,  lhe  work  performed  by  the  actions  of  state  J  along  the  deflec¬ 

tions  caused  by  the  actions  corresponding  to  state  II  is  equal  to  the  work 

performed  by  the  actions  of  state  II  along  the  deflections  due  to  the 

actions  of  stale  I .  all  the  deflections  being  measured  iu  lhe  direction 

of  the  satd  actions. 

Let  us  express  now  the  work  .-1 12  in  terms  of  the  bending  moments, 

normal  stresses  and  shears  developed  in  the  iirst  and  in  the  second 
slate. 

From  expression  (8.8)  we  obtain 

Ai2=A-AH-A„  (1U.«) 

Here  A  represents  the  total  work  produced  by  loads  l\  and 

P2  along  the  displacements  due  to  these  same  loads.  Using  expres¬ 

sion  (4.8),  this  work  may  he  expressed  by 
i  i  i 

„  ?  (AtiH  -W2)2  <tr  ,  v  (*  (Ni  +  Nifi  dx  ,  v  ?  (Ci-K^i-rf*  „  ,1 1 

2^7  rZ'i  2  EF  _r“lJ  1  V 
0  1)^ 

In  tikis  expression  ilft.  and  Qi  are  respectively  the  bending 

moments,  the  normal  stresses  and  the  shears  developed  in  the 

members  of  the  system  under  consideration  due  to  (be  application 

of  load  while  M2,  A\  and  Qz  are  those  due  to  the  application 
of  load  Pz. 
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The  sums  (A/,  rMg),  (Nt  +  N2)  and  (Qi-rQi)  represent  the 
total  resultant  stresses  in  cross  sections  due  to  the  combined  action 

of  both  loads  Pt  and  P2. 

Introducing  the  value  of  A  given  by  expression  (11.8)  into  expres¬ 

sion  (10.8)  and  using  the  values  of  A u  and  A  22  derived  from  equa¬ 
tion  (7.8)  we  obtain 

(M  ,  + 
2EJ (JV.+A’^-A'i-AI 

(gi  MfcP-gf-Pt 

20  /■' 

T)  (Jz wherefrom 

Alt  =  2  jAf,- 
(12.8) 

In  this  expression  each  of  the  terms  preceded  by  the  integral  sign 

may  be  considered  as  the  product  of  a  total  stress  (say,  the  bending 
moment  Mx)  due  to  the  actions  of  state  I  and  the  total  strains  of 

the  element  dx,  say,  J^r.  due  to  the  actions  of  slate  II. 

3.8.  THEOREM  OP  RECIPROCAL  DISPLACEMENTS  (THEOREM 
OF  MAXWELL) 

Let  us  take  up  once  again  two  different  states  of  one  and  the 

same  system,  the  first  slate  corresponding  to  the  application  of  a 
unit  load  Pi  and  the  second  to  that  of  a  unit  load  P2  (Fig.  15.8). 
Hereafter  we  shall  use  the  sign  5  to  indicate  the  displacements 
(strains,  angular  rotations  or  deflections)  caused  by  unit  loads 
f  -  1  or  unit  moments  =  1,  in  order  to  distinguish  them  from 
those  due  to  loads  or  moments  of  arbitrary  magnitudes  which  shall 

bo  denoted  by  A.  Thus,  621  will  indicate  the  displacement  duo  to 

tho  unit  load  P j  along  the  direction  of  load  P2  whilst  6!2  will  indi¬ 
cate  the  displacement  along  the  line  of  action  of  load  P i  due  to  the 
application  of  load  unity  P2. 

In  the  preceding  article  we  have  shown  that 

P  1^12  —  P  2^21 

As  Pi  —  P2=  l,  this  expression  becomes 

81S  —  6S| 

Generalizing  we  may  write  for  any  unity  actions 

3  ran  =  Ol(.m 
(18-8) 
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J  lie  expression  thus  obtained  is  the  algebraic  expression  of 
Maxwell's  theorem  which  runs  as  follows:  in  any  elastic  system  the 

State  I 

Fig.  15.8 

displacements  caused  by  a  load  unity  along  the  line  of  action  of  another 

load  unity  are  always  equal  to  the  displacement  due  to  this  second  load 

unity  along  the  line  of  action  of  the  first  one. 

Equation  (13.8)  will  obviously  remain  true  oven  when  loads  Px 

and  P2  have  arbitrary  hut  equal  values.  In  this  case  the  said  expres¬ 
sion  will  become 

(14.8) 
An  illustration  of  Maxwell’s  theorem  is  afforded  by  the  example 

of  Fig.  1(5.8.  In  state  I  the  beam  with  a  built-in  end  is  acted  upon 
by  a  unit  load  Pt  while  in  the  second  one  by  a  unit  moment  5)1. 

The  rotation  V)0  due  to  the  unit  load  Px  must  be  numerically 
equal  to  the  deflection  yi  due  to  the  moment  9)1,  i.e.,  0„  =  yi. 

Let  us  compute  now  the  values  of  and  of  yi  using  one  of  the 
procedures  developed  in  the  treatises  on  the  strength  of  materials. 

In  stale  I  (Fig.  16.8a) 

and  in  state  II  (Fig.  16. 8b) 

y<- *  r_»*  + 

Pa*\ 

2  ) 
 ~ 

Pa 

BJ 

(t-fll*- 

1 _ 

2 J 
Since  9)1  -  P  =  1 
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The  strains  and  displacements  caused  by  nondimensionai  unit 

loads  P  =  1  and  moments  SR  =  1  differ  in  their  dimension 

from  the  usual  strains  and  deflections. 

Indeed,  the  dimension  of  a  displacement  caused  by  a  unit 

load  is  given  by  the  ratio  of  a  displacement  to  the  action  which 

has  caused  it.  Thus,  in  the  previous  example  the  angle  of  rotation 

produced  by  a  nondimensional  load  unity  P  =  1  (which  is  en¬ 

tirely  different  from  a  load  equal  to  1  ton  or  1  kg)  will  bo  expressed 

ft)  Slate  II 

i 

Fig.  16.  8 

in  kg"1.  Similarly  the  deflection  produced  by  the  unit  moment 

9J1  =  1  will  also  be  expressed  in  cm  per  kg-cm  or  kg-1;  in  other 
words,  its  dimensionality  will  be  exactly  the  same  as  that  of  an 

angular  rotation  duo  to  a  unit  load. 

6.8.  METHODS  OF  DISPLACEMENT  COMPUTATION 

Let  us  consider  two  different  states  of  one  and  the  same  system. 

In  its  first  state  the  system  is  acted  upon  by  any  number  of  loads 

and  moments  whose  values  may  be  chosen  at  will  (Fig.  17.8a)  and 

in  the  second  state  by  one  single  load  unity  (Fig.  17.8fc). 

Let  us  compute  the  work  produced  by  the  load  unity  P 2  along 

the  displacement  A21  due  to  all  the  actions  of  state  I 

=  P2&2 1  —  1A2i  —  A21 
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This  same  work  is  expressed  in  terms  of  the  internal  stresses 
using  formulas  (9.8)  and  (12.8)  becomes 

4»-*j»*Ttr+*i*nlr+*Jfc%ri  <im) 
(The  dashes  placed  over  Mz,  N2  and  Qz  indicate  that  these  stresses 
are  due  to  a  load  unity.) 

Thus  the  displacement  caused  by  any  combination  of  loads  may 
he  expressed  in  terms  of  the  stresses  developed  by  the  said  combi¬ 
nation  and  by  those  duo  to  a  load  unity.  The  lino  of  action  of  this 

fat  Actant  slate  (state  I) 

i 

i 

I 

{ 0  i  Unit  stale  (state  ID 

Fig.  17.8 

load  unity  must  coincide  with  the  direction  of  the  displacement 
under  consideration. 

When  a  linear  displacement  is  required  (say,  a  deflection  at  any 

point  of  the  system)  the  load  unity  must  be  a  concentrated  nondi- 
mensional  load  acting  at  this  particular  point.  If,  on  the  other 
hand,  it  is  required  to  find  the  angular  rotation  of  a  certain  cross 
section,  the  unit  action  must  he  a  nondimonsional  concentrated 

moment  applied  to  this  section. 

Hereafter  we  shall  refer  to  that  state  when  a  single  load  unity 
is  applied  to  the  system  as  the  imaginary  or  unity  slate ,  while  the 
ease  when  the  same  system  is  acted  upon  hy  the  combination  of 
actions  effectively  applied  will  be  referred  to  as  the  real  or  actual 

state.  In  the  same  way  the  term  unit  graph  or  unit  diagram  will 
refer  to  the  graphs  of  the  stresses  developed  under  the  action  of  a 
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load  unity,  these  stresses  being  denoted  by  M,  N  and  Q  ,wlnle 
the  diagrams  of  stresses  due  to  the  actions  effectively  applied  will 
be  termed  actual  or  real  graphs  and  the  corresponding  stresses  will 
be  designated  by  Mp,  Np  and  Qp. 

In  certain  cases  it  becomes  more  convenient  to  use  alphabetical 
indices  in  expression  (15.8)  instead  of  the  numerical  ones  (say  'm 
and  n,  or  p  and  k).  The  expression  becomes  in  this  case 

A™,  =  2  $  Mm  +  2  l  Nm  %  +  n  (16.8) 
0  0  0 

where  Amn  is  the  displacement  along  the  line  of  action  of  load 
unity  Pm  due  to  the  actions  applied  in  reality  and  belonging  to 
the  group  n. 

When  the  cross  sections  of  all  the  members  remain  constant,  the 
expression  16.8  may  be  rewritten  as  follows 

tp—  ,  1 _  i  _ 

Amn  —  E  yj  ̂  MmMn  dx- f- 2  -yp  ̂  N mN „  dx-\-H  ̂   QmQt  I  dx  (17.8) 0  0  0 

The  three  expressions  (15.8),  (16.8)  and  (17.8)  are  frequently 

referred  to  as  the  general  displacement  equations  or  Mohr's  equations. 
For  the  computation  of  displacements  with  the  help  of  these 

expressions  the  following  sequence  will  bo  adopted: 
1.  In  the  first  place  determine  the  stresses  Mn,  N„  and  Qn  due 

to  the  applied  loads  for  an  arbitrary  cross  section  in  terms  of  its 
abscissa  x. 

2.  Apply  a  unity  action  at  the  cross  section  whose  deflection  or 

angular  rotation  is  required,  a  concentrated  load  corresponding 
to  a  deflection  or  any  other  translation  and  a  moment  to  an  angular 
rotation. 

3.  Compute  the  stresses  Mm,  Nm  and  Qm  due  to  this  unit  action 
for  the  same  cross  section  situated  a  distance  x  from  the  origin  of 
coordinates. 

4.  In  trod  lice  the  values  of  the  stresses  Mn ,  A'„  and  Qn  as  well 
as  those  of  Mm,  Nm  and  Qm  in  one  of  the  three  expressions  (15.8), 
(16.8)  or  (17.8)  and  integrate  along  all  the  elements  of  the  entire 
structure.  When  the  displacement  Amn  thus  obtained  is  positive, 
its  direction  coincides  with  that  adopted  for  the  unit  action  and 
when  it  is  negative,  it  is  opposite  to  the  one  adopted  for  the 
unit  action. 

In  the  design  of  the  redundant  structure  it  is  sometimes  required 
to  find  the  mutual  displacement  of  two  preselected  points.  In  that 
case  a  system  of  two  unit  loads  of  opposite  direction  should  be 

applied  along  tho  direction  of  the  displacement  required,  those 
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unit  loads  being  replaced  by  unit  moments  when  the  displacement 

in  question  is  an  angular  rotation.  Thus,  if  it  were  required,  for 
instance,  to  find  the  increase  in  the  distance  between  points  C  and 

D  of  the  portal  frame  appearing  in  Fig.  18.8a,  unit  loads  acting  along 
the  line  CD  should  he  applied  to  both  of  these  points  as  indicated 
in  Fig.  18.8k.  All  the  computations  will  be  carried  out  thereafter 

using  Mohr's  formula  in  the  sequence  _mentioned  abovo,  keeping 
in  mind  that  the  stresses  Mm,  Nm  and  Qm  will  be  those  developed 
under  the  simultaneuos  action  of  both  load  unities  just  mentioned. 
If  the  displacement  obtained  is  positive,  its  direction  coincides 

with  the  one  adopted  for  the  load  unities,  in  other  words,  the  dis¬ 
tance  between  points  C  and  D  will  increase.  If,  on  the  contrary,  the 
displacement  obtained  were  negative,  it  would  mean  that  points  C 
and  D  are  brought  closer  together. 

The  relative  angular  rotation  of  two  cross  sections  of  some  struc¬ 
ture  may  bo  calculated  in  exactly  tho  same  way.  In  the  oxample 
just  mentioned  two  unit  moments  should  be  applied  in  that  case 
to  points  C  and  D,  these  moments  acting  in  opposite  directions 
as  shown  in  Fig.  18.8c.  As  for  the  computations  themselves,  they 
will  not  differ  in  auy  respect  from  those  just  described  for  the  case 
of  a  linear  translation. 

In  the  majority  of  cases,  only  one  term  of  Mohr’s  formula  has 
to  be  retained.  Thus,  if  the  structure  works  mainly  iu  bending 

(this  l>eing  generally  the  case  for  rectilinear  beams,  portal  and 
building  frames  as  well  as  for  flat  arches)  it  will  suffice  to  use  only 
the  term  containing  bending  moments.  Similarly  when  the  members 
of  the  structure  work  mainly  in  direct  tension  or  compression,  as 
is  the  case  for  all  the  hinged  systems,  both  terms  depending  on  the 

bending  moments  and  shears  may  be  neglected  without  any  appre- 
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ciable  reduction  in  the  accuracy  of  the  results  obtained.  Tn  all 

that  follows,  with  the  exception  of  a  few  specified  cases,  we  shall 

always  neglect  the  influence  of  normal  stresses  and  shears  on  the  deflec¬ 
tion  of  rectilinear  beams  and  rigid  frames. 

If  the  element  under  consideration  is  a  curved  bat-  whose  radius 
of  curvature  is  at  least  ten  times  as  great  as  the  depth  of  its  cross 

section,  Mohr’s  formula  for  rectilinear  bars  may  be  used,  provided 
the  length  of  the  straight  element  dx  is  replaced  by  the  length  of 
the  arch  ds.  The  influence  of  normal  stresses  and  shears  may  be 
usually  neglected. 

Problem  t.  Determine  the  deflection  of  an  end-supported  beam  of  constant 
cross  section  acted  upon  by  a  concentrated  load  Pn  at  midspan  (Pig.  19.8«). 

All  the  three  terms  of  Mohr’s  formula  should  be  used. 

Solution.  Tin;  imaginary  state  of  this  beam  will  correspond  to  tho  applica¬ 
tion  of  a  concentrated  load  unity  in  tho  direction  of  the  deflection  required 
< Fig.  19.86).  The  normal  stresses  will  remain  constantly  nil  and  therefore 

.Mohr's  formula  will  become 
i  t 

Amn  ~  2  J  MnMn  dx  +  Z  JjL  jj  QmQn  dx  -  A T  A?m 

0 

is  the  deflection  in  pure  bending  (i.  e.»  due  solely  to  the  bending  moments) 
whilst 

i 

0 

i>  the  part  of  the  total  deflection  caused  solely  by  the  shearing  forces. 

For  all  the  cross  sections  of  the  beam  to  the  ieft_of  point  C  the  bending 

moments  M„  and  Mm  and  tho  shearing  forces  Q„  and  Qm  arc  given  by 

The  corresponding  graphs  are  given  in  Fig.  19.8c,  d,  c  and  f.  Introducing 
these  values  into  the  expressions  giving  the  two  different  parts  of  the  total 
deflection,  we  obtain 

1,-2 

0 

P„l3 

ASEJ 

I  2 C  1 
mn  GF  h  2 

o 

Pr.nl 
AGF 
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The  beam  being  symmetrical  about  a  vertical  axis,  we  may  integrate 
only  along  one  ball  of  its  length,  say,  the  left  one.  The  total  deflection 
will  bo  given  by 

Fig.  19.  S 
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that  id  the  load  unity  (if  a  negative  value  were  obtained,  it  would  indicate  that 
the  beam  is  deflected  in  the  opposite  direction). 

Let  us  now  determine  the  relative  importance  of  both  parts  of  the  total 
deflection,  the  one  duo  to  the  bending  moment  and  the  other  due  to  the  shears. 
Let  the  cross-sectional  dimensions  of  the  beam  be  h  and  h  with  h  —  0.1  l. 

^7fLU  Pni\mEJ  _12 t\EJ 

PnlMFG  ~  l*FG 

J  run 

Replacing  in  the  above  expression  /,  F,  rj  anil  G  by  the  following  values 

'-tSt-iSsb-  F=bh~r»'  ^1-2  »nd  c-0.« 
we  obtain 

^/nn  12  X  1-2  x  A'/W3  X  10  3 
12,000  X(!X  u.4col  100 

umn 

It  follows  that  the  deflection  produced  by  the  shears  amounts  to  3  per  cent  only 
of  that  part  of  the  deflection  produced  by  the  bending  moments. 

The  influence  of  the  shears  will  decrease  together  with  the  ratio  —  ,  and  for 

h  —  we  have  already 

20  J 
ASn  3 

*»  400 

It  is  obvious  that  in  the  great  majority  of  cases  the  term  A®n  may  be 

completely  neglected  by  comparison  with  tlio  term  Thus  we  obtain 

the  well-known  expression 
Amn 

Pnl3 

"  48£/ 

Problem  2.  Compute  the  vortical  deflection  Ac  of  point  C  of  a  liniforiuiy  load¬ 
ed  beam  built-in  at  its  left  end  (Fig.  20.8a). 

Solution.  The  bending  moment  curve  due  to  the  uniformly  distributed  load 

is  represented  in  Fig.  20  86.  The  magnitude  of  the  bending  moment  at  any  cross 

section  a  distance  x  from  the  right-hand  end  of  the  beam  equals  —  ̂j-  .  The  imagi¬ 
nary  state  will  correspond  to  the  application  of  a  concentrated  load  unity  at 
point  C,  its  direction  coinciding  with  that  of  the  deflection  required,  i.o.,  being 

vertical  (Fig.  20.8c).  The  diagram  of  the  bending  moments  Mm  induced  by  the 
load  unity  Pm  is  represented  in  Fig.  20. 8d.  it  is  clear  that  this  moment  will 
differ  from  zero  only  at  the  cross  sections  of  the  beam  situated  to  the  left:  of 

point  C  ̂at  —  <£ 1  <1  l  j  where  its  amount  will  be  given  by  Mm—  —  — g- j  . 
Neglecting  the  shears  and  integrating  the  term  depending  on  the  bending 

moments  from  -g-to  l  (A/m  remaining  constantly  nil  to  the  right  of  section  C) 
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wo  obtain,  using  expression  (17.8i, 
i  ( 

*C=4l  l  -UmUndx=-±j  \ 12  12 

f  ̂.-^dr.-M--— V  = 
2EJ  ,)  {  2  }  2EJ  U  G  )i  £ 2  2 

q  pJ  2'  (l/2)«  u  (U2)*n 
~2EJ  L  4  6  4  0  J 

17r//» 
jf  I’roblcm  3.  Determine  the  maximum  translation  ol  point  A  belonging  in  the 
neutral  axis  of  a  curved  beam  as  well  as  the  angular  rotation  ol  the  cross  section 

passing  through  this  same  point  (Fig-  21. 8n). 
Solution.  The  influence  of  the  shears  and  normal  forces  being  negligible  and 

the  direction  of  the  translation  remaining  unknown,  we  shall  compute  separate¬ 
ly  its  horizontal1  and  vertical  components  induced  by  the  bending  moments. 
The  total  value  of  the  displacement  will  be  found  thereafter  in  the  usual  way 

The  magnitude  of  the  bending  moment  induced  at  any  section  by  the  load  7* 
is  given  by 

Mp  —  PR  sin  rp 
In  order  to  detormino  the  horizontal  component  Alr  of  Die  total  displacement 

let  us  apply  at  point  A  a  horizontal  load  unity  as  indicated  in  Fig.  21.8b. 
Tho  value  of  the  bending  moment  induced  in  this  case  by  the  load  unity  will 
constitute  for  any  section 

„V,  =  1. it  sin  cp  =  f?  sin  ip 

Remembering  that  </»•=/? rfrp,  Mohr’s  formula  (lG.8i  becomes 

''  q  M  pM  |  ds  a 
i,i’=  ]  IT 

q>=G  D 

PR  sin  ip  R  sin  if  ft  dtf 
IT 

sin2  ip  dip PH 3  (  (p  sin  2<f'  \  « 

EJ  \~2  4  in- 

nPH* 

2EJ 

The  value  o[  the  displacement  thus  obtained  being  positive,  its  direction  will 

coincide  w>ilh  that  adopted  for  the  load  unity  in  Fig.  21.8/>. 
Let  us  compute  now  the  vertical  displacement  of  this  same  point  A . 

For  this  purpose  we  shall  apply  a  vertical  load  unity  as  indicated  in  Fig.  21.8c. 
In  that  case  the  bending  moments  induced  by  the  load  unity  become 

M 2=  —  l’H  (1  —  cosrp)=  —  R  (l— cosrpi 

Using  once  again  expression  (1G.8)  we  obtain 

p  MpM 2  os  p  Rl>  Sin  9  I  —it  (1  —cos  rpll  R  rfrp 

A2''~  d  EJ  ~  \  EJ o=o  o 
a  n 

— sintpdtp  |- 

^  Sliirpcosipdgj  =  — 

2  PR* 

o 

EJ 
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Ttiis  displacement  being  negative,  point  A  must  travel  -n  a  direction 
opposite  to  the  one  selected  for  the  loud  unity,  i.e.,  upwards.  The  total 
displacement  of  point  A  will  be  given  by 

A  a  =  V  Ain  t"  A2p  = 
/nPRiyi  , 

/  2PR->\2 

V  2EJ  )  1 
l  EJ  ) 

El  V  4  ’ Tiie  angular  rotation  A3J)  of  cross  section  A  will  bo  obtained  applying  to  the 

said  cross  section  an  imaginary  unit  moment  jws  (Fig.  21. 8d).  Ill  that  case  the 
bending  moments  induced  in  the  beam  will  remain 
constant  and  equal  to  unity.  Consequently,  tho 
angular  rotation  of  cross  section  A  will  bo  given  by 

As. 

<P=5Jl 

v=o 

EJ 

PR  sin  <p-1  •/?  dip  2 PR* 

EJ  ~  EJ 

The  direction  of  this  rotation  will  coincide 
with  that  of  the  unit  moment,  which  means  that 
tho  cross  section  will  turn  counterclockwise. 

Problem  4.  Determine  the  angular  rotation  or 
the  free  end  C  of  a  knee  frame  appearing  in 

Fig.  22.8  Fig-  22.8. 
Solution.  Apply  to  section  C  of  ihe  knee  frame 

a  unit  moment  M  tending  to  turn  this  section  in 
the  direction  of  the  rotation  required.  In  that  case  the  normal  forces  and  the 

shears  throughout  the  structure  will  remain  constantly  nil  and  Mohr’s  for¬ 
mula  will  comprise  one  term  only  depending  on  the  bending  moments  even  if 
it  were  desired  to  account  for  ail  the  stresses  induced  in  the  structure. 

Actual  slate  Imaginary  stale 

Draw  the  two  bending  moment  curves,  one  for  the  distributed  loads  q  effec¬ 
tively  applied  and  one  for  the  imaginary  unit  moment  M ■  Those  two  curves  are 
given  in  tig.  23  8a  and  b,  respectively.  Analytically  the  values  of  the  bending 
moments  for  both  cases  will  be  given  by: 

for  the  upright 

M and  =  —  I 
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for  the  horizontal  beam 

M»  =  — and  Mm  =  —  1 

Introducing  these  values  in  expression  (16.8)  %ve  obtain 

.  f  1  qx2  ,  ,  P  1  tfff2  ,  2</a3 

T'ZTk+S  7  ■■EJdz+Wj  A 

7.8.  TEMPERATURE  STRAINS 

Mohr’s  formula  (16.8)  may  bo  written  as  follows 

A  mn  — 2  ¥) M m'Xpn  -f  2  ̂  ArmA#n  -f"  2  ̂  Qm&yn  (18.8) 

where  A,n  =  =  mutual  angular  rotation  of  the  two  end  faces 

of  clement  dx  induced  by  the  applied  loads 
*  dx 

Axn  =  ~Ep  =  mutual  linear  displacement  of  the  same 
faces  along  the  axis  of  the  element. 

A ,m  il=  their  mutual  displacement  in  the  direction 

normal  to  the  axis  of  the  member  (see 
Art.  2.8). 

In  this  transcription  Mohr’s  formula  may  be  utilized  not  only 
when  the  displacements  A,„,  Axn  and  AJ/n  of  an  element  dx  are 
induced  by  stresses  themselves  due  to  a  system  of  external  loads, 

but  also  in  the  event  the  strains  are  due  to  a  change  in  tempera¬ 
ture.  Consequently,  this  expression  may  serve  for  the  solution  of 
problems  connected  with  thermal  expansions  and  contractions. 

Assume  that  the  temperature  of  the  top  fibres  of  element  dx  has 

been  raised  by  ti  and  that  of  the  bottom  ones  by  f2  (Fig.  24.8).  As¬ 
sume  also  Lhal  within  the  body  itself  the  temperature  varies  linearly. 

The  expansion  of  the  lop  fibres  of  the  element  dx  will  equal  atidx 
and  that  of  the  bottom  fibres  at2dx  where  a  is  the  coefficient  of 
thermal  expansion.  In  the  case  of  a  symmetrical  cross  section  the 

expansion  at  midheight  will  equal  half  the  sum  of  the  expansions 
of  the  extreme  fibres 

A  xn=Z±h+Mdx 

The  mutual  angular  rotation  of  the  two  cross  sections  bound¬ 
ing  this  element  will  be  given  by 

A  vn  =  Avl^ZSh-.t?)dx 211—853 
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As  the  rise  of  temperature  will  lead  to  no  vortical  displacements 

of  the  element  dx  the  term  A);n  will  remain  nil. 

Introducing  the  above  values  into  formula  (18.8)  wc  shall  obtain 

the  expression  permitting  direct  computation  of  strains  and  de¬ 

flections  arising  from  temperature  changes* 
i  1  _  * 

/ 
 (19.8) I  0  0 

lit  this  expression  the  sign  2  indicates  that  the  summation  must 

be  carried  over  all  the  members  of  the  system. 

it  is  obvious  that  only  those  members  which  have  been  submit¬ 

ted  to  a  temperature  change  must  be  taken  into  consideration, 

for  rectilinear  or  polygonal  bars  of  constant  cross  section  the  cor¬ 

responding  integrals  may  be  computed  as  the  areas  hounded  by 

the  diagrams  of  unit  stresses,  which  permits  to  reduce  the  above 

expression  to  the  following  form  which  is  extremely  convenient 

for  practical  design 

Ami  =2a  h=L*Q-  +  Za (20.8) 

Here  and  indicate  the  areas  bounded  by  the  M  and  V 

curves.  When  the  cross  section  is  nonsymmetrical  about  its  ̂neutral 

axis  the  term  must  be  replaced  by  +  where  y  is  the 

distance  of  the  lower  fibre  to  the  gravity  axis. 

♦This  expression  will  be  valid  only  if  the  change  in  temperature  and  the 

height  of  the  cross  section  do  not  vary  within  tho  length  of  eacli  particular 
member  forming  tho  structure. 
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The  signs  of  all  the  terms  appearing  in  the  above  formula  will  be 
obtained  as  follows:  when  the  strains  of  element  dx  induced  both 

by  the  variation  in  temperature  and  by  the  load  unity  arc  of  the 
same  direction  the  corresponding  term  of  the  equation  will  be 
positive;  if  it  were  otherwise,  the  term  would  he  negative. 

In  the  computation  of  thermal  displacements  the  strains  and 

deflections  produced  by  the  shearing  forces  may  no  longer  be  neglected 
for  their  relative  value  may  be  quite  appreciable. 

Problem.  Required  the  vertical  displacement  of  point  C  of  the  knee  frame 

appearing  in  Fig.  22.8,  when  the  indoor  temperature  rises  by  fO*C,  the  outdoor 
temperature  remaining  constant  (Fig.  25. 8o). 

Solution.  Apply  a  load  unity  along  the  direction  of  the  displacement  requi¬ 

red  and  draw  the  corresponding  M  and  N  curves  (Fig.  25.86  and  <•).  The  areas 
bounded  by  these  curves  will  amount  to 

SI—  =  1  •  a  =  a 

At 

Ujj  =  y  +  aa  = 
 1.5a2 

Let.  us  also  compute  the  terms  depending  directly  on  Iho  temperature 
change 

h  +  h  0-t-10  r 

2  ̂   2  =” 5 I  h  —  *2 1  =  1 0 — 10 1  =  10 

It  should  be  observed  that  the  last  term  representing  the  total  change 
in  temperature  must  be  always  taken  in  absolute  value  regardless  of  its  sign. 

It  should  also  be  noted  that  an  increase  in  the  indoor  tempera  line  leads  to 
an  extension  of  the  inner  fibres  of  the  knee  frame  while  the  unit  load  shown 
in  Fig.  25.8  causes  their  contraction.  Consequently,  that  term  of  the  equation 
which  accounts  for  the  bending  moments  wilt  be  negative.  The  same  will  apply 

22* 
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to  the  term  accounting  for  the  normal  stresses,  for  an  increase  in  temperature 

leads  to  an  extension  of  the  upright  while  the  load  unity  adopted  entails  its 
contraction.  Consequently 

„  a* 
Amt  -  —  ocm— 15“  — 

8.8.  DISPLACEMENT  COMPUTATION  TECHNIQUES 

In  a  number  of  cases  displacement  computations  may  be  sim¬ 

plified  very  considerably  by  the  introduction  of  a  special  technique 

for  the  calculation  of  the  integrals  belonging  to  the  type  MmMndx*. 6 

We  shall  name  this  technique  the  graph  multiplication  method 

for  it  is  based  on  the  fact  that  the  expression  preceded  by  the  sign 

of  the  integral  contains  the  product  of  two  ordinates  to  the  M,n 

and  M„  curves.  This  technique  will  apply,  provided  at  least  one 

of  the  curves  (say,  that  of  .'!/,„)  reduces  to  a  straight  line.  The  other 

diagram  may  be  bounded  by  any  curve  or  broken  line.  The__ordi- 

nate  to  any  straight  line  may  be  always  expressed  by  Mm  = 

=  x  tan  «;  the  meaning  of  x  and  a  being  clearly  shown  in 

Fig.  26.8.  _ 

Introducing  this  value  of  Mm  into  the  integral  under  conside¬ 
ration.  we  obtain 

i  1  ' 

'v  MmMn  dx  —  tan  a  ̂  xMn  dx  =  tan  a  ̂  x  dQn 
o  o  l 

where  M„dx  =  dQ»  represents  the  differential  of  the  area  Qn 

bounded  by  the  M„  curve  (Fig-  26.8). 

Consequently,  the  expression  ̂   xdQ„  represents  the  statical 

moment  of  the  graph  area  about  the  O-O'  axis  (Fig.  26.8). 
It  is  well  known  that  this  statical  mornenl  may  he  expressed  by 

t 

^  x  dQ„ 
 = 

o 

•The  same  technique  will  apply  to  similar  integrals 
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xc  representing  the  abscissa  of  the  graph  centroid.  It  follows  that 

^  MmM}l  dx  =  xu  tan  aQ„.,  but  since  xc  tan  a  =  i/c  we  obtain  finally o 
i 

^MmMndx*=Q.nyc  (21.8) o 

Hence,  the  product  of  the  multiplication  of  two  graphs,  one  of  which 
at  least  is  bounded  by  a  straight  line,  equals  the  area  bounded  by  the 

graph  of  arbitrary  outline  multiplied  by  the  ordinate  yc  to  the  first 

graph  measured  along  the  vertical  passing  through  the  centroid  of  the 
second  one.  This  product  will  be  reckoned  positive  when  the  graph 
of  arbitrary  outline  and  the  ordinate  to  the  rectilinear  graph  are 
both  of  the  same  sign  and  negative  when  the  two  are  of  opposite 
sign.  This  procedure  has  been  suggested  in  1925  by  Prof.  A.  Vere¬ 
shchagin  when  ho  was  still  a  student  of  the  Moscow  Railway  Trans¬ 
port  Institute  and  therefore  in  the  U.S.S.R.  this  method  is  known 

also  as  Vereshchagin’s  method. 
It  should  be  noted  that  the  left  part  of  expression  (21.8)  differs 

from  Mohr’s  integral  by  the  absence  of  the  factor  ~  .  Hence  the 

result  of  the  graph  multiplication  carried  out  by  Vereshchagin's 
method  must  be  later  divided  by  EJ. 

It  should  be  always  kept  in  mind  that  the  ordinate  yc  must  be 
measured  on  the  graph  bounded  by  a  straight  line.  If  both  of  the 
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graphs  were  bounded  by  straight  lines  the  ordinate  ijc  could  be 
measured  on  any  one  of  the  two.  Thus,  if  iL  were  required  to  find 

the  product  of  the  graphs  for  M,  and  Mk  of  Fig.  27.8a  one  could 

either  multiply  the  area  Qf,  bounded  by  the  Mi  curve,  by  the  ordi¬ 

nate  yh  measured  along  the  vertical  passing  through  the  centroid 

of  this  area  to  the  Mi,  curve,  or  else  one  could  multiply  the  avea 

Q„,  bounded  by  the  Mh  curve,  by  the  ordinate  .p,  measured  to  the 

M,  curve  along  the  vertical  passing  through  the  centroid. 

When  a  trapezoidal  graph  has  to  be  multiplied  by  another  graph 

of  the  same  shape,  it  is  convenient  to  subdivide  one  of  the  two 

into  two  triangles  as  indicated  in  Fig.  27.86  and  to  multiply  there¬ 
after  the  area  of  each  of  these  triangles  by  the  ordinate  to  the 

other  graph  measured  along  the  vertical  passing  through  the  cen¬ 
troid  of  each  of  these  triangles. 

Thus,  in  the  case  just  mentioned  we  would  obtain 
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The  same  procedure  could  he  followed  if  each  of  the  two  graphs 
consisted  of  two  triangles  of  opposite  sign  (Fig.  27.8c).  One  of  the 
two  graphs  could  be  replaced  by  Uvo  triangles  ABC  and  ABD  the 

ordinates  to  which  would  remain  of  the  same  sign  along  the  whole 
length  of  the  graph.  The  introduction  of  two  additional  triangles 
CBK  and  A KD  would  have  no  effect  on  the  final  results  for  their 

ordinates  are  equal  in  value  and  opposite  in  sign. 
Multiplying  the  graphs  of  Fig.  27.8c  we  would  obtain 

al  /  bl\  ,  .  al  bl 

Ty0+(- y)  (-y»)=Tya+^yb 
When  one  of  the  graphs  is  bounded  by  a  conic  parabola,  the  area 

of  this  graph  should  he  subdivided  into  two  triangles  and  a  para¬ 
bolic  segment.  It  will  be  remembered  that  a  parabolic  graph  is 

peculiar  to  Lhe  uniformly  distributed  loads  and  that  the  ordinate 

to  the  centre  of  the  parabolic  segment  is  always  equal  to  —  . 
O 

It  may  happen  that  both  graphs  are  irregular  in  shape  but  one 
of  the  two  is  bounded  by  a  broken  line.  In  this  case  both  graphs 
should  be  subdivided  into  a  number  of  portions  so  that  in  each  of 

them  at  least  one  of  the  graphs  should  be  bounded  by  a  straight 
line.  Thus,  if  it  were  necessary  to  multiply  the  two  graphs  repre¬ 
sented  in  Fig.  28.8a  and  b ,  both  should  be  subdivided  into  two 
parts,  the  result  of  their  multiplication  being  given  by  the  sum 
^i!/i  +  £2|>j/2- 

One  could  also  subdivide  these  graphs  in  throe  portions  as  indi¬ 

cated  in  Fig.  28.8c  and  d.  In  that  case  the  result  of  their  multipli¬ 
cation  would  be  given  by  Q,j/(  +  Q2y2  +  Q3y3. 

Vereshchagin’s  method  requires  the  rapid  evaluation  of  graph 
areas  of  different  shape  and  the  determination  of  the  position  of 
their  centroid.  Table  2.8  represents  the  areas  and  the  centroid 
positions  for  various  graphs  and  is  intended  to  facilitate  these 
computations. 
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Table  2.8 

Table  3.8  gives  the  values  of  Mohr’s  integrals  ̂   M , M >,dx  com¬ 
puted  for  various  graphs  of  different  outline.  This  table  will  be 
of  considerable  help  in  the  compulation  of  displacements. 

Vereshchagin’s  method  is  particularly  well  tit  for  the  computa¬ 
tion  of  the  deflections  of  beams  and  framed  structures,  the  different 

spans  or  members  of  which  do  not  vary  in  their  rigidity.  Should 

this  rigidity  vary  along  an  element,  the  product  EJ  would  have 
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to  remain  under  the  integral  sign  which  would  make  Vereshcha¬ 

gin’s  method  inapplicable.  It  would  then  become  necessary  to  cal¬ 
culate  analytically  Mohr's  integrals  or,  if  an  approximate  solu¬ tion  were  deemed  sufficient,  all  the  members  of  the  structure  could 
be  fictitiously  replaced  by  other  ones  whose  rigidity  would  vary 
by  increments. 
The  deflections  of  hinged  structures  are  computed  using  only 

that  term  of  Mohr's  equation  which  takes  into  account  the  normal 
stresses.  It  will  be  remembered  that  bending  moments  and  shears 
remain  nil  in  all  the  members  of  this  class  of  structures.  Conse¬ 

quently,  Mohr’s  formula  reduces  to 

a  _ y  f  y  ̂ n  dx 
£*mn  —  "  \  •*»  m  £  p 

0 

The  integrals  must  be  calculated  separately  for  the  whole  length 
of  each  member  of  the  structure  whereafter  all  of  the  values  of  these 

integrals  must  be  summed  up.  In  the  great  majority  of  cases  the 

normal  stresses  Arm,  N„,  the  cross-sectional  area  F  and  Young’s modulus  E  will  remain  constant  within  the  limits  of  each  member 
in  which  case  the  above  expression  becomes 

=  =  (22.8) 

Thus  the  computation  of  the  deflections  of  trusses  and  similar 
N  N 

structures  reduces  to  the  summing  up  of  the  products  "  l  calcu¬ 
lated  separately  for  each  bar.  These  computations  should  be  car¬ 
ried  out  in  tabular  form. 

9.8.  EXAMPLES  OF  DISPLACEMENT  COMPUTATION  USING 

VERESHCHAGIN’S  METHOD 

Problem  1.  Required  the  deflection  of  point  C  of  the  beam  appearing  in 
Fig.  19.8a.  The  effect  of  both  bending  moments  and  shears  should  bo  account¬ 
ed  for.  i  ,  ^ 

Solution.  The  imaginaryStalc  of  the  beam  ns  well  as  the  graphs  of  the  stres¬ 
ses  induced  by  the  load  Pn  and  by  the  unit  load  Pm  are  represented  in  Fig.  19.86, 

c,  d.  e  and  /.  Using  Vereshchagin’s  method  we  find 

A  =.JL  ?n!  L  1  1  I4.2I  Pn  ±  1  P
nla  ,  Pnr\l 

mn  EJ'  4  223*4'  GF  "2  2  2  48 EJ  ̂   4  GF 
This  result  coincides  exactly  with  the  one  obtained  in  Art.  6.8  by  direct 

integration. 

Problem  2.  Required  the  horizontal  displacement  of  point  C  of  the  portal 
frame  shown  in  Fig.  29.8a.  The  moments  of  inertia  of  all  the  members  of  the 
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Jz  =  ZJ, 

frame  ace  indicated  in  the  same  figure.  Young's  modulus  E  remaining  constant throughout. 

Solution.  The  bending  moment  diagram  corresponding  to  the  actual  loading 
is  given  in  Fig.  2f).8i.  The  imaginary  loading  consists  of  one  horizontal  load 
unity  acting  at  point  C.  Tho  corresponding  bending  moment  graph  is  given 

in  Fig.  29.8r.  The  signs  of  the  bonding 
moments  appearing  in  these  graphs  may  bo 
omitted  if  desired  for  these  graphs  are  always 
drawn  on  the  side  of  the  extended  fibres. 
Tho  displacement  of  point  C  will  be  obtained 
by  multiplying  all  the  ordinates  to  the 
bending  moment  graph  corresponding  to  the 

7TI--0.8PI 

... _Mk. asi 
_ 4._ 

(a) 

^rrrrfT tiT-TT 
osn 

0.3Pl\\\\
^i>' 

lb) 

^rr\o.m 

0.51 ( c ) 

(M,) 

TTTn  I  1 1 1  . 1 1  V:-  / if 

Fig.  29.  S 

(ct) 

Fig.  30.S 

actual  loading  by  tlio  ordinates  to  the  graph  due  to  the  fictitious  load  unity. 

Using  Vereshchagin's  method  and  taking  into  account  the  different  rigidities  of 
_ taking  i„_. 

the  column  anil  of  the  cross  beam  we  find 

Ac  = 
"“4-r'-£7r 

Phs  Pah*  _  Ph2  /  h  ,  a  \ 

3 EJy  2 EJZ  EJt  \  3  ̂   4  ) 
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Tlio  displacement  thus  found  will  be  negative  for  the  Mj,  and  M  graphs  are 
situated  on  different  sides  of  each  member  of  the  frame  thus  indicating  that 

tiie  bending  moments  Mp  and  M  are  of  opposite  signs.  Hence  the  actual  displace¬ 
ment  of  point  C  will  occur  in  a  direction  opposite  to  the  one  adopted  lor  the 
load  unity,  i.e.,  towards  the  right. 

%  Problem  3.  Required  the  deflection  A,  and  the  angular  rotation  A,  of  the 
beam  with  a  built-in  end  appearing  in  Rig.  30.8a,  these  two  displacements  being 
due  respectively  to  the  application  of  a  concentrated  load  P  and  of  a  moment 

3)1.  The  bending  moment  graphs  corresponding  to  the  actual  loading  are  indicat¬ 
ed  in  Fig.  30.86. 

Solution.  Apply  along  the  directions  of  the  displacements  required  a  unit 
load  (Fig.  30.8c)  and  a  unit  moment  (Fig.  30.8d)  and  trace  the  corresponding 

bending  moment  diagrams  (Fig.  30.8c  ana  d).  The  deflections  and  angular  tola- 

lions  will  be  computed  using  Mohr's  formula  together  with  Vereshchagin’s 
method.  The  Mp  graph  will  be  first  multiplied  by  the  A/,  graph  and  then  by  the 

A? 2  graph. 

A,  =^[0-5Wx0.51x4-X-Jx0.5Z+^X 

I/
5/
3 

= 
 
30
l?
 

A 2  =  ̂J  (o.3i>lx0.5Z  XyXi-0.21'Ix0.5lx|xi)  =  ̂  

/^Problem  4.  Required  the  horizontal  displacement  of  point  D  belonging  to 
the  structure  represented  in  Fig.  31 .8a. 

Solution.  The  bending  moment  graph  corresponding  to  the  actual  loading 

appears  in  Fig.  31.86.  Let  us  apply  a  load  unity  along  the  direction  of  the  dis¬ 
placement  required.  The  graph  of  the  bonding  moments  induced  by  this  load 

is  given  in  Fig.  31.8c.  Multiplying  the  two  graphs  one  by  another  using  Veresh¬ 

chagin's  method  and  remembering  that  the  separate  members  of  the  structure 
are  of  different  rigidity,  we  obtain 

A|  = 

3a  1  qa 2  1  2a 

T"ETi+~a'a'E7x'H 

X 

X 

(2
 

^■a  +  2. 

3  9a2 

qa 2  3  qa*  \  1  23 qaK ~T’a  2~'a)  ETz~viETl 

The  area  of  the  Mp  graph  pertaining  to  element  CD  is  bounded  by  a  con¬ 
cave  parabolic  curve  and  therefore  its  area  is  equal  to  one  third  of  the  product 
of  its  base  length  by  the  maximum  ordinate,  i.e., 

qa 3
 

T 

The  centroid  of  this  graph  is  situated  a  distance  y  as  measured  from  point 

3a 

C  (see  Table  2.8).  TIonco  the  corresponding  ordinate  to  the  M  graph  equals  y 
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Problem  5.  Required  the  deflection  Ar  of  a  beam  built  in  at  its  left  extremity 
and  carrying  a  uniformly  distributed  Load  {Fig.  32.8a). 

Solution.  Having  drawn  tho  Mp  graph  (Fig.  32.86)  apply  a  vertical  load 

unity  at  point  C  and  draw  the  corresponding  bending  moment  diagram 
(Fig.  32.8c).  The  value  of  the  deflection  Ac  will  be  obtained  multiplying  the 

ordinates  to  the  parabolic  graph  by  these  of  the  one  bounded  by  a  straight  line. 
This  operation  may  be  carried  out  in  two  different  ways: 

1.  Tho  Mp  graph  for  the  left-hand  part  of  the  beam  will  be  regarded  as  con¬ 
sisting  of  a  trapezoid  1-2SS-4-1  with  negative  ordinates  and  a  parabolic  segment 
2-6-3-S-2  with  positive  ordinates  (Fig.  32.86). 

The  maximum  ordinate  to  the  parabolic  graph  will  equal 

*(t)
‘ 

8  32 

Multiplying  the  Mp  graph  by  tho  m  graph  we  obtain 

irf  i  i  /A  iLV-Li L  1  1  i.1  i7/il* 
LT"2"T  {  3  '  2  '  3  8  /  32  2  '  3  2  2  J  ~384«/ 

2.  Isolate  the  left  half  of  tho  beam  replacing  the  action  exerted  by  the  right- 
17/2  III 

hand  part  by  a  bending  moment  M  =  -g-  and  a  shearing  force  Q  —  — 

(Fig.  32. 8/Z).  The  graph  of  lire  bending  moment  Mp  acting  across  tho  sections 

of  tVic  left-hand  portion  of  the  beam  is  shown  In  Fig.  32.8c. 

As  will  la?  readily  seen  this  graph  and  the  graph  l-2-o-8-d-l  of  Fig.  32.86 
are  absolutely  identical.  It  can  be  subdivided  into  three  parts  as  indicated 

in  Fig.  32.8c,  each  of  these  parts  representing  respectively: 

(a)  a  rectangular  graph  having  for  ordinate  ~  duo  to  the  bending  moment 

M  =  ̂-applied  to  section  C\ 
8  j 

(b)  a  triangular  graph  due  to  tho  shearing  force  Q  =  equally  applied  to 

(c)  a  parabolic,  graph  due  to  the  imiforoily  distributed  loads  applied  to  the 

loft  half  of  the  beam.  Tho  maximum  ordinate  to  this  graph  totals  -g-  . 

Multiplying  each  of  these  three  graphs  by  the  bending  moment  graph  due 
to  the  load  unity  we  obtain 

1  Iql2  l  l  .  ql2  l  I  l  ,  ql2  l  1  31  \  17ql4 

\  8  '2‘4+4'2‘2'3+8'2'3’8i  384 EJ 

$  Problem  6.  Required  tho  deflection  of  the  structure  appearing  in  Fig.  33.8a 

at  load  point.  The  left  end  of  the  horizontal  bar  is  hinge-supported  while  its 

right  extremity  is  suspended  to  a  flexible  wire.  The  moment  of  inertia  of  the 

beam  equals  J,  the  cross  section  of  the  wire  F,  Young’s  modulus  of  the  material of  both  being  E. 

Solution.  In  the  structure  under  consideration  the  beam  will  work  only  in 

bending  and  the  wire  in  direct  tension.  Hence  Mohr’s  formula  for  the  beam  will reduce  to  one  term  which  contains  the  product  of  bending  moments.  For  the  wire 
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Mohr’s  formula  will  consist  of  Iho  term  containing  normal  stresses.  Tho  total 
displacement  of  the  load  point  will  he  therefore  given  by 

o  MpMdx  «  N,,Ndx 

A  j  Yj  *■  J  — EF 0  0 

Let  us  apply  to  the  beam  a  unit  load  acting  along  the  dire.ctiou  of  the 
displacement  required.  Tho  corresponding  bending  moment  graph  appears  in 

Fig.  33. 8 

big.  33.36.  Computing  the  first  term  of  the  expression  given  above  by  Vereshcha¬ 
gin's  method  wo  obtain 

P  MpM  dx  1  /  1  PI  l  \  2  l  I>1 3 

J  EJ  EJ'*  1  2  '  \  ’  2  )  3  '  4  ~48&V 0 

The  lotal'tonsile  stresses  N „  and  N  in  this  hanger  due  to  load  P  and  to  the 

HP  
1 

unit  load  will  amount  to  and  ,  respectively.  The  corresponding  graphs 

are  given  in  Fig.  33.8a  and  b.  The  multiplication  of  these  graphs  gives 

f*  NpN  dx  p  li  pa 

J  EF  ~  2  2  'EF~4EF 0 
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The  total  deflection  will  be  given  by 

Pa 

A  ASEJ + AEf 

Problem  7.  Required  the  angular  rotation  of  cross  section  A  „  of  the  threc- 
hingnd  frame  appearing  in  Fig.  34.8a.  The.  flexural  rigidity  EJ  of  all  the  ele¬ 
ments  of  this  frame  remains  constant  and  equal  to  25  X  104  tons  sq  in. 

Solution.  The  reactions  at  the  supports  of  this  frame  will  bo  derived  from 

tho  usual  equilibrium  equations  (Fig.  34.85). 

SMC  =  tiA  X  4— VA  x  1 .5— q  X  4  X  4-=^a  —  1-5KA — 2  x  4  x h  t.  l 

wherefrom 

4//A-1.5VA-16  (a) 

-11 A  X  2-  VA  X  3+g  X  4  (l-l-G-d)  =  -2H A  -3Fa  +2  X  4  X  4  -0 

wherefrom 

21/a  +  3Fa=32  (b) 

vy=_KA  +  pn=0  (c.) 

2Ar=-//A-l/n-f  ?X4=-//A-//B+2X4=0 

wherefrom 

//jb=8  —II  a  (d) 

From  equations  (a)  and  (b)  we  obtain  VA  =  f>.4  tons  and  H A  =  6.4  tons. 
Equation  (c)  gives  Vg  =  6.4  tons  and  equation  (d)  gives  H  n  —  1.6  tons. 

Knowing  these  reactions  we  can  draw  the  bonding  moment  diagram  appearing 
in  Fig.  34.8ft.  This  being  done,  let  us  apply  ft  unit  moment  at  section  It  which 
will  turn  this  section  in  the  direction  of  the  angular  rotation  required. 

23 — 85.1 
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The  reaction  at  the  supports  induced  by  this  action  will  bo  obtained  as  follows 
(Fig.  34.8c): 

2Mc-HAxi-VAx  1.5  =  0  (e) 

T, 
-ZAtB=-IIAX‘l-VAX  3+1-0  (f) 
2y=-rAfF„=o  (g) 
2X=-//A  +  tfJt  =  0  (h) 

4  1 

Equations  (e)  and  (f)  yield  FA  —  and  If  A  =  while  equations  (g)  and  (h) 

4  1 

give  V.  -  jg  and  HB  =  — . 
Knowing  these  reactions  we  may  draw  the  bending  moment  graph  due  to 

the  unit  moment  (Fig.  34. 8r). 

The  value  of  the  angular  rotation  will  ho  obtained  multiplying  the  first  of 
tao  graphs  obtained  as  described  above  by  the  second  one 

’  9.11x4  2  2  4x4x2  1  2 
*»-£[- 

i.i.liXt.5  2 

,xTxt  + 

2 ■  xTx- .XW«jSi(*xf,4x.)]. 
I  /76.8  .  32  ,  57.(3  ,  2S!).2\  .  ..  ..  .  .. 

=25xiol(lF+l5  +  ̂5_  +  _i5_)=1-13x
10"  rftdians 

Problem  8.  Required  the  vertical  deflection  A0  of  joint  JS  of  a  steel  tniss  rep¬ 
resented  in  Fig.  35.8a,  The  cross  sections  of  all  the  members  of  this  truss  remain 

constant  and  equal  to  F  =  125  sq  cm  and  Young’s  modulus  /?  —  2  X  10® 
kg/sq  cm. 
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Solution.  The  deflection  A5  will  In;  given  by  the  expression 

■Vv 
EF 

l 

All  the  necessary  computations  are  tabulated  hereunder  (see  Table  -1.8). 
Tile  entries  in  the  last  column  of  this  table  give  the  values  of  the  product 

Nj.Nl  for  each  bar  in  ton  metres.  Summing  up  all  these  entries  and  dividing  the 

total  by  EF  we  shall  obtain  the  displacement  required 

”  2x  10*  X  0.0125  (156-25  X  2+10*.  17  x  2  +  80  X  4 
 +  90  X  1)- 

=  3.72X10-®  m  =  3.72  mm 
Table  4.8 

Stresses  due  to 

Bar  Xo. 
Bar  length 

1,  m actual  loa¬ ding  iVp, 
tons 

load  unity 

y 

NpM, 

Ion  me  Li  es 

1-2;  OS 5 
-37.5 -0.833 

156.25 
2-4;  4-0 5 

-25 

-0.833 
104.17 

1-3;  S-6 
5-7;  7-8 

4 30 0.M7 80 

2-3;  0-7 3 0 0 U 

2-5;  5-0 5 
-12.5 

0 0 
4-5 6 15 1 90 

10.8.  STRAIN  ENERGY  METHOD  OF  DISPLACEMENT 
COMPUTATION 

The  strain  energy  mothod  of  displacement  computation  is  based 

on  CastilUano'.t  theorem  which  states  that  the  partial  derivative  of 
the  strain  energy  in  terms  of  the  unit  action  is  equal  to  the  displace¬ 
ment  induced  by  the  actual  loading  along  the.  direction  of  the  said 
unit  action. 

In  nrder  to  simplify  the  demonstration  of  this  theorem  we  shall 

retain  in  Mohr’s  formula  only  one  term  which  contains  Hie  bending 
moments  (see  Art.  3.8) 

W  =  X M2  dx 

2  EJ 
0 

23* 
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Let  us  express  the  bending  moment  as  follows 

M  —  M\Pi  +  M  sPj  +  MhPn  +  •  *  •  +  MnPn 

In  this  expression  M\,  •  •  Mn  are  the  bending 

moments  due  to  unit  forces  Pi  —  1,  /J2  =  1 ,  .  .  /\  =  1,  Pfi  —  1 
whose  lines  of  action  coincide  with  those  of  the  corresponding  ap¬ 
plied  loads. 

The  partial  derivative  of  W  in  terms  of  P*  will  be 

,  ,  OM  . 
dW  =_3_  fv  f  \  =y  f 

oPi,  op  it  r*  j  zej  )  d  ej u  () 
t  _ 

.  ,»  s  ,  „  W  MkMdx 
l>ut^  =  #k  and  consequently  ^ — yj — - o 

As  shown  in  Art.  0.8,  the  right-hand  part,  of  this  expression 
represents  and  therefore 

m  _ 

In  actual  design  practice  Gastilliano's  theorem  is  seldomly  used, 
its  interest,  being  mainly  theoretic.  If  it  were  desired  however  to 
use  it  the  sequence  of  operations  would  be  as  follows: 

1.  A  certain  action  should  be  applied  to  the  system  under  con¬ 
sideration  along  the  direction  of  the  displacement  required. 

2.  The  strain  energy  due  to  the  actual  loading  and  to  this  unit 
action  should  bo  calculated. 

3.  The  expression  of  the  strain  energy  should  be  differentiated 
in  terms  of  the  said  unit  action.  The  magnitude  of  the  displacement 
wilL  be  then  obtained  from  this  expression  reducing  to  zero  the 

magnitude  of  the  unit  action  for  in  reality  this  action  is  nonexistent. 
In  the  particular  case  when  one  of  the  load  points  coincides  with 

the  cross  section  the  deflection  of  which  is  sought,  it,  will  be  the 

value  of  this  particular  load  that  will  be  introduced  into  the  par¬ 
tial  derivative. 

Problem.  Required  the  angular  rotation  of  the  free  end  of  a  uniformly  loaded 
beam  with  a  built-in  end  (Fig.  3(5. 8a). 

Solution.  Let  us  apply  to  the  free  end  of  the  beam  a  couple  3JI  as  shown 

in  Fig.  30.86.  The  value  of  the  bending  moment  at  a  cross  section  situated  a  dis¬ 
tance  x  from  the  free  end  will  be  given  by 

(*T+W) 
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'fho  corresponding  strain  energy  will  amount  to 

t2 

■Mw-s 
(•T+*

)' 

2  EJ 
dx 

which  gives  after  integration 

/  q-P  ,  qim  , 

V  40  +  0  +  2  j 

Differentiating  W  in  terms  of  3K  and  reducing  thereafter  its  value  to  zero 
we  obtain 

9  =
 

ViW50?_o 
£(¥+«) 

ji®
 

Mj As  already  staled,  when  one  of  the  loads  is  actually  applied  at  the  point 

the  displacement  of  which  is  desired  to  determine  there  is  no  need  to  apply  imag¬ 
inary  loads.  Assume,  for  instance,  that  it  is  required  to  determine  the  maximum 

Fig.  36.8 

deflection  of  a  Learn  built  in  at  one  end  and  carrying  a  concentrated  load  at 
the  other.  In  that  case 

M——Px 

W  = l PW 2  EJ 
dx 

PH* 

6  EJ 

OW  _  Pl» 
OP  'AEJ 

11.8.  THE  ELASTIC  EOADS  METHOD 

Tito  method  described  hereunder  permits  the  determination  of 
deflections  and  angular  rotations  at  a  certain  number  of  isolated 
points  of  the  structure.  Increasing  their  number,  the  elastic  curve 

of  the  deflected  system  will  be  obtained  with  a  precision  increasing 
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in  direct  proportion  to  the  number  of  points  considered.  The  curve 
.so  obtained  might  be  also  termed  the  displacement  graph  of  the 

system. 
Indeed,  if  the  values  of  the  deflections  determined  .at  a  certain 

number  of  points  were  set.  out  along  the  verticals  passing  through 
these  points,  the  broken  line  connecting  the  ordinates  so  obtained 

would  constitute  an  approximation  of  the  elastic  curve.  The  deflec¬ 
tions  of  all  the  intermediate  points  might  be  obtained  with  a  cer¬ 
tain  degree  of  approximation  by  measuring  the  ordinates  to  this 

broken  line,  for  in  reality  the  elastic  line  of  a  member  will  be  a 

smooth  curve.  The  above  does  not  apply  to  hinged  structures  such 
as  trusses,  for  as  long  as  the  loads  act  at,  the  joints  all  the  bars 
remain  straight  aud  consequently  the  deformed  axis  of  the  lower 
(or  upper)  chord  will  follow  a  broken  line  connecting  the  deflected 

joints.  If  the  axis  of  the  displacement  graph  is  normal  to  the  direc¬ 
tion  of  the  deflections,  such  a  graph  will  resemble  very  closely 

a  bending  moment  curve  of  an  end-supported  beam  acted  upon  by 
several  concentrated  loads.  It  is  this  resemblance  which  forms  the 
basis  of  the  method  described  hereunder. 

Fig.  37. 8  represents  a  part  of  some  structure  for  which  it  is  re¬ 
quired  to  f ■  ltd  the  deflections  at  a  certain  number  of  points.  Assume 

that  the  broken  line  of  Fig.  38.8a  represents  the  bending  moment 
graph.  Each  apex  of  this  graph  will  lie  in  the  vertical  passing 
through  one  of  the  load  points.  Let  us  find  the  magnitudes  of  these 
loads.  For  this  purpose  we  shall  compute  the  shearing  forces  Q„ 

and  Qn+t  acting  at  the  extremities  of  the  stretches  and  5'.11+l . 
Using  the  theorem  of  Zhuravsky  we  may  write 

i-i  hfn 

M„  -Mr. 
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Let  us  pass  two  sections  through  the  beam  one  immediately  to 

the  right  and  the  other  immediately  to  the  ielt  of  point  re.  The 

element  isolated  by  these  two  sections  is  represented  in  Fig.  38.86. 

The  end  faces  of  this  element  are  acted  upon  by  the  shearing  forces 

Qn  and  On+t  reckoned  positive.  Projecting  all  the  forces  ap
plied 

to  this  element  on  a  vortical  we  obtain 

2Y  =  Qn-Pn-Qn+i=  0 
wherefrom 

Pn  =  Qn —  Qn+l 

The  latter  expression  shows  that  the  load  acting  at  point  re  is 

equal  to  the  difference  between  the  shearing  forces  <?„  and 

It  is  clear  therefore  that  the  concentrated  loads  acting  at  points 

(n  1)  and  (re  —  1)  will  also  amount  to 

P '»-!  =  Qn-l  Qn 

Pn+i~Qn+l  ‘ 

Introducing  into  these  expressions  the  values  of  the  shearing 
forces  in  terms  of  the  bending  moments  we  obtain 

Pn" 

Mn  —  M  n-l _ iff  rt+1  3/ fJ _ 
Ln  Ln+  ( 

+"■  (i+ 

-M„-t  n~*t" 

^n+1/ (23.8) 

It  follows  Lhat  if  the  beam  is  subjected  to  the  action  of  the  con¬ 

centrated  loads  Pn  calculated  as  above,  its  bonding  moment  graph 

will  coincide  exactly  with  the  doflcction  graph  of  the  structure 

under  consideration.  Since  the  two  curves  given  in  Figs.  37.8  and 
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38.8a  are  identical,  let  us  replace  in  the  expression  of  Pn  the  val¬ 

ues  of  A/n_t,  Mn  and  Mn+X  by  the  corresponding  deflections  yn~\, 
y*  and  yn+t. 

We  shall  thus  obtain  the  expression  of  the  so-called  elastic  loads 

W„  which  will  induce  in  an  end-supported  beam  a  bending  mo¬ 
ment  curve  coinciding  with  the  approximate  deflection  graph  of 
tho  actual  structure.  The  value  of  these  elastic  loads  will  be  thus 

given  by 

/  1  ,  /  1  ,  1  \  1 
'l  U  n  1  j  i  1/ [  a  t  a  J  y 1  a (24.8) 

At  first  sight  this  expression  appears  thoroughly  unfit  for  prac¬ 
tical  use.  Indeed  the  values  of  the  elastic  loads  given  by  this 

expression  depend  on  the  unknown 
deflections. 

However,  it  is  possible  to  obtain  an 
expression  of  the  elastic  loads  in  terms 
of  the  external  forces  acting  on  the 

structure.  The  procedure  is  as  follows. 
Let  us  designate  by  tho  term  actual  -state 
the  .slate  of  the  structure  characterized 

by  the  actual  or  existing  loading  and 

let  us  apply  at  points  (n  —  1),  n  and 

(n  -j-  1)  two  couples  both  equal  to  unity 
but  of  opposite  sign.  Let  us  assume  also 
that  each  of  these  couples  is  consli luted 

(b)  by  tw’o  vertical  forces  amounting  to 

Fig.  39.$ -j—  for  the  first  one  and  to  ̂ —  for  the An  Ajj.l 
second. 

'I'he  corresponding  stale  of  the  structure  (Fig.  39.8a)  w'ili  be 
designated  by  tho  term  imaginary  slate.  Taking  up  expression 

(24.8)  we  note  that  its  right-hand  part  represents  the  work  per¬ 
formed  by  the  imaginary  loads  along  the  deflections  caused  by  the 
actual  ones. 

Indeed,  tho  product  of  the  vertical  load  -J—  acting  at  point  (rt  —  1) 

by  tho  deflection  ̂ „_t  (Fig.  39.8a  and  b )  represents  the  work  accom¬ 
plished  by  this  load  along  the  deflection  of  this  point  caused  by 
the  actual  loading.  The  negative  value  of  this  term  is  due  to  the 

fact  that  the  force  -}—  is  directed  upwards  wdiilst  the  deflection  of 

point  ( n  —  1)  is  directed  downwards.  Similarly,  the  product 

yn  (—  -f  j-^-)  represents  the  work  produced  by  the  forces  y-  and 

of  the  imaginary  state  acting  at  point  n  along  the  deflection 
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yn  due  to  the  actual  loads.  The  third  term  of  expression  (24.8)  is 

again  equal  to  the  work  performed  by  the  force  along  the  deflec- 

tion  yn+u  the  minus  sign  showing  that  the  directions  of  the  force 
and  of  this  deflection  are  directly  opposod. 

Let  us  now  express  the  work  accomplished  by  the  forces  which 

form  the  imaginary  couples  along  the  actual  displacements  in 

terms  of  the  stresses  M,  N  aud  Q  induced  by  these  unit  couples 

and  of  the  stresses  Mp,  Np  and  Qp  due  to  the  applied  loads.  Using 
expression  (12.8)  we  may  write 

1  ,  /  1  ,  Is  1 
- T~  I  - hr — -  j  yn   5 - !/«+  i  — r»n  \  r-n  /vn^  \t  An+i 

—  Mn  dx  p  —  N ,,  dx  i  _  Qndx 

0  0  0 

and  consequently 

„  n  — dx  n  — Nj,  dx  n  —  Or,di 

(25.8) 

This  latter  expression  constitutes  the  general  equation  giving 
the  elastic  loads  in  terms  of  the  internal  stresses.  When  used  for 

the  computation  of  deflections  of  beams  and  rigid  frames,  this 
expression  is  considerably  simplified  as  only  the  term  containing 
the  bending  moments  must  be  retained.  In  the  case  of  flat  arches, 

the  normal  stresses  must  be  also  accounted  for,  while  the  shearing 
forces  are  taken  into  consideration  only  in  a  few  particular  cases. 
The  deflections  of  trusses  and  other  hinge-connected  structures  are 
computed  using  only  the  term  containing  direct  stresses. 

The  values  of  the  elastic  loads  corresponding  to  different  points 

of  tlie  structure  are  obtained  through  the  application  of  imaginary 
unit  couples  successively  to  two  neighbouring  elements  of  the 
structure.  Once  the  values  of  these  elastic  loads  are  known,  the 

deflections  are  readily  calculated  using  the  following  procedure. 
The  loads  just  mentioned  are  applied  to  an  imaginary  beam  of 
appropriate  length  and  rigidity  and  the  bending  moment  curve 
is  drawn  in  the  usual  way.  The  ordinates  to  this  curve  will  ho  nu¬ 
merically  equal  to  the  deflections  required.  The  choice  of  the  beam 
mentioned  above  is  governed  by  the  following  considerations; 

1.  To  each  point  of  the  real  structure  which  remains  lixed  there 

must  correspond  a  point  in  the  beam  where  the  bending  moment, 

induced  by  the  elastic  loads  is  nil.  On  the  other  hand,  to  any  de¬ 
flected  point  of  the  structure  there  must  correspond  a  cross  section 

of  the  beam  where  the  bending  moment  differs  from  zero. 
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2.  Wherever  the  slope  ol  the  deflected  axis  of  the  real  structure 
varies  or,  in  other  words,  wherever  two  adjacent  cross  sections  of 
the  beam  rotate  one  with  reference  to  the  other,  the  corresponding 
cross  sections  of  the  imaginary  beam  most  he  acted  upon  by  shear¬ 
ing  forces  induced  by  the  elastic  loads. 

Thus,  in  the  case  of  a  heam  built  in  at  one  of  its  ends  {y„  —  0 
and  ip„  =  ())  and  free  at  the  other  end  ( yb  =£  0,  <pb  =*=  0)  we  must 
have  in  the  imaginary  beam 

A/'  =  0  and  <?*  =  0 

At  Lite  other  ond  of  the  imaginary  beani  the  values  of  the  bend¬ 

ing  moment  Ml,  and  of  the  shearing  force  Ql  must  ho  on  the  con¬ 
trary  different  from  zero. 

Table  5.8  contains  the  schematic  drawings  of  conjugate  imagi¬ 
nary  beams  corresponding  to  the  structures  represented  in  the  left- 
hand  column. 

Table  5.8 

No. Real  structure 
Imaginary  beam 

'
t
 

“
X
 

1L, 

-i 

The  following  sequence  should  be  adopted  for  the  construction 

of  the  displacement  graphs  using  the  method  under  consideration: 
1.  Begin  with  the  determination  of  the  Mp,  Np  and  Qv  graphs 

induced  in  the  real  structure  by  the  actual  loading. 
2.  Choose  such  points  of  the  structure  whose  deflections  will 

be  characteristic  for  the  structure  as  a  whole. 

3.  Apply  successively  to  the  adjacent  points  chosen  as  above 

two  unit  couples,  the  direction  of  forces  constituting  these  couples 
being  parallel  to  those  of  the  deflections  required. 
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4.  Draw  Ihe  M,  N  and  Q  graphs  induced  by  the  said  unit  couples 

(Fig.  39.8). 

5.  Compute  the  values  of  the  elastic  loads  either  hy  direct  inte¬ 

gration  or  using  Vereshchagin’s  method  described  previously. 
6.  Choose  an  imaginary  beam  in  conformity  with  the  character 

of  the  deformations  of  the  real  structure. 

7.  Trace  the  diagrams  of  the  bending  moments  induced  in  this 

beam  by  the  elastic  loads.  These  loads  will  bo  reckoned  positive 
when  they  are  of  the  same  direction  as  the  adjacent  forces  forming 
tevo  neighbouring  unit  couples  and  Lho  bending  moment  graph  will 
be  always  traced  on  the  side  of  the  extended  fibres. 

The  ordinates  to  the  bending  moment  diagram  thus  obtained 
will  be  equal  both  in  amount  and  in  direction  to  the  deflections  of 
the  real  structure. 

The  elastic,  loads  acting  on  the  imaginary  beam  at  its  supports 
have  no  influence  on  the  corresponding  bending  moment  graph 
and  therefore  their  computation  becomes  unnecessary. 

12.8.  SIMPLIFIED  EXPRESSION  OF  ELASTIC  LOADS  FOR 
BEAMS  AND  RIGID  FRAMES 

The  determination  oT  the  deflection  line  for  solid  web  structural 

members  is  carried  out  by  subdividing  the  total  length  of  such 
members  in  a  series  of  short  stretches,  for  which  it  may  he  admitted 
that  the  unit  stresses  remain  constant. 

Let  us  consider  two  adjacent  stretches  meeting  at  point  n 
(Fig.  40.8a).  The  bending  moment  curves  due  to  the  applied  loads 
are  as  usual  drawn  on  the  side  of  the  extended  fibres.  Normal 

stresses  are  considered  constant  and  positive  within  the  boundaries 
of  each  stretch. 

In  order  to  find  the  elastic  load  W„  let  us  apply  to  the  system  two 
1  1 

couples  consisting  of  vertical  forces  -r—  and  r —  (Fig.  40.8b).  Inci- 
Ar  n  ^  A-n.A.1 

dentally  this  means  that  the  elastic  load  will  be  also  directed  ver¬ 
tically.  The  direction  in  which  each  of  the  two  couples  tends  to 
rotate  the  corresponding  stretch  must  produce  an  extension  in  the 
member  on  the  same  side  as  produced  by  the  actual  loading.  The 
forces  constituting  these  unit  couples  will  lead  to  the  appearance 
in  each  stretch  of  normal  forces  equal  to: 

(1)  within  the  stretch  between  points  (w  —  i)  and  n 

Nn  =  — r-sin 

A-n 

where 

—  *^n 
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and  consequently 

Tr _ sin  p„ _ tan 
n~  5„cosiin“  Sn 

(2)  within  the  stretch  between  points  n  and  (n-f-l) 

Nn+i  =  ̂   |  sin  P/i+j where 

^n+l  “  *Sn+l  COS  f3n+i 
wherefrom 

Ju  _  sin  ftn+i  _ _  tan  hit+i 71+1  *^n+i  C°S Pn+l  ^n+t 

The  multiplication  of  the  bending  moment  graph  due  to  the 
actual  loading  (Fig.  40.8a)  by  the  bending  moment  graph  due  to 

A'  71  +  1     W 

Ftg.  40.  S 

the  unit  couples  (Fig.  40.8b)  carried  out  by  Vereshchagin’s  method 
provides  the  following  expression  for  the  elastic  loads 

S 

VF;T  =  2  5  MM^J  =  (Mn.t  +  2 Mn)  +  (2 Mn  -)-  Mn+1)  (26.8) 

#  " 
 n* 
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The  above  expression  accounts  only  for  bending  moments. 
In  order  to  take  care  of  the  normal  stresses  let  us  compute  the 

value  of  the  integral 

0 
tan  Pa  F'  n$  n  I  tan  Pns-i  y. 
Sn  Efn  ̂   Sn+i 

X 1 S  n BF 
n+1 

=  — C/i  tan  pn  -j-en+1  tan  pn.j 

In  this  expression  e„  and  cn  +  ,  are  the  unit  strains  of  elements 

Sn  and  Sn+1  caused  by  the  normal  forces  N„  and  ;Vn+,. 
Thus,  the  total  value  of  the  elastic  load  taking  into  account 

both  bending  moments  and  normal  stresses  will  be  given  by 

W 

--■nsrw-- 

BF  n+1 

pn+1 

It  will  be  observed  that  it  is  much  easier  to  compute  the  elas¬ 
tic  load  using  expression  (27.8)  as  it  becomes  possible  to  dispense 
with  a  number  of  intermediate  operations.  Thus,  there  will  he 

no  longer  any  need  to  apply  to  the  structure  the  unit  couples,  to 
trace  the  diagrams  of  the  corresponding  stresses  and  to  carry  out 
the  multiplication  of  the  graphs  due  to  the  actual  loading  and  to 
the  said  unit  couples. 

The  elastic  load  computed  as  just  described  will  have  the  same 
direction  as  the  adjacent  forces  of  two  neighbouring  unit  couples 

as  long  as  the  value  of  this  load  remains  positive.  If  the  normal 
stresses  may  be  neglected  and  provided  the  bending  moment  graph 
due  to  the  actual  loading  does  not  change  sign  within  the  length 

of  elements  Sn  and  6'„+i.  the  elastic  load  Wn  will  be  directed 
towards  the  bending  moment  curve. 

Problem,  Uoquired  the  deflection  line  of  the  cantilever  beam  of  Fig.  41.8 
supporting  at  its  free  end  a  concentrated  load  P. 

Solution.  Subdivide,  the  beam  in  two  equal  parts  choosing  points  0,  1  mid  2 

at  the  ends  nt  these  parts.  Trace  the  bonding  moment  graph  due  to  the  actual 
loading  on  the  side  of  the  extended  fibres.  Using  expression  (26.8)  determine  the 

magnitude  of  the  elastic  loads  at  points  0  and  1.  It  will  servo  no  useful  purpose  to 
determine  the  elastic  load  at  point  2,  this  load  having  no  influence  on  the  stresses 
in  the  imaginary  bourn.  In  computing  the  magnitude  of  the  elastic  load  at  point 
0  it  is  assumed  that  the  built-in  end  is  replaced  by  a  stretch  of  infinite  rigidity. 

Wa  = 
(A/_t-!-2A/0) +-^(2*/,,  !  Af,l— I  2.W0i  f 

+_f_/2W  11) -.J™ +  12 EJ  l  2  /  2ABJ 
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The  elastic  lead  corresponding  to  point  1  will  bo 

IF, 
li/;'/, 

(A/ij-|-2;WI)  -j- 
t>C72 

(2.1/ 1  +Af ,)  =• 
t2  F.J 

+■ 

(«+*x)  + 

—  (-f+oj-nr 

Pli 

VIL'J 
The  values  of  the  elastic  loads  being  calculated,  apply  these  two  loads  at 

points  0  and  7  of  the  imaginary  beam  built  in  at  its  right-hand  extremity 
(Fig.  42.8)  and  construct  the  corresponding  bending  moment  diagram.  The 
ordinates  of  this  diagram  will  be  reckoned  positive  when  situated  on  the  side 

Fig.  41.  8 
Fig.  12.8 

of  the  extended  fibres.  The  elastic  loads  are  directed  upwards,  in  other  words, 
towards  the  bending  moment  curve  due  to  the  actual  loading,  and  therefore 
the  bending  moments  at  points  0, 1  and  2  0!  the  imaginary  beam  will  have  the 
following  values 

R  3  I  PI  3 

-if 0 “0;  Ji5-HV.t— 49/ ;  «S-»Fo»+k^y+»'*xO-W- 
The  graph  of  the  bending  moments  induced  in  the  imaginary  beam  by  the 

clastic  loads  is  given  in  Fig.  42.8.  It  represents  at  the  same  time  the  deflection 
graph  of  the  real  beam.  At  points  0, 1  and  2  the  deflections  of  the  real  beam  will 
coincide  exactly  with  the  deflections  represented  by  the  ordinates  to  the  above 
graph,  whilst-  at  intermediate  points  there  will  he  a  slight  difference  between 
the  two.  If  tho  real  beam  were  subdivided  into  a  greater  number  of  parts,  Ihe 
deflection  curve  of  this  bourn  would  have  been  obtained  with  greater  precision. 

13.8.  SIMPLIFIED  EXPRESSION  OF  ELASTIC  LOADS  FOR 
HINGE -CONNECT ED  STRUCTURES 

When  applied  to  hinge-connected  structures  expression  (25.8) 
becomes 

Wri  =  2A'4j-  =  WAlP  (28.8) 

In  this  expression  N  represents  the  normal  stress  due  to  the  unit 
couples  applied  to  the  bars  meeting  at  the  joint  n  for  which  the 
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value  or  llic  elastic  load  is  sought,  while  A lv  represents  the  total 
strain  of  these  bars  caused  by  the  actual  loading.  The  application 
of  the  elastic  loads  method  to  the  deflection  computation  for  a  truss 
is  illustrated  in  the  following  example. 

Let  us  assume  that  it  is  required  to  determine  the  deflection 

line  of  the  lower  chord  of  a  truss  represented  in  Fig.  43.8a.  The 

truss  is  acted  upon  by  a  single  vertical  load  P  =  1  ton  acting  at 
joint  3  and  directed  upwards.  The  cross  sections  of  all  the  members- 

of  the  truss  aro  the  same.  Let  us  compute  the  values  of  the  elastic 

Fig.  43.8 

loads  which  must  he  applied  to  the  imaginary  beam  at  points  cor¬ 
responding  to  joints  1,  2 ,  3 ,  4  and  5  of  the  lower  chord.  For  this 
purpose  let  us  apply  unit  couples  successively  to  each  two  bars 
of  the  lower  chord  meeting  at  a  joint. 

If  it  were  desired  to  find  the  deflection  line  of  the  upper  chord 
the  unit;  couples  should  be  applied  to  the  bars  of  this  chord.  Simi¬ 

larly,  the  construction  o  a  displacement  graph  for  points  situated 

along  the  broken  line  0-1' -2-3' -4-5' -6  would  necessitate  the  deter¬ 

mination  of  the  elastic  loads  acting  at  joints  1 ’ ,  2,  3' ,  4  and  5'. 
Let  us  proceed  with  the  determination  of  elastic  load  W,.  Inci¬ 

dentally,  this  load  represents  the  angular  rotation  of  bar  0-1  with 

reference  to  bar  1-2.  In  order  to  find  the  magnitude  of  this  load 
let  us  apply  to  bars  0-1  and  1-2  unit  couples  consisting  of  forces 
1  1 

-j  =  -g-  (Fig.  43.8b)  and  compute  the  normal  stresses  induced  in 
the  bars  by  these  couples.  It  is  readily  seen  that  all  the  bars  excep¬ 

ting  bare  0-1,  0-1',  l'-2, 1-2  and  1-1'  will  remain  idle.  Tlte  reactions 
at  the  ends  of  the  truss  will  also  remain  nil.  Stresses  in  the  loaded 

bare  are  given  in  Table  6.8. 
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Table  0.8 

Bar  No. Total  stress 
Bar  No, Total  stress 

0-1 1 

~  \ 

r-2 

+h 

1 2 1-2 i-r 
4 3 

0-1' 

4, 

Stresses  in  all  tho  members  of  the  truss  due  to  the  application 
of  the  load  P  arc  given  in  Table  7.8.  This  table  contains  also  all 

tho  necessary  information  regarding  the  length  and  the  cross-section¬ 
al  areas  of  the  bars. 

Table  7.8 

Bar  No. 
Length 
of  bar, 

in 

Cross section, 

Srj  m 

•Stress, 
tons Bar  No. 

Length 
Of  bar, 

in 

Cross 
section, sq  m Stress, 

tons 

0-1;  5-0 
3 F 

3 

8 

2' -5'; 

3'-!' 

3 F 
.  3 

+T 

1-2 ;  1-5 3 F 
3 

8 2-3';  3' -4 
5 F 

.  5 

1  8 

0-1';  o'-O 
5 F 

+T 

2-3;  3-4 3 F 
9 

8 

l'-2,  1-5' 
5 f 

5 3-3'; 4 F 

-1 

8 

1-1',  5-5' 

4 F 
I’-T; 

4'  -o' 

3 F 

1  4 

2-2' ;  4-4' 

4 F 

(1 The  data  contained  in  these  two  tables  permits  the  computation 
of  the  clastic  load  Wi 

Wi  =  2AWP  -jL.  =  J_  (;VOJAT01f0|  +  +  ;V01,V(,,.iVo|.  + 

-f7Vri-2Ar1Vi'2-fA,ti'Ar1,-/l)-  =  -^r[— (-|-)  x3+(-i-)  x 

x(-1)x^+Sx|x5+A(-I)x5-:-(--4)x xO  X  4]  = 
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Since  the  system  is  completely  symmetrical,  elastic  load  W-, 
will  have  l ho  same  value 

Ws=Wt=  4 
9 

1(5/TF 

The  value  of  the  elastic  load  acting  at  joint  2  will  he  obtained 

applying  the  unit  couples  to  bars  1-2  and  2-3  (Fig.  44.8a). 

(b) 

Fig.  11. S 

In  this  case  stresses  will  be  developed  in  bars  l’-2' .  2’-3' ,  l'-2. 
2-3' .  1-1'  and  3-3',  all  the  other  hacs  remaining  idle. 

The  values  of  these  stresses  are  given  in  Table  8.8. 

Table  8.3 

Bar  N’o. 
Sir  ess Bar  No. Stress 

Bar  No.  | 

Stress 

l'-2 
5 

12 

2'-3' 

+T 

l-v 

+1 

V-2 ' 

-4 

2-3' 

5 

12 

3-3' 

1 

”  3 

All  the  computations  relative  to  elastic  load  W2  are  carried  out 
in  Table  9.8  using  data  contained  in  Tables  7.8  and  8.8. 

The  final  value  of  Wz  will  be  obtained  by  summing  up  all  the 
2'.— ft&3 
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Table  9  S 

Bar  No. 
i 

EF Stresses  NT 
induced  by 

unit  couples 

Stresses  Np 

induced  by 

actual 
loading EF 

V-2 

5 5 5 125 

EF 12 8 

In iEF 

i'-r 
3 

EF 

+  T 

11 

I  &EF 

2'-3' 

3 

EF 

0 

^  10  EF 

2-3' 

5 5 
125 

EF 

SH!A/' 

3-3' 

A V  iB. 4 

EF Bfl 

3/i  /•
' 

entries  of  the  last  column  of  Table  9.8 

W3 

5 

2AEF 

Owing  to  the  symmetry  of  the  system,  the  elastic:  load  IT.,  will 
have  the  same  value.  Negative  values  of  these  two  loads  indicate 
that  the  mutual  rotation  of  bars  1-2  and  2-3  occurs  in  a  direction 

opposite  to  the  one  of  the  unit  couples.  In  other  words,  bar  1-2 
will  rotate  clockwise  with  respect  to  bar  2-3. 

Table  10.3 

liar  No. 
) 

EF 

Stresses  ,v 
Induced  by 
unit  couples 

Stresses  sjt 

Induced  b> 
actual loading 

*'V 

FF 

2-3' 

5 

+h 

+T 

125 EF 
WiEF 

4-3' 

:> 

+E 

5 

123 

EF 

8 

1  >MEF 

2-3 3 

EF 

9 

8 

+  .Z, 

3-4 
o 

!l 

,  27 

EF 8 

1  32  EF 

3-3 ‘ mm 

-  1 

8 

!  3  EF 
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It  remains  lo  find  the  value  of  the  last  elastic  load  W>.  To  this 

end  let  as  apply  unit  couples  to  bars  2-3  and  3-4  (Fig.  44.8b)  re¬ 
peating  all  the  computations  in  the  same  order  as  heretofore.  These 
computations  appear  in  the  appropriate  columns  of  Table  10.8. 

Adding  up  all  the  entries  of  the  last  column  of  this  table  we 
obtain 

W  3 

lfi7 
24  EF 

Elastic  loads  Wi,  Wj  and  IT5  being  positive,  these  loads  will 
be  directed  upwards,  that  is  in  the  same  direction  as  the  adjacent 

(a)  Actual  structure 

t'  ?’  3'  ‘t’ 

Fig.  do. 8 

forces  of  neighbouring  unit  couples.  The  negative  elastic  loads  Wz 
and  W will  be  directed  downwards. 

The  conjugate  imaginary  beam  corresponding  Lo  the  truss  under 
consideration  appears  in  Fig.  45.8b.  It  represents  a  horizontal 

end-supported  beam  carrying  5  symmetrical  loads.  The  abutment 
reactions  produced  by  these  loads  will  be  directed  downwards  and 
will  amount  to 

A’-B1 i.  v  JL  I  9  5  167  5  ,  9  \  _  23 

2  X  EF  UG  21 " ~  24  24"rlG/_  G EF 

The  deflection  line  of  the  lower  chord  will  be  given  by  the  values 
of  the  bending  moments  at  the  point  of  application  of  the  elastic 

24* 
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loads  to  this  imaginary  beam 

M[  =yi  =  M[  =  {to  =  —  -g]^r  X  3  =  -j^jr 

M[  —  yt  =  M\  =  yr,  =  — x  0+  x  3—  i6Bf 

M'z-Us  -  —  x  9  +  X  6—  i^rip  X  3  =  —  /J5/ 

These  data  being  obtained,  we  may  trace  the  diagram  ol  the  bend¬ 

ing  moment  produced  by  the  elastic  loads.  The  ordinates  to  this 

diagram  plotted  on  the' side  of  extended  fibres  will  correspond exactly  both  iri  amount  and  direction  to  those  oT  the  lower  chord 

deflection  line  of  the  truss.  The  load  being  directed  upwards,  all 

the  joints  of  the  lower  chord  will  deflect  in  the  same  direction.  All 

the  above  computations  may  he  checked  by  determining  with  the 

aid  of  Mohr's  formula  the  deflection  of  joint  3  induced  by  the  appli¬ 
cation  of  the  vertical  load  P  =  1  ton.  The  value  of  this  deflection 

will  ho  given  by 

NNP  It# 
Ae<>  njt  —  12  f 

N  being  numerically  equal  in  this  particular  case  to  Nt„  for  the 

load  P  itself  equals  1  ton.  All  the  data  necessary  for  these  computa¬ 
tions  will  he  found  in  Table  7.8  given  above 

4„. -  [  (4): ‘  x  * x  4  +  (4) 1 ‘  x  5  *  «  +  (4)  * 
X  3  X  4  +  (I)2  X  3  X  2+  ex  4]  =-^r  X 1  (18  750  +  432  |  486  25(1  127 

(54  4  HP 

It  is  seen  that  the  deflection  of  point  3  computed  by  the  method 

of  elastic  loads  is  exactly  the  same  as  that  computed  using  Mohr’s formula. 

14.8.  DEFORMATIONS  OF  STATICALLY  DETERMINATE 

STRUCTURES  CAUSED  BY  THE  MOVEMENT  OF  SUPPORTS 

No  stresses  result  from  a  displacement  of  one  or  more  supports 

of  a  statically  determinate  structure  provided  the  supports  travel 

along  the  direction  of  the  corresponding  reactions. 

Let  us  examine,  for  instance,  the  frame  of  Fig.  40.8.  Assume  that 

the  right-hand  support  settles  vertically  an  amount  A  due  to  under¬ 

mining  or  any  other  cause.  Such  a  settlement  will  produce  no  bend
¬ 

ing  moments  or  normal  stresses  in  the  members  of  the  structure. 



II. H.  Deformation  of  Statically  Determinate  Structures 373 

111  order  to  determine  the  displacement  of  point  k  along  the  direc¬ 

tion  i-i  imagine  that  a  unit  load  X,  =  1  acts  on  the  crossbeam  at 
point  k  along  the  direction  of  the  displacement  required  (Fig.  47.8). 
Let  R  be  the  reaction  caused  by  this  unit  load  at  the  support  which 
has  set  tied. 

For  the  two  states  represented  in  Figs.  40.8  and  47.8  in  one  of 

which  (the  actual  state)  the  structure  carries  no  load  at  all.  we  may 

Imaginary  state 

Fig.  4 II. 8  Ftg.  47.8 

write  on  the  basis  of  Maxwell’s  theorem  of  reciprocal  works  that 

and,  since  X=l 

and,  consequently 

X,A(i  —  /?A  =  0 

lAu — /?A  — 0 

Au  =  HA 

meaning  that  the  displacement  at  any  point  of  the  statically  deter¬ 
minate  system  caused  by  the  settlement  (or  any  other  movement) 

of  a  support  is  equal  to  the  product  of  the  amount  of  this  settle¬ 
ment  by  the  reaction  R  at  the  corresponding  support  induced  by 
a  unit  load  acting  along  Lite  direction  of  the  displacement  studied. 
This  displacement  will  he  reckoned  positive  when  the  directions 
of  reaction  R  and  of  the  displacement  A  are  opposed  and  negative 
when  their  directions  coincide. 

'The  same  result  could  he  obtained  from  the  strain  energy  equa¬ tion 

x,  A1a  -  HA  =  {  Xfia 
The  left  part  of  this  equation  represents  the  work  accomplished 

by  all  Ihe  external  forces  (reactions  included)  acting  on  the  stati¬ 
cally  determinate  system  of  Fig.  48. 8«  in  case  the  settlement  of 
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support  B  takes  place  after  the  application  of  the  load  uuity  Xiy 

and  the  right  part  of  the  same  equation  represents  the  work  pro¬ 
duced  by  these  same  forces  in  case  the  settlement  would  reach  its 

final  value  before  the  application  of  this  load  (Fig.  48. 8b).  The  two 

parts  of  this  equation  must  have  exactly  the  same  value  because 
in  both  cases  the  total  deformation  of  the  system  remains  the  some. 

It  follows  that  the  strain  energy  accumulated  in  the  first  case  (re¬ 
presented  by  the  left  part  of  the  equation)  must  be  exactly  the  same 

(a)  Actual  state 

a.— T/*  .  'i 

r  ̂  
 ^ 

Ti 

h 
 l' 

\^?¥ 
(b)  Imaginary  stab 

r—  0.51, 

4 _ _  . 

— - 
r» 

'  1 

n — n 

i  *i*i 

\  7Im7! 

\o.
s 

Fig.  49.8 

as  the  strain  energy  acquired  by  the  structure  in  the  second  case 

and  represented  by  the  right-hand  part  of  the  equation.  As  X,  =  1, 
this  equation  leads  immediately  to 

A,*-/?  A 
which  coincides  with  the  result  obtained  on  the  basis  of  the  theo¬ 
rem  of  reciprocal  works. 

Let  ns  take  up  a  beam  provided  with  an  intermediate  binge  as 

represented  in  Fig.  49.8a.  It  is  required  to  determine  the  vertical 
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displacement  A,,.  of  point  C  of  this  beam  when  the  fixed  end  is 
rotated  through  the  angle  A*.  This  may  be  done  applying  a  unit 

load  Xi  —  1  at  point  C  (Fig.  4.9.86).  On  the  basis  of  Maxwell's 
theorem  we  may  write 

Xi&y  0.5/jA^  —  0 
wherefrom 

1  Ay  4*  0.5/,A„  =~  0 
A„  =  -0.5/At 

The  negative  value  obtained  for  tho  displacement  indicates  that 
point  C  will  shift  upwards  in  a  direction  opposite  to  the  one  adopted 
for  the  unit  load  Xj. 

Let  us  consider  now  the  more  general  case  when  several  support 

constraints  of  a  statically  determinate  structure  yield  simulta¬ 
neously.  As  an  example,  we  shall  study  the  frame  appearing  in 

fa)  Actual  state  fb)  Imaginary  statu 

Fig.  50.8a.  The  deformations  of  this  frame  are  due  to  a  horizontal 

displacement  and  a  vertical  settlement  of  the  right-hand  support, 
at  the  outcome  of  which  the  system  will  occupy  the  position  indi¬ 
cated  in  dolled  lines. 

In  order  to  find  the  angular  rotation  of  joint  E  let  us  apply  at 
this  point  a  unit  moment  X ,  acting  in  the  direction  of  the  rotation 

required  (Fig.  50.86).  At  the  right-hand  support  this  unit  moment 
will  give  rise  to  a  reaction  whose  vertical  component  Rt  will  be 
1  1 

equal  to  y  and  the  horizontal  one  R2  to  ̂  •  Equating  the  work 

accomplished  by  the  external  forces  in  the  case  of  the  actual  displace¬ 
ment  (Fig.  50.8a)  and  in  the  imaginary  one  (Fig.  50.86)  we  obtain 

Xt  Aja  — -  -J-  R2b  —  0 
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and,  since  Xt  =  1 

Aia  =  — R2b 

Introducing  in  this  expression  the  values  of  reactions  /?(  and  li2 
we  find 

Thus,  in  order  lo  determine  ihe  displacements  induced  at  any 
poinl  of  a  statically  determinate  structure  by  the  movement  of  its 

supports  (these  supports  being  shifted  along  tho  directions  of  the 
existing  constraints)  we  must: 

1.  Choose  an  imaginary  stale  of  the  structure  for  which  the  sup¬ 
port  m  question  remains  fixed. 

2.  Apply  to  the  structure  a  unit  action  Xt  =  1  coinciding  in 
direction  with  the  displacement  required. 

8.  Determine  the  reactions  produced  by  the  said  unit  action 

along  those  of  the  constraints  which  remaining  stationary  in  the 
imaginary  stale  yield  in  the  actual  one. 

4.  Form  an  equation  expressing  that  the  work  accomplished  by 

the  loads  and  reactions  of  the  imaginary  state  along  the  displace¬ 
ments  of  the  real  one  equals  zero. 

•r>.  Obtain  the  value  of  the  displacement  required  solving  the 
aforesaid  equation. 

15.8.  DEFORMATIONS  OF  A  KINEMATIC  CHAIN  CAUSED  RY 

THE  MUTUAL  ROTATION  OF  TWO  NEIGHROUR1NG  LINKS 

Hereunder  the  term  kinematic  chain  shall  apply  to  any  system 

consisting  of  a  number  of  hinge-connected  rectilinear  elements, 
forming  a  broken  line. 

Let  us  examine  the  displacement  of  any  point  C  of  such  a  system 

along  the  direction  i-i  when  the  angle  formed  by  two  neighbouring 
links  n  —  1,  n  and  n,  n  +  1  is  modified  (Fig.  51.8).  Assume  that, 
this  angle  has  changed  an  amount  A<p„  and  that  the  part  of  the 
system  situated  to  the  left  of  joiuL  n  remains  fixed.  The  angular 

rotation  A<p„  will  cause  a  displacement  of  point  C  which  will  occu¬ 

py  a  new  position  C.  It  is  clear  that  the  angle  C'nC  wdll  he  equal 
lo  A<p„  and  since  the  rotation  is  supposed  to  he  very  small,  the 

circular  arc  CC'  may  he  replaced  by  the  normal  to  nC. 
Lot  Aj  be  tho  projection  of  CC'  on  the  direction  i-i  and  y  the 

angle  formed  by  fine  nC  wiLh  Cd  normal  to  i-i  (Fig.  51.8).  The  sim¬ 

ilarity  of  triangles  CC'Ct  and  CnC”  yields 

C'C i  —  Af  =  C’C  cos  y  —  nCA<p„  cos  y 
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As 

nC  cos  y  —  Cd=r 
we  obtain  finally 

A  i  =  A(p„r 

Thus,  the  displacement.  Aj  of  any  point  of  the  system  produced 
by  a  change  of  angle  <p„  by  an  amount  A<pr,  is  equal  to  the  product  of 

Atp„.  by  the  length  r,  which  represents  the  projection  of  the  nC 
segment:  on  a  normal  to  the  displacement  required. 

Should  we  represent  the  angular  rotation  A<p„  hy  a  vector  ap¬ 
plied  at  point,  n  and  directed  parallel  to  the  displacement  Af  re¬ 
quired  (Kig.  51.8),  this  displacement 

will  be  numerically  equal  to  the  mo¬ 
ment  of  this  vector  about  the  point  C 
whose  displacement  is  sLudied.  Thus, 
the  displacement  A*  of  some  point  of 
the  kinematic  chain  along  a  direction 

i-i  caused  by  a  change  of  the  angle  <p„ 
formed  by  two  neighbouring  links  and 

amounting  to  A<p„  may  be  found  as 
follows: 

1.  Represent  the  angular  rotation  A<p„ 
by  a  vector. 

2.  Apply  this  vector  at  point  n  of 
the  system  along  the  direction  of  the 
displacement  required. 

3.  Compute  the  moment  of  this  vector  about  the  point  whose 
displacement  it  is  desired  to  obtain. 

The  displacement  A/  of  any  point  of  a  kinematic  chain  resulting 
from  the  alteration  of  several  angles  will  be  given  by  the  expression 

m 

Af  =  A<pjT j  -f-  A<p*r 2  •  •  •  +  =  A<pr  (29 .8) 
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Problem.  Determine  tiro  horizontal  and  vertical  displacements  of  point  C 
belonging  to  the  knee  frame  of  Fig.  52.8  when  the  foundation  of  this  frame  is 
rotated  about  point  a  clockwise  through  an  angle  A<f>a. 

.Solution.  Apply  at  point  a  a  horizontal  vector  A<pa.  Its  moment  about  point 
C  will  give  immediately  the  horizontal  displacement  required A'  =  A<p0h 

The  vertical  displacement  of  point  C  will  be  obtained  in  exactly  the  same  way A'=Aqal 

The  total  displacement  of  point  C  (the  distance  CC')  will  bo  given  by 

cc-  =  K(A')a  t  (A')2 - A<p0  Vh?+T* 

The  same  result  could  be  obtained  following  the  procedure  outlined  in  the 
previous  article. 

16.8.  DEFLECTIONS  OF  THREE-DIMENSIONAL  FRAMED 
STRUCTURES 

In  Iho  most  general  case  throe  different  stresses  M,  N  and  Q  act 
across  a  section  passed  through  a  member  of  any  plane  system, 
and  therefore  the  general  expression  giving  the  deformations  of 
such  systems  will  contain  three  terms,  each  of  which  character¬ 
izes  the  displacement  due  to  one  of  the  three  stresses  mentioned. 

In  three-dimensional  framed  structure  the  cross  sections  of  any 
member  will  lie  acted  upon  by  six  stresses:  two  bending  moments 

Mu  and  M  2  about  the  principal  axes  of  inertia  y  and  z  of  the  sec¬ 
tion  under  consideration,  one  torque  moment  Mt  about  the  longi- 
tudinab  axis  x  of  the  bar,  one  normal  stress  Nx  and  two  shearing 

forces  Qv  and  Qs  parallel  to  the  aforementioned  axes  y  and  z.  Con¬ 
sequently,  in  this  case  the  general  expression  of  the  displacements 

will  consist  of  six  terms,  each  of  which  will  represent  the  displace¬ 
ment  due  to  one  of  the  aforesaid  stresses. 

Following  exactly  the  same  procedure  as  in  Art.  6.8,  we  shall 

obtain  the  expression  given  hereunder  permitting  the  displacement 
computation  for  three-dimensional  framed  structures 

0  0 

0  0  0 

+  (30.8) 
o 
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Tn  this  expression  M,tm  and  Mzm  represent  the  bending  moments 
due  to  a  unit  action  (concentrated  load,  when  linear  displacements 
are  studied,  and  unit  moments  in  the  case  of  angular  rotations) 
whose  direction  coincides  with  that  of  the  displacement.  Tn  the  same 

way  Mim  represents  the  torque  produced  by  the  same  unit  action, 

and  Nxm,  Q era  and  Qzm  are  the  normal  stress  and  the  shears  pro¬ 
duced  thereby.  At  the  same  time  Mm,  M zn,  M (n,  Mx„ ,  Q„n  and  Qzn 
will  indicate  the  stresses  induced  by  the  actual  loading. 

Coefficients  ip,  and  t]2  will  be  determined  in  relation  with  the 

shape  of  the  cross  section  (see  Art.  2.8).  The  magnitude  of  J t  ap¬ 
pearing  in  the  expression  of  the  torque  rigidity  may  be  approximately 
taken  equal  to: 

for  a  square  cross  section 

/,=  0.143a4 
for  an  elongated  rectangular  cross  section  (at  a  >  b) 

J ,  =  0.63/;) 

for  cross  sections  consisting  of  several  rectangles  of  small  width 

(such  as  the  cross  sections  of  T-beams,  Il-beams,  etc.)- 

/,  =  1 2  dH 
(l  being  the  length  and  a  the  width  of  the  rectangle) 

for  a  circular  cross  section 

j  _  ,  _  nd*  __  nr* 

- 35  ~ and  for  an  annular  cross  section 

(where  D  and  R  indicate  the  external  and  d  and  r  the  internal  di¬ 
ameters  and  radii  oT  the  ring). 

When  the  cross  sections  of  all  the  bars  remain  constant,  the  ri¬ 
gidities  EJ„,  EJZ,  GJ ,,  EF  and  GE  as  well  as  the  coefficients  % 

and  t|2  appearing  in  expression  (30.8)  may  be  placed  in  front  of 
the  integral  signs. 

The  computation  of  displacements  is  carried  out  with  the  aid 

of  expression  (30.8)  in  exactly  the  same  way  ns  in  the  case  of  plane 
structures  described  in  Art.  G.8.  When  computing  the  displacements 

of  three-dimensional  structures  with  rigid  joints  only  the  first,  three 
terms  of  the  expression  (30.8)  will  he  retained,  while  the  influence 

of  the  normal  and  shearing  stresses  may  be  neglected.  On  the  con¬ 

trary,  if  it  were  desired  to  determine  the  deflections  of  a  three- 
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dimensional  hinge-connected  structure  one  should  take  into  consid¬ 
eration  solely  the  normal  stresses. 

/^Problem  1.  Required  the  vertical  deflection  of  the  free  end  C  of  n  horizontal 
knee  frame  appearing  m  Fig.  53.8a.  The  frame  is  loaded  with  one  vertical  force 

P,  its  cross  section  is  circular  in  shape  and  remains  constant  throughout.  The 
value  of  G  shall  ho  taken  equal  to  0.4  E. 

Solution.  Fig.  53.8 b  represents  the  diagram  for  the  bending  moments 

acting  m  a  vertical  plane  normally  to  the  axes  of  the  frame  members,  these 

Fig.  53.  $ 

moments  being  induced  by  the  actual  loads,  and  Fig.  53.8c  represents  the  torque 

curve  Mi.  No  horizontal  bending  moments  will  be  induced  by  the  vertical  load 
P  acting  at  point  C. 

Apply  a  vertical  unit  load  as  indicated  in  Fig.  53. 8d  and  trace  the  graphs  oE 

the  bending  moment  .V/j’  and  of  the  torque  M t  induced  by  this  unit  load  as  shown 
in  Fig.  53. 8e  and  ).  The  deflection  A  of  point  C  will  he  obtained  applying  Vere¬ 

shchagin's  method  to  expression  (30.8; 

EJ EJ 

PWi 
CJ„ 

Each  term  of  right-hand  part  of  Lilia  expression  represents  one  of  the  compo 

PL* 

neats  of  the  total  vertical  displacements  of  point  C.  Thus,  the  first  term  is Of-  J 

♦  in  Figs.  53.8  aud  54.8  Mt  is  designated  by  Mk—Tr. 
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llu>  vertical  deflection  of  point  It  (see  Fig.  53.8a)  ran  soil  by  the  bending  of  mem¬ 

ber  AB.  1'iiis  deflection  entails  an  identical  deflection  of  point  C.  The  second  lenn 

pn 4  is  the  vertical  deflection  of  point  C  which  results  from  the  bending  or  the oA  J 

element  DC.  Tin*  torque  M /  —  Pl2  caused  in  cloiiU’Til  AD  by  the  load  P  rotates Mtlx  Pkh 
cross  section  B  about  llic  horizontal  axis  through  an  angle  q- 

GJ , 

GJ  p 

Phil 

This  rotation  will  cause  point  C  to  travel  vertically  over  a  stretch  • 

(rj  D 

to 

Introducing  in  the  above  expression  for  A  the  values  of  /,  Jr  and  G  equal 
;i  d*  nd 4 
ttt  •  ”7777  and  0.4  Et  respectively,  we  obtain  linallv tw  32 

A /  lj  .  I!  ,  III j\ 
n-Z-i/i'  3  3  T  0.8  / 

Problem  2.  Required  the  horizontal  displacement  A  along  axis  UC  of  cross 
section  K  of  a  polygonal  beam  appearing  in  Fig.  54.8s  as  well  as  the  angular 
rotation  of  the  same  cross  section  in  the  plane  BCD.  The  beam  is  built  in  at. 
point  A  and  is  of  circular  cross  section  which  remains  constant  for  all  of  its 
elements. 

Solution.  The  graphs  nf  the  bending  moments  A# Jf  (acting  in  a  vertical  plane) 

mid  of  (acting  in  a  horizontal  plane)  as  well  as  the  graph  of  the  torque  Mt 

induced  by  the  actual  loads  are  shown  in  Fig.  54.86,  c  and  <1.  These  graphs  are 
drawn  on  the  side  of  the  extended  fibres  of  each  member  of  the  beam  The  sign  of 
the  torque  is  indicated  in  tile  graph,  this  torque  being  reckoned  positive  when 
seen  from  that  part  of  the  structure  which  has  been  cut  off,  it  tends  to  rotate  the 
remaining  part  clockwise. 

In  order  to  determine  the  horizontal  displacement  A  a  unit  load  parallel  to 
element  BC  must  be  applied  at  point  K  (Fig.  54.8c).  The  corresponding  graphs 

of  the  bonding  moments  M ̂  ,  Alff  and  of  the  torque  A?r  are  represented  in 

Fig.  54.8/.  Using  unco  again  expression  (30.8)  and  carrying  out  the  graph  mul¬ 
tiplication  by  the  method  proposed  by  Vereshchagin,  we  obtain 

A-ITi(ix^|x2) 

1  ,  1x1x4,  2x2v  2  .  1 

EJ  IIJ  +  2  X  3  X  4  X  IiJ 

-b 

1x2x4 

EJr. 

The  two  first  terms  of  this  expression  account  for  the  bending  moments 
acting  in  the  vertical  planes,  the  third  for  those  acting  in  horizontal 
planes  and  the  last  one  takes  care  of  the  torque.  All  the  products  are  positive 
because  the  graphs  of  the  bending  moments  which  are  being  multiplied  one  by  the 
other  remaiu  all  the  time  on  one  and  the  same  side  of  the  corresponding  members, 
and  the  torques  are  also  of  the  same  sign.  Replacing  in  the  above  expression 

Jp  by  2 J  ̂ where  J  — jr-rj  wo  obtain  finally 

.  1  /  1  ,  1  ,  ,,  Ifi  ,,1  15 
a^tt  U+ t+  ‘■f  ’F+4)  =lfT 

The  angular  rotation  q  of  the  cross  section  K  will  be  determined  applying 
at  this  point  a  unit  bending  moment  acting  in  the  plane  BCD  (Fig.  54.8g). 

The  corresponding  graphs  of  the  bending  moments  AfJ;  and  and  of  the  torque 

Mt  are  shown  in  Fig.  54.86.  It  will  be  noted  that  the  bending  moments  acting 

in  the  horizontal  plane  will  remain  constantly  nil. 
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Expression  (30.8)  gives 

4X1X1 ,4x2x1 1  11 

=  _c3+4  +  4)=_ 

Tho  magnitude  of  the  loads  and  the  length  of  the  beam  members  being  expressed 

in  tons  and  in  metres,  respectively,  the  value  of  Young’s  modulus  F.  must 

Fig.  54.8 

be  expressed  in  tons  per  square  metre  and  that  of  J  in  metres  in  the  fourth  power. 
The  value  of  the  horizontal  displacement  A  will  be  then  obtained  in  metres  and 
that  of  the  angular  rotation  tp  in  radians.  Both  these  values  being  positive,  the 
directions  of  A  and  ip  will  coincide  with  those  chosen  for  the  unit  load  (seo 
Fig.  54.8r)  and  for  thp  unit  moment  see  Fig.  (54.8 g). 



9 ANALYSIS  OF  THE  SIMPLER 

STATICALLY  INDETERMINATE 

STRUCTURES  BY  THE  METHOD 

OF  FORCES* 

1.9.  GENERAL 

While  taking  his  course  in  the  strength  of  materials,  the  reader 
has  already  met  with  structures  which  cannot  be  analyzed  using 
solely  equilibrium  equations.  The  computation  of  stresses  set  up 
in  these  structures  requires  the  use  of  additional  equations,  namely 

deformation  equations.  Such  structures  are  called  statically  inde¬ 
terminate.  or  redundant. 

The  main  difference  between  the  redundant  structures  and  the 

statically  determinate  ones  resides  in  the  fact  that  the  stress  dis¬ 
tribution  depends  for  the  first  ones  not  only  on  the  loading  but  also 
on  the  relative  dimensions  of  their  members.  If  these  members 

are  made  of  different  materials  the  stress  distribution  will  equally 

depend  on  the  elastic  properties  of  these  materials.  Statically  inde¬ 
terminate  structures  are  also  very  sensible  to  such  factors  as  the 
settlement  of  their  supports,  temperature  variation,  manufacturing 
and  erection  defects,  etc.,  which  give  rise  to  additional  stresses, 

while  the  same  factors  would  have  no  influence  whatsoever  on  stat¬ 

ically  determinate  structures.  At  present  redundant  structures  are 
widely  used  in  numerous  branches  of  engineering  activities.  Their 

analysis  must  alw-ays  start  with  a  close  examination  of  arrangement 
of  their  members,  the  primary  goal  of  this  examination  being  the 
determination  of  the  degree  of  redundancy. 

♦ 

*The  method  of  analysis  described  in  tile  present  Chapter  is  referred  to  by 
various  authors  either  as  the  method  of  deflections  or  the  method  of  least  work, 
depending  on  the  procedure  adopted  for  the  determination  of  the  coefficients  to 
the  unknowns. 

We  prefer  to  translate  literally  its  name  from  Russian  and  to  call  it  meth¬ 
od  of  forces.  Indeed,  in  that  way  we  are  sure  to  avoid  confuses  with  the  slope 
and  deflection  method  (see  Chapter  13)  and  moreover  both  methods  wiil  be  con¬ 
sistently  named  in  conformity  with  the  nature  of  the  unknowns. 
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This  degree  of  redundancy  is  equal  to  tile  number  of  redundant  con¬ 

straints*  whose  elimination  would  transform  the  given  system  into 
a  statically  determinate  one  without  impeding  its  geometrical  stability. 

fn  the  previous  articles  it  has  been  already  explained  that  geo¬ 
metrically  stable  systems  are  such  systems  whose  shape  cannot  be  altered 
without  a  deformation  of  their  elements. 

There  arc  no  redundant  constraints  in  a  statical ly  determinate 

system  and  the  elimination  of  a  single  constraint  will  always  trans¬ 
form  these  systems  in  mechanisms  whose  elements  ace  endowed 
with  a  certain  freedom  of  movement. 

'I’lie  beam  appearing  in  Fig.  1.9a  constitutes  a  structure,  whose 
degree  of  redundancy  is  equal  to  one,  for  one  of  the  supporting 

%  x — X 
(a) 

H  T~~l, (e) 

(a) 

(b) 
Fig.  1.9 Fig.  2.9 

bars  constitutes  a  redundant  connection  with  the  ground.  This  beam 

will  become  statically  determinate  as  soon  as  one  of  these  bars  is 

eliminated  (as  in  Fig.  1.96)  or  through  the  introduction  of  an  inter¬ 
mediate  hinge  (as  in  Fig.  1.9c). 

The  frame  appearing  in  Fig.  2.9a  constitutes  a  structure  redun¬ 
dant  to  the  third  degree,  its  transformation  into  a  statically  de¬ 
terminate  system  requiring  that  at  least  one  of  its  members  should 

be  cut  in  two  (Fig.  2.96).  We  have  seen  previously  that  this  oper¬ 
ation  is  equivalent  to  the  elimination  of  three  internal  constraints 

corresponding  to  three  internal  forces  acting  across  the  section, 
namely,  the  bending  moment,  the  shear  and  the  normal  stress. 
The  equilibrium  equations  alone  do  not  permit  the  determination 
of  these  internal  forces. 

Any  other  closed  frame  with  rigid  joints  lying  in  one  plane  will 
also  form  a  system  with  a  degree  of  redundancy  equal  to  three. 

♦ 

‘Hereunder  the  term  constraint,  will  signify  everything  capable  of  prevent¬ 
ing  the  mutual  displacement  of  different  points  or  cross  sections  of  a  structure. 

The  adjective  redundant  should  never  he  regarded  as  synonymous  to  super¬ 
fluous  or  useless. 
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The  l wo  framed  bents  appearing  in  Fig.  3.9  arc  typical  examples 
of  similar  structures.  In  the  frame  in  Fig.  3.9b  whose  uprights  are 

rigidly  fixed  in  Lhc  ground,  the  latter  may  be  regarded  as  constitut¬ 
ing  an  additional  member  of  infinite  rigidity. 

The  structure  appearing  in  Fig.  4.9«  is  provided  with  a  hinge 
at  midspan  of  the  top  girder.  If  we  pass  a  section  through  this 

hinge,  this  section  would  be  acted  upon  by  two  slresses  A’  and  Q  only 
(Fig.  4.9b).  Consequently,  the  upper  frame  has  two  degrees  of  redun¬ 
dancy  while  the  whole  structure  is  redundant  to  the  fifth  degree, 

for  the  lower  frame  is  completely  closed  and  therefore  its  degree  of 

redundancy  equals  three.  The  elimination  of  all  the  redundant  con¬ 
straints  could  reduce  this  system  to  two  columns  built  in  at  their 
lower  ends  and  provided  at  their  upper  parts  with  two  horizontal 
brackets  as  indicated  in  Fig.  4.9b. 
The  total  number  of  redundant  constraints  could  also  be  ob¬ 

tained  in  the  following  way.  The  top  frame  being  provided  with 
a  hinge  is  redundant  in  the  second  degree;  in  addition  a  built-in 
end  is  always  equivalent  to  three  constraints  and  therefore  two 

fixed  supports  of  the  frame  represent  a  total  of  six  constraints. 
As  the  equilibrium  equations  will  permit  the  determination  of 
three  reactions  only,  the  other  three  constraints  are  redundant. 

Therefore  the  whole  system  will  have  a  degree  of  redundancy  equal 
to  five. 

It  should  be  noted  that  there  are  usually  several  ways  of  elim¬ 
inating  the  redundant  constraints  in  order  to  convert  the  given 
structure  into  a  statically  determinate  one,  but  the  number  of 
eliminated  constraints  will  always  remain  the  same.  Thus,  the 
simple  statically  determinate  structures  appearing  in  Fig.  1.9b 
and  c  have  been  derived  from  one  and  the  same  redundant  struc¬ 
ture  of  Fig.  1.9a,  the  first  one  l>y  the  elimination  of  the  intermediate 

support  and  the  second  one  by  the  introduction  of  a  hinge.  The  latter 

25-853 
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eliminates  the  constraint  preventing  mutual  rotation  of  two  cross 

sections,  one  situated  to  its  right  and  one  to  its  left. 
The  introduction  of  a  hinge  into  one  of  the  members  oj  a  redundant 

structure  or  the  replacement  of  a  rigid  joint  formed  by  the  meeting 

of  two  bars  by  a  hinge  is  always  equivalent  to  the  elimination  of  one 
constraint  and  will  therefore  lower  by  one  degree  the  redundancy  of 
the  whole  structure. 

Hereunder  hinges  of  this  type  shall  be  referred  to  us  ordinary  hinges. 
In  eliminating  the  redundant  constraints  of  some  structure  care 

should  be  taken  not  to  disturb  its  stability.  From  this  point  of 
view  the  elimination  of  one  of  the  vertical  supporting  bars  of  the 
framed  bent  shown  in  Fig.  5.9b  would  be  unacceptable,  for  the 

three  remaining  bars  would  concur  at  point  A  and,  consequently, 
these  bars  would  be  uncapable  of  preventing  the  rotation  of  the 
whole  system  about  this  point.  The  correct  way  of  eliminating  the 
redundant  constraint  of  this  structure  is  shown  in  Fig.  5.9c. 

The  degree  of  redundancy  of  complicated  structures  may  be 
determined  remembering  that  each  hinge  introduced  instead  of 

a  rigid  joint  formed  by  the  meeting  of  K  bars  reduces  the  degree 

of  redundancy  of  the  system  by  ( K  —  1),  for  such  a  hinge  replaces 
(K  —  1)  ordinary  hinges  (Fig.  6.9a).  Hence  the  degree  of  redundancy 
of  a  structure  can  be  obtained  multiplying  by  three  the  number 
of  closed  contours  forming  this  structure  (regardless  of  any  hinges, 
whether  within  the  structure  itself  or  at  the  supports)  and  then 

reducing  the  number  so  obtained  by  the  number  of  all  the  ordinary 
hinges  existing  in  the  system. 

Hinges  common  to  K  bars  meeting  at  one  point  should  be  regard¬ 
ed  as  equivalent  to  (K  —  1)  ordinary  hinges. 

Mathematically  this  rule  may  be  expressed  by  the  following  for¬ 
mula 

n  =  3m— //  (1.9) 

In  this  expression  n  is  the  degree  of  redundancy,  m  is  the  number 
of  closed  contours  which  form  the  structure,  and  II  is  the  number 
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of  ordinary  hinges.  It  will  be  remembered  that  we  have  agreed  to 

use  the  term  ordinary  hinge  for  a  hinge  placed  at  the  meeting  of 
two  bars,  the  term  double  hinge  meaning  a  hinge  introduced  at  the 

meeting  of  three  bars  and  so  forth. 

The  structure  appearing  in  Fig.  6.9 b  consists  of  eight  closed  con¬ 
tours  (marked  with  Roman  figures)  and  against  each  joint  wo  have 
entered  the  equivalent  number  of  ordinary  hinges.  The  horizontal  and 

Common  hinge 

Fig.  6.9 

vertical  bars  meeting  at  the  outer  joints  of  the  system  are  regard¬ 

ed  as  a  single  knee  shaped  member,  these  bars  being  rigidly  conne¬ 
cted  together.  Consequently,  to.  =  8;  /f=3-f3  +  3  +  4  +  l  -f 

■f2-l-l-)-l+l  +  l  =  20  and  n  =  3  X  8—20  =  4,  meaning 
that  the  structure  is  statically  indeterminate  in  the  fourth  degree. 

As  already  mentioned,  the  elimination  of  any  one  of  the  con¬ 
straints  of  a  statically  determinate  system  transforms  immediately 
this  system  into  a  mechanism,  showing  thereby  that  the  number 
of  constraints  in  such  systems  constitutes  the  absolute  minimum 
required  to  ensure  their  stability.  Any  additional  constraint  in 
excess  of  this  minimum  transforms  the  system  into  a  redundant 
one. 

It  is  clear  that  in  such  a  system  there  is  at  least  one  constraint 

that  can  be  eliminated  without  prejudice  to  its  stability.  However, 
there  may  exist  such  constraints  which  cannot  bo  excluded  with¬ 
out  interfering  with  the  stability  of  the  structure.  Hereunder  we 
shall  designate  such  constraints  by  the  term  necessary  constraints. 

It  is  interesting  to  note  that  the  stresses  corresponding  to  the  neces¬ 
sary  constraints  can  be  always  determined  with  the  aid  of  statics 

alone.  An  example  of  a  necessary  constraint  is  afforded  by  the  ver¬ 
tical  supporting  bars  of  the  framed  bent  represented  in  Fig.  5.9a 

25* 
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Neither  of  these  two  bars  can  be  removed  without  rendering  the 

system  unstable. 

The  constraints  which  can  be  eliminated  without  prejudicing 

the  stability  of  the  system  form  the  ordinary  redundant  constraints. 

The  stresses  corresponding  to  these  constraints  cannot  he  derived 

from  the  equations  of  equilibrium  alone.  The  horizontal  supporting 

bars  of  the  portal  frame  just  mentioned  (see  Fig.  5.9a)  constitute 

an  example  of  the  latter  type  of  constraints.  We  know  that  for 

each  system  of  coplanar  forces  in  equilibrium  statics  provides  three 

independent  equations.  Hence,  if  some  system  is  connected  to  the 

ground  by  means  of  three  supporting  bars,  the  stresses  in  these 

bars  may  be  computed  using  equilibrium  equa¬ 
tions  alone  irrespectively  of  the  degree  of  redun¬ 
dancy  of  the  whole  system.  A  similar  structure 

may  be  therefore  regarded  as  internally  redun¬ 
dant. 

Externally  this  structure  is  statically  determinate 
for  the  abutment  reactions  and  the  external  loads 

constitute  a  balanced  system  of  forces  all  of 
which  can  be  completely  determined  with  the 
aid  of  statics  alone.  For  such  systems  all  the 

external  (support)  constraints  belong  to  the  cate¬ 
gory  of  necessary  ones,  if,  on  the  contrary,  a  structure  is  endowed 
with  more  than  three  external  constraints  such  a  structure  can 

usually  be  considered  both  as  externally  or  internally  redun¬ 
dant.  Indeed,  one  can  choose  at  will  those  of  the  constraints 

which  will  he  regarded  as  the  redundant  ones.  Thus,  the  frame 
of  Fig.  5.9a  may  be  regarded  as  externally  redundant  if  one 

decides  to  oliminalo  one  of  the  horizontal  supports  in  order  to  trans¬ 
form  it  into  the  statically  determinate  system  shown  in  Fig.  5.9c. 

On  the  other  hand,  if  one  decides  to  consider  as  redundant  the  con¬ 
straint  which  prevents  the  rotation  of  one  part  of  the  crossbar  about 
the  other,  in  other  words,  if  one  decides  to  transform  the  frame  into 

a  statically  determinate  structure  by  the  introduction  of  a  hinge 
as  shown  in  Fig.  7.9,  this  same  frame  should  be  considered  as  an 
internally  redundant  one.  The  frame  of  Fig.  8.9a  whose  degree  of 
redundancy  equals  six  may  be  considered: 

(a)  as  being  throe  limes  internally  and  three  times  externally 
redundant,  if  its  conversion  into  a  simple  statically  determinate 
structure  appearing  in  Fig.  8.9b  is  carried  out  by  lire  removal  of 

three  external  constraints  (for  which  purpose  one  built-in  end  is 
set  free)  and  of  three  internal  constraints; 

(b)  as  being  four  times  internally  and  twice  externally  redundant, 

if  it  is  decided  to  transform  the  given  system  into  a  statically  deter¬ 
minate  one  as  indicated  in  Fig.  8.9c; 

H  V 

Fig.  7.9 



2.0.  Canonical  Equation s  Deduced  by  the  Method  oj  l'orces 
389 

(e)  finally  the  same  frame  may  fie  regarded  ns  being  six  times 

internally  redundant,  if  its  conversion  into  two  separate  statically 

determinate  parts  is  carried  out  ns  shown  in  Fig.  8.9d. 

The  same  frame  cannot  be  regarded  as  statically  indeterminate 

only  from  the  point  of  view  of  its  external  constraints.  Indeed, 

the  system  is  redundant  in  Lhe  sixth  degree  while  a  maximum  of 

V777'  wP  77W- (a! 
(b) S m  vim 
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three  external  constraints  can  he  removed  without  disrupting  its 

stability.  It  is  clear  therefore  that  this  system  cannot  be  converted 

into  a  statically  determinate  one  by  lhe  elimination  of  external 
constraints  alone. 

2.9.  CANONICAL  EQUATIONS  DEDUCED  BY  TI1E  METHOD  OF 

FORCES 

In  the  previous  article  it  was  shown  that  the  stress  analysis  of 
redundant  Structures  requires  the  use  of  additional  equations  based 

on  the  strains  and  deflections  suffered  by  these  structures.  Fn  the 

method  of  forces  these  equations  are  obtained  through  the  trans¬ 
formation  of  the  given  structure  redundant  to  the  nth  degree  into  a 

simple  statically  determinate  one. 

The  elimination  of  any  constraints  will  introduce  alterations 
neither  in  the  stress  distribution  nor  in  the  strains  and  deflections 

if  in  the  place  of  constraints  so  removed  we  introduce  forces*  equi¬ 
valent  to  the  reactions  developed  by  these  constraints.  Consequent¬ 
ly,  if  the  simple  structure  is  acted  upon  both  by  the  actual  loads 
and  the  additional  actions  which  replace  the  eliminated  constraints, 
the  strains  and  deflections  of  such  a  system  as  well  as  the  stresses 
induced  therein  will  be  exactly  the  same  as  in  the  original  one  and 
therefore  the  two  become  equivalent. 

♦ 

♦As  previously  (see  Art.  2.8i,  the  term  force  will  apply  equally  to  moments. 
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Since  no  displacement  of  the  given  redundant  structure  along 
the  reactions  at  the  supports  is  possible,  the  displacements  oi  the 

conjugate  simple  statically  determinate  structure  along  the  same 
directions  must  also  equal  zero,  even  if  some  of  these  supports 
were  eliminated  when  converting  the  former  to  the  latter.  This 

means  that  the  reactions  developed  by  the  redundant  constraints  will 

be  such  as  is  necessary  to  render  nil  the  deformations  of  the  simple  stat¬ 
ically  determinate  structure  along  the  direction  of  these  reactions. 

The  equation  translating  the  above  statement  into  mathematical 
symbols  will  be  as  follows 

A;  —  An  +  At-2  -4-  •  •  •  +  A|>n_i  -)- A(n  +  A(p=0  (2.9) 

In  this  expression  the  first  of  the  two  indices  following  the  letter 
A  shows  the  direction  of  the  displacement  (the  latter  coinciding 

with  the  eliminated  constraint)  and  the  second  one  the  action  caus¬ 
ing  this  displacement.  Thus  Am  indicates  a  displacement  along 

the  direction  i  caused  by  the  reaction  of  the  constraint  k.  In  the 

same  way,  A iJ(  will  indicate  the  displacement  along  the  direction 
of  constraint  i  caused  by  the  applied  loads. 

Let  us  indicate  by  Xj  the  magnitude  of  the  reaction  developed  by 
the  constraint  k  (this  reaction  being  either  a  moment  or  a  direct 

stress).  At  the  same  time  let  11s  designate  by  6Jfe  the  displacement 
caused  by  a  unit  action.  In  that  ca.se  we  can  replace  Am  by  Xjfiix 
and  the  expression  (2.9)  will  become 

Aj  =X,6il  +  X26i2-}-  . . .  +  Xn_,6i,n.,  +  X„6in -f~A;p  =  0  (3.9) 

In  this  way  the  equivalence  of  the  original  structure  and  of  the 

simple  statically  determinate  one  will  be  mathematically  inter¬ 
preted  by  a  system  of  n  linear  equations 

/Vu  *  *z4  +-  /'■  *  xnd/+*,p=0 
Main  Vs*,^/  /  /  ✓ diagonal  /  \  s  /  / 

'  N  /  / 

'  /  V  / 
/ 

/  /  /  \ 
/i&nt  +  .xi&nl  *■■/  •■•?Xn&nn  +  An„*D -c - C - ^  \ 

Secondary  diagonals  '  ̂ 

>  C4-9) 

Equations  (4.9)  constitute  the  additional  expressions  based  on 

the  deformations  of  the  system  which  permit  complete  determina¬ 
tion  of  alt  the  support  reactions  and  of  all  the  stresses  induced  by 



2.9.  Canonical  Equations  Deduced  by  the  Method  of  Forces 
391 

the  given  system  of  loads  in  the  original  redundant  structure.  The 

first  of  these  equations  expresses  the  idea  that  the  displacement  of 

the  simple  structure  along  the  direction  of  the  first  eliminated  con¬ 
straint  (that  is  along  the  direction  of  force  or  moment  X,)  is  equal 

to  zero,  the  second,  that  the  displacement  of  this  same  structure 

along  the  direction  of  the  second  constraint  which  has  been  re¬ 
moved  is  also  equal  to  zero,  and  so  forth. 

The  system  of  simultaneous  linear  expressions  sucli  as  (4.9)  form 
the  so-called  canonical  equations  of  the  method,  of  forces,  this  name 

indicating  that  these  equations  are  of  standard  form  and  that  the 
unknowns  are  the  reactive  forces  developed  by  the  eliminated 

constraints.  The  number  of  these  equations  is  always  equal  to  the 
number  of  the  constraints  removed,  which  means  that  it  corresponds 

to  the  degree  of  redundancy  of  the  given  structure.  It  is  important 
to  note  that  both  the  number  of  terms  in  each  of  the  separate 

equations  and  the  total  number  of  these  equations  depend  solely 
on  the  degree  of  redundancy  of  the  structure  and  are  in  no  respect 
influenced  by  any  of  its  other  peculiarities. 

The  coefficients  to  the  unknowns  of  equations  (4.9)  represent 

the  deflections  of  the  simple  structure  obtained  by  elimination  of 
the  redundant  members,  these  deflections  being  due  to  unit  loads 

and  moments  acting  along  the  direction  of  the  eliminated  con¬ 

straints.  Numerically  the  values  of  these  coefficients  depend  on  the 

layout  of  the  structure  and  on  the  cross-sectional  dimensions  of 
its  members.  Should  these  members  be  made  of  different  materials, 

those  coefficients  will  also  depend  on  the  elastic  properties  of  the 
latter. 

Tints  coefficient  6(*  entering  the  above  equations  will  represent 

the  deflection  along  the  direction  i  induced  by  a  unit  action  (moment 
or  load)  acting  along  the  direction  k.  The  unit  displacement  &tl 

situated  in  the  main  diagonal  of  the  canonical  equations  and  char¬ 

acterized  by  two  identical  indices  will  be  termed  hereafter  prin¬ 
cipal  deflection  whereas  the  deflections  such  as  8**  standing  in  the 

secondary  diagonals  of  the  aforesaid  equations  will  be  termed  sec¬ 

ondary  deflections.  On  the  basis  of  Maxwell's  theorem  of  reciprocal 
displacements,  the  secondary  deflections  situated  symmetrically 
about  the  main  diagonal  will  he  always  equal  between  themselves 

8u  =  &hi* 
♦ 

•It  should  be  remembered  that  the  dimensionality  of  a  unit  deflection  is  that 
o£  a  ratio  of  a  deflection  to  the  action  which  has  caused  it.  Consequently,  a  unit 
translation  duo  to  a  concentrated  load  will  be  given  in  cin/kg  while  that  due  to 

unit  couple  in  cm/kg  cm  or  in  kg"1.  In  tho  same  way  a  unit  angular  rotation  due 
to  a  unit  Load  will  be  given  in  kg"1  and  an  angular  rotation  due  to  a  unit  couple 

in  kg' cm"1. 
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This  reduces  considerably  the  volume  of  work  necessary  to  deter¬ 
mine  the  coefficients  to  the  unknowns.  These  are  usually  obtained 

by  computing  the.  deflections  of  the  simple  structure  produced  by 
unit  actions  applied  along  the  directions  of  the  eliminated  con¬ 
straints.  It  is  recommended  to  carry  out  these  computations  using 
the  procedures  developed  in  the  preceding  chapter. 
The  diagrams  of  bending  moments  induced  in  the  conjugate 

simple  structure  by  each  of  the  unit  actions  (X/  —  1)  will  be 
traced  separately,  each  of  these  graphs  bearing  the  number  of  the 

eliminated  constraints,  the  same  applying  to  the  actual  loading 
(the  Mv  graph). 

The  unit  deflections  6j/k  will  be  obtained  through  the  multipli¬ 

cation  of  the  corresponding  unit  graph  Mi  by  the  unit  graph  Mk 
whereas  the  deflection  due  to  the  applied  loads  Aip  through  tho 

multiplication  of  the  unit  graph  Mt  by  the  graph  of  the  actual 

bending  moment  MP* 
The  main  or  principal  deflections  will  be  always  positive  whilst 

the  secondary  ones  as  well  as  those  due  to  the  applied  loads  might 

he  both  positive  and  negative.  When  all  the  coefficients  to  the  un¬ 

knowns  entering  the  system  of  simultaneous  equations  (unit  dis¬ 
placements)  as  well  as  the  deflections  due  to  tho  applied  loads  are 

known,  one  may  proceed  with  the  solution  of  the  said  equations. 
The  roots  of  these  equations  will  furnish  the  values  of  the  unknown 
stresses  acting  in  the  redundant  members.  Theso  will  permit  the 

construction  of  the  bonding  moment  diagrams  induced  by  Xlr 

X2 ,  •  •  ..  Xn  etc.,  in  all  the  necessary  members  of  the  struc¬ 
ture.  IT  is  convenient  to  use  for  this  purpose  tike  unit  graphs  traced 

previously.  The  operation  consists  in  the  multiplication  of  all 
the  ordinates  to  each  of  these  graphs  by  a  constant  factor  equal 

to  the  magnitude  of  the  action  just  obtained.  The  pertinent  ordi¬ 
nates  to  the  diagram  of  the  bending  moments  acting  in  the  redun¬ 
dant  structure  will  be  obtained  through  the  summation  of  the  ordi¬ 
nates  to  the  graphs  induced  by  the  stresses  X  and  by  the  actual 

loading  in  the  aforementioned  siinplo  statically  determinate  struc¬ 
ture. 

The  same  result,  will  be  achieved  if  the  simple  structure  obtained 

by  eliminating  all  the  redundant  members  wore  subjected  simul¬ 
taneously  to  the  applied  loads  and  to  all  the  stresses  acting  in  the 
eliminated  members  determined  as  described  above. 

The  bending  moment  graph  due  to  the  combination  of  all  these 

actions  may  be  constructed  using  any  of  the  well-known  procedures. 
♦ 

*  For  simplicity  wo  have  neglected  the  influence  of  normal  and  shearing 
forces.  If  it  were  desired  to  account  for  those,  one  should  trace  the  corresponding 
diagrams  and  compute  the  corresponding  products. 
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It  is  worth  noting  that  several  different  simple  structures  may 
be  used  for  the  computation  of  the  same  redundant  structure,  these 
different  structures  being  obtained  by  the  elimination  of  different 
members  regarded  as  redundant.  It  is  very  important  to  choose 

the  one  leading  to  the  greatest  possible  simplification  of  the  com¬ 
putation  through  the  reduction  to  zero  of  a  maximum  number  of 
secondary  deflections.  One  should  also  endovour  to  obtain  bending 

moment  graphs  of  the  simplest  possible  configuration  for  the  mem¬ 
bers  of  the  simple  structure. 

To  make  clear  the  above  statement,  let  us  take  as  an  example 

the  portal  frame  appearing  in  Fig.  9.9a  and  let  us  examine  the  var¬ 
ious  simple  structures  which  may  be  derived  therefrom.  To  begin 

with  let  us  eliminate  the  three  constraints  which  prevent  both  the 
horizontal  and  the  vertical  movements  and  the  angular  rotation 

of  the  lower  extremity  of  the  left-hand  column.  The  simple  struc¬ 
ture  obtained  in  that  case  appears  in  Fig.  9.96.  The  unknowns 

jf ,.  X2  and  X3  will  represent  the  reactions  developed  by  the  elimi¬ 
nated  constraints  and  the  simultaneous  equations  will  express  the 

idea  that  the  deflections  and  rotations  along  the  directions  of  the 

eliminated  constraints  remain  nil. 

Let  us  choose  another  way  of  rendering  the  redundant  structures 

statically  determinate,  namely,  by  cutting  iu  two  the  top  bar  as 

indicated  in  Fig.  9.9c.  This  is  equivalent  to  the  elimination  of 

three  constraints  preventing  mutual  displacement  of  the  two  faces 
of  the  crossbar  situated  to  the  right  and  to  the  left  of  the  cut. 

Hence,  each  of  the  unknowns  Xlf  X3  and  X3  will  represent  in 

this  case  a  group  of  two  opposite  forces  or  couples  acting  over  the 
two  cross  sections  just  mentioned. 

As  to  the  system  of  canonical  equations,  it  will  always  remain 

of  the  same  form  regardless  of  the  way  in  which  the  simple  stati¬ 

cally  determinate  structure  has  been  obtained. 
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In  the  first  of  the  two  cases  considered  above  these  equations 
would  express  the  idea  that  the  movements  of  the  lower  end  of 

the  left-hand  column  remain  nil.  In  the  second  case  the  same  equa¬ 
tions  would  mean  that  the  two  adjacent  sections  through  the  cross¬ 
bar  remain  motionless  with  reference  to  each  other.  However, 

these  equations  do  not  exclude  the  possibility  of  the  two  sections 
moving  or  rotating  together. 

In  the  case  of  the  simple  structure  of  Fig.  9.96  the  coefficient 
612  represents  the  horizontal  motion  of  the  lower  end  of  the  left 

column  caused  by  the  vertical  unit  load  Xz  =  1.  As  for  the  simple 
structure  of  Fig.  9.9c,  the  coefficient  612  represents  alteration  of 
the  vertical  distance  between  two  adjacent  cross  sections  of  the 
top  beam  induced  by  two  horizontal  unit  forces  X2  =  1. 

3.9.  ANALYSIS  OF  THE  SIMPLER  REDUNDANT  STRUCTURES 

Let  us  examine  the  sequence  of  operations  leading  to  the  deter¬ 
mination  of  all  stresses  in  redundant  structures  taking  as  an  exam¬ 
ple  a  beam  built  in  at  one  end  and  freely  supported  at  the  other 
(Fig.  10.9a).  The  simple  statically  determinate  structure  can  be 

Reck .r-ggr.i  st’-uetii't 

derived  from  the  above  by  eliminating  the  right-hand  support  thus 
obtaining  the  beam  appearing  in  Fig.  10.96.  A  single  constraint 
has  to  be  eliminated  for  this  purpose  (that  corresponding  to  a  roller 
support)  and  therefore  the  given  structure  is  statically  indetermi¬ 
nate  in  the  first  degree.  Apply  now  the  unknown  reaction  Xt  to  the 
cantilever  beam  at  its  free  end  together  with  the  uniform  load  of 
q  kg  per  unit  length  as  shown  in  Fig.  10.96.  The  equation,  express¬ 
ing  that  the  deflections  of  the  simple  statically  determinate  struc¬ 
ture  and  those  of  the  given  redundant  beam  aro  identical,  becomes 

Atfiu  +  Aj?  =  0  (3-9) 

More  precisely  this  equation  shows  that,  the  deflection  along  the 
direction  of  the  eliminated  reaction  is  nil.  The  determination  of 
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Xt  requires  that  the  values  of  the  coefficient  6U  and  of  the  term 

AtlJ  should  be  previously  calculated,  the  first  of  the  two  repre¬ 
senting  the  deflection  of  the  right-hand  extremity  of  the  cantilever 
beam  along  the  reaction  Xt  caused  by  a  unit  load  acting  in  the 
same  direction  (Fig.  10.9c),  and  the  second— the  deflection  along 
the  same  direction  due  to  the  loads  applied.  The  coefficient  6,j 

Fig.  11.9  Fig.  12  9 

will  bejound  raising  to  the  second  power  the  unit  bending  moment 
graph  Mi  (Fig.  10.9c).  As  for  the  term  it  will  be  obtained  by 

multiplying  the  area  of  the  same  unit  bending  moment  graph  Mt 
by  the  Mq  diagram  due  to  the  actual  loading  (Fig.  10.9d). 

Hence 

c  .  l  2  l  _  13 

11  2  '  3  '  EJ  ~  SEJ 

\     1  W*  ,  3  1  ql* 
1?  —  3  '  2  4  ’  EJ  ~  8 EJ 

Substituting  these  values  in  equation  (5.9)  and  solving  this  equa¬ 
tion  with  respect  to  Xt  vve  obtain 

A)  6„  ~  8  q 
The  diagram  of  the  resulting  bending  moments  acting  at  the 

cross  sections  of  the  given  redundant  beam  will  be  found  summing 

up  the  ordinates  to  the  Mq  (Fig.  10.9d)  graph  with  those  to  the  M, 
graph  all  the  ordinates  to  which  have  been  previously  multiplied 
by  the  magnitude  of  Xs  (Fig.  11.9).  The  diagram  so  obtained  ap¬ 
pears  in  Fig.  12.9.  Thus  the  ordinate  to  the  resulting  bending  moment 
curve  will  equal 

at  midspan 

and  at  the  wall 

M  =  MtXt  +  Mq  =  |  ql*  - 
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The  maximum  and  minimum  values  of  the  resulting  bending 
moments  can  be  easily  derived  from  the  diagram  of  the  resulting 
shears  Q  for,  as  it  is  well  known,  the  zero  ordinate  points  of  this 
diagram  always  correspond  to  the  extremal  values  of  the  bending 
moments. 

This  same  beam  (Figs.  10. 9«  and  13. 9a)  could  be  analyzed  using 

lor  simple  statically  determinate  structure  the  one  obtained  elim¬ 

inating  the  constraint  which  prevents  the  rotation  of  the  built- 
in  end.  The  simple  end-supported  beam  obtained  in  this  way  ap¬ 
pears  in  Fig.  13.96.  The  graph  of  the  bending  moments  produced  in 

ReOunaant  structure 

n'plt>  structure 

*>s _ ^  ? 

Fig.  13.0 

this  new  system  by  a  unit  couple  acting  across  the  section  at  the 
wall  appears  in  Fig.  13.9c,  while  the  graph  of  the  bending  moments 
due  to  the  applied  loads  is  given  in  Fig.  13. 9d. 

Raising  to  the  second  power  the  area  of  the  M%  graph  we  obtain 

x  i  ;  1  2  1 

Multiplying  the  same  graph  by  the  area  of  the  Mq  one  we  get 

\  __2il  ;  1  1  g*8 1  q"  8  3  '  2E1  2 \BJ 

The  introduction  of  these  values  in  expression  (5.9)  gives 

-y  _  ̂ <<7  _  ffl2 *“  8 it  "  8 
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This  shows  that  the  simple  statically  determinate  system  is  acted 

upon  by  a  moment  X,  =  —  ̂  applied  to  the  left  end  of  the  beam 

and  by  a  uniformly  distributed  load  of  q  kg  per  metre  (Pig.  13.9c). 
The  resulting  bending  moment  diagram  induced  in  the  simple 
structure  by  those  two  actions  will  represent  the  bending  moment 

diagram  for  the  given  redundant  structure  (Pig.  13.9/).  It  is  readily 
seen  that  this  diagram  coincides  exactly  with  that  of  Fig.  12.9 
obtained  previously  using  a  different  simple  structure  (see  Fig.  10.96). 

The  above  example  shows  that  the  following  soquonce  of  opera¬ 
tions  may  be  conveniently  adopted  for  the  stress  analysis  of  redun¬ 
dant  structures  by  the  method  of  forces: 

1 .  Choose  a  simple  statically  determinate  structure  obtained 

by  eliminating  all  the  redundant  constraints  of  the  given  one. 
2.  Replace  the  eliminated  constraints  by  unknown  forces  acting 

in  the  same  direction. 

3.  Form  the  canonical  equations  (4.9)  expressing  that  the  displace¬ 
ments  of  the  simple  structure  along  the  directions  of  the  elimi¬ 
nated  constraints  under  the  combined  action  of  the  loads  applied 
and  of  the  unknown  moments  and  forces  replacing  these  constraints 

are  equal  to  zero. 

4.  Apply  successively  to  the  simple  structure  the  unit  actions 

Ar|  —  1,  X-i  =  1,  X3  =  1.  .  .  .,  Xn  =  1  and  trace  the  diagrams 

of  the  corresponding  bending  moments  Mt.  Trace  equally  the  dia¬ 

gram  of  the  bonding  moments  Mp  due  to  the  applied  loads.* 
o.  Calculate  all  the  coefficients  /,  to  the  unknowns  multiplying 

one  by  the  other  the  unit  graphs  mentioned  in  item  4. 
ti.  Calculate  by  the  same  procedure  the  free  terms  Aip.  For  this 

purpose  the  unit  graphs  must  be  multiplied  by  the  Mp  graph  due 
to  the  applied  loads. 

7.  Solve  the  system  of  simultaneous  equations  with  reference  to 
the  unknown  actions  X .  .  .,  -Y„. 

8.  Compute  the  ordinates  to  the  resulting  bending  moment  curve 

by  summing  up  the  ordinates  to  the  unit  graphs  multiplied  pre¬ 

viously  by  the  magnitude  of  the  corresponding  action**  with  the 
ordinates  to  the  bending  moment  curve  due  to  the  actual  loading. 

One  may  also  apply  to  the  simple  statically  determinate  struc¬ 
ture  all  the  redundant  reactions  and  stresses  just  determined  togoth- 

♦ 

•All  the  above  refers  to  structures,  deformations  of  which  remain  practi¬ 
cally  unaffected  by  direct  and  shearing  forces.  If  it  were  otherwise,  it  would  lie 
necessary  to  trace  equnlly_lhe  diagrams  for  the  shears  and  normal  stresses  duo 

both  to  the  unit  actions  ( Q ,  and  A',)  and  to  the  applied  loads  (Qv  and  Np). 
♦•It  is  strongly  advised  to  trace  new  bending  moment  diagrams  induced  by 

the  redundant  reactions  and  not  to  alter  the  scale  of  the  unit  graphs  traced 
previously,  for  the  latter  procedure  is  a  source  of  frequent  errors. 
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or  with  the  actual  loads,  tracing  thereafter  the  combined  bending 
moment  diagram.  This  diagram  will  coincide  with  that  of  the 
given  redundant  structure. 

Let  us  proceed  now  with  the  solution  of  a  few  problems. 

Problem  I.  Trace  the  bending  moment  diagram  tor  the  portal  frame  of 
Fig.  14.0a .  The  moment  of  inertia  of  the  crossbeam  is  twice  as  large  as  that,  of 
the  uprights. 

Solution.  The  portal  frame  under  consideration  being  redundant  to  the  first 
degree,  the  simple  statically  determinate  structure  may  be  obtained  eliminating 
the  horizontal  constraint  at  tho  right-hand  support  (Fig.  14.9b). 

Jz  =  ZJ, 

~T  ~~ 

- - - 

Redundant 
Simple 

structure 
StWCtii'u 

Jt, 

rfr-1  RH < 

t— e— i (a) 

(b t Fig.  Id.  9 

The  bending  moment  graphs  duo  to  the  applied  loads  and  to  a  unit  load  acting 
along  the  direction  of  the  eliminated  constraint[lmvo  been  given  in  Fig.  29.8b 
and  c  of  Art.  9.8.  The  equation  expressing  that  the  horizontal  deflection  of  the 
lower  end  of  the  simple  structure  is  nil  becomes 

-Y1611  +  A|P  =  0 

The  coefficient  flu  will  be  given  by 

*  „  ft2  2  ,  1  ,  hah  ,  „ 

6*'  2  2  ’  3  "  AVj  ̂   2 EJi  ~  0 SJl  (4A  1  ̂  
The  deflection  due  to  tho  applied  load  has  been  computed  in  Problem  2 

of  Art.  9.8 

Hence 
Phi 

£77 

h  ,  a  )  Phi 
3  1  a  J  “  12  r:j  i 

( Ak  —  'ia ) 

V  _  i,P  _  P 

‘ *"  
~  2 

The  resulting  bonding  moment  graph  will  be  obtained  by  multiplying  all 
P 

the  ordinates  to  the  unit  graph  by  -j>-  and  by  adding  them  thereafter  to  the  ordi¬ 

nates  to  the  bending  moment  diagram  due  to  the  applied  loads.  This  graph  ap¬ 
pears  in  Fig.  15.9. 

J 
Problem  2.  Trace  the  bending  moment  diagram  for  the  redundant  knee  frame 

'  represented  in  Fig.  16.9a. 
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Solution.  This  structure  is  statically  indeterminate  to  the  second  degree. 

Let.  us  eliminate  the  constraints  at  the  lower  support  obtaining  thereby  the  sim- 

Fig.  16.9 

pie  statically  determinate  structure  of  Fig.  16.9b.  Tho  corresponding  system 
of  equations  (4.9)  becomes ^1^11 

X  1^21  ”1”  -^2^22  “b  &2q  ~  0 

The  graphs  of  the  bending  moments  induced  by  unit  loads  acting  along 
the  eliminated  constraints  as  well  as  by  the  loads  applied  appear  in  Fig.  17.9. 

K  ' 
Fig.  17.9 

The  coefficient  ffi,  will  he  obtained  raising  to  the  second  power  the  A/,  grapli 

l/o2  2  ,  \  An3 

6“=£T(—  Ta  +  a*a)  =  3EJ 

The  coefficient  612  >s  givon  by  the  product  of  the  A/j  and  ,.l/2  graphs 

.  1  a  a 3 

612  =  521=,_  — 

Raising  to  the  second  power  tho  A/2  graph,  we  obtain 

l  i!  2  «3 
6'*  =  1sT'~"3  317 
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fho  free  terms  of  both  equations  will  be  obtained  multiplying  the  ,1/| 
and  the  J If 2  graphs  by  the  Mq  graph 

.  1  /  <7<?2  a  3  qn2  \  5oa* 
{-2----Ta+—  ‘!-a)=8lT 

Me 

HJ 

- - 
1 

EJ 

<t<‘~ 

2 
a  nn 1 

aY  W 

Introducing  the  values  so  obtained  into  the  system  of  equations  and  dividing 
both  of  these  equations  by  we  obtain 

d  ,  1  5 
~  -^  l — —  •’fz  +  'y-  qa  —  0 

i  Y  ,  1  1  „ 

~Y  X,+T  ̂ 2-— 
The  solution  of  these  two  equations  yields 

3  3 

'Yl  = — j<If.  qa 

In  order  to  obtain  the  bending  moment  diagram  for  the  redundant  structure 
apply  simultaneously  to  the  simple  statically  determinate  one  both  the  actual 
loads  and  the  unknown  reactions  just  determined.  Jioaclinu  X,  must  he  directed 

p .  P 

I  TT*- * - ~r*~ Redundant  , 
| 

J structure 

I 

*zr. 

777  T, 7I 4 -  "  — 4 

Ftg.  19.9\ 

towards  the  left,  its  value  being  negative  (Fig.  13. fin).  The  expressions  of  Ibc 
bending  moments  acting  in  each  member  of  tlio  structure  will  be  obtained  as  usu¬ 
al  considering  the  lower  end  of  the  column  ns  its  left-hand  extremity  and  marking this  end  with  an  asterisk. 

Section  I -I 

11I  3 
for  J-j  -rsO 

►<-
 

II O 

c  0 
forii=  — 

"
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¬
 

ll
 

3 

for  jfj  =  a 

co  |r^ 

II 

qa ■
 

~ 

qua  - 

14 
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The  maximum  value  of  M1  will  be  found  equaling  to  zero  the  first,  deriv¬ 
ative  of  the  above  expression  with  reference  to  .rj 

wherefrom 

dM dz _  =  _9a  — 7x,=0 

l  1 

■*l  =  *o  =  T« 

3  3  <79,9 

,W««“  T,aT'!“T"49a  '9f 

qa*
 

Section  1 1 -I  I 

aj  1 1  3  ,3  „  ga2 

A/  =  —  qax2 +yj(i - y- 

forxo~0 

for  x2  =  a 

j/"=- 

qa* 

TT 

3  ,  3  .  go2  ga2 *v  — —=~W 

The  resulting  bonding  moment  graph  for  the  redundant  structure  is  shown 
in  Fig.  18.0ft. 

Problem  3.  Trace  the  bending  moment  diagram  for  the  portal  frame  of 
Fig.  19.9. 

Solution.  This  structure  is  redundant  to  Iho  third  degree.  Bel  us  compare  the 

three  simple  statically  determinate  structures  shown  in  Fig.  20.9  with  a  view  of 

P  P 

lv 

*  v-.i 

X, 

-*■ 

X , 

y  X3  1  X1Y 

'X, 

*'  1  J/2 

Possible  simple  structures 

(a)  (b)  (c) 

Pig.  20.9 

choosing  the  one  which  will  reduce  to  a  minimum  the  amount  of  computation. 

From  this  view-point  preference  should  be  given  to  symmetrical  systems,  for 
in  that  case  it  becomes  possible  to  trace  unit  bending  moment  graphs  und  to 
compute  their  products  only  for  one  half  of  the  structure. 

On  these  grounds  the  simple  structure  appearing  in  Fig.  20.9a  should  he 
rejected  forthwith.  Both  structures  of  Fig.  20.9ft  and  c  are  symmetrical  but  it 

will  be  easier  to  trace  all  the  necessary  bending  moment  graphs  for  the  one  appear¬ 
ing  in  Fig.  20.9c.  Hence  our  choice  will  fall  on  the  latter.  The  corresponding 
bending  moment  graphs  are  represented  in  Fig.  21.9. 

20-85-3 
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Lot  us  form  the  equations  expressing  that  I  lie  mutual  displacements  of  the two  faces  of  the  crossbeam  on  both  sides  of  the  rut  are  nil. 

A  tiji-r  ̂ 2612  d  ATgdpj'  \\p— 0 

A  ] 6- 1  -  .V I  Asfija  ■  Aj>j,  ~0 

A  l6;(|  —  A  26;>2  —  X  3f>3;i  A p  0 

Ifofoie  proceeding  with  the  computation  of  all  the  coefficients  attention 
should  he  drawn  to  tin*  fact  Hint  all  the  graphs  can  he  subdivided  into  symmet¬ 
rical  ones  (A/i  and  M 3 1  and  anUsymmetricnl  ones  ( A/ 2  and  Mv).  The  ordi¬ 
nates  to  the  left-hand  and  to  the  right-hand  halves  of  the  latter  are  equal  in 
amount  lint,  opposite  in  sign,  being  situated  on  different  sides  or  the  cor  respond¬ 
ing  members  of  the  portal  frame.  Ft  can  he  easily  proved  that  all  the  deflections 

commuted  multiplying  sy mine t cicul  graphs  by  anlisymmclricnl  ones  will  be  al¬ 
ways  )itl.  For  this  reason  the  following  deflections  appearing  in  the  above  equa¬ 
tions  will  reduce  to  zero 

6121  ^23-  6321  A|(,  and  \it, 

Consequently,  the  equations  them  solves  become 

if  1^11  -!- 

A'|h3|  — A'af>a3--D 

^22— Agf,  — 0 
the  first  two  leading  immediately  to 

Xj  =0  and  -V;;  -=0 
mid  Die  third  one  yiehling 

Hence  we  need  calculate  only  the  deflections 

2  \Ph*  a  I 

2  2  ‘  ID 

Aj,,  and  622 

Ph*a 

>hJ 

12a  «  a  "I  2 
T'T‘T~1  ,a'TJ  Iff 

at 

12  RJ 

(" 

lift) 
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Consequently 

y 
 r,1>h~ 

'2 

The  final  diagram  of  tlir  bonding  moments  acting  incite  redundant  structure 
umy  be  now  obtained  multiplying  the  ordinates  to  the  M2  graph  by  the  magni¬ 
tude  of  X2  and  summing  them  up  with  the  ordinates  to  the  A/,,  graph  duo  to  the 
actual  loading.  This  heading  moment  diagram  is  represented  in  Fig.  22.!). 

Problem  4.  Determine  the  thrust  developed  at  the  abutments  of  the  u«- 
lunged  arch  appearing  in  Fig.  23.9, i.  The  neutral  line  of  this  arch  follows  a  para¬ 
bolic  curve  given  by 

4/  , 

y=-p(i—x)* 

The  rise  of  Ibis  arch  is  less  than  one  fifth  of  its  span  and  Ihe  stiffness  of  its  cross 
sections  remains  constant  and  equal  to  EJ. 

Solution.  Let  us  regard  as  redundant  the  horizontal  component  (thrust)  ol 
the  reaction  developed  at  llie  left-hand  support  (Fig.  23.9ft).  This  leads  to 

Sjdn +Aij,  =  0  (6.9) 

Seeing  that  the  neutral  line  of  the  arch  is  a  curve,  Vereshchagin’s  method  be¬ 
comes  inoperative  and  therefore  Mohr's  integrals  will  have  to  he  computed analytically.  For  flat  arches  this  problem  is  not  very  complicated  for  without 

appreciable  error  ds  may  he  replaced  by  dx  and  cos  tf‘  may  he  taken  equal  to  1 

3Ph2  3Ph'L 

fig.  22.  9 

\y 

IwiiniHiimiinmnni 
■  l 
I  I 

rile  integration  will  lie  carried  out  between  x  -*  ii  and  *  =  1  The  angle  q>  just mentioned  is  the  angle  formed  by  the  tangent  to  the  neutral  line  and  the 
•r-axis.  ft  should  be  remembered  that  normal  stresses  must  be  taken  into  conside¬ 
ration  when  computing  the  horizontal  displacement  of  flat  arches  due  to  hori¬ 
zontal  loads.  Hence  the  coefficient  6«  will  he  calculated  using  the  expression 

fin- S it]  ds 
L'J 

A'r  * 

/if 

26* 
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whore 

and 
Ml  =  —  lj/=  —jf(l-x). e 

iV|  -  —  t  COS  <p—  —CDS  <p 

lieplacing  ds  by  dr  and  putting  eos<p=  I  we  obtain 

i 

16  n  P  1  p  ,  8  f‘H  l 

l  xi(l~x)idl  +  -E]r  })  dx  ~  15  fiJ  T'  EF 

The  displacement  Alj(  due  to  vertical  loads  will  bo  determined  using  the formula *~s 

?  MlMpdt 

k'J 

where 

..  ?1  **  x  . 
M ,,  =  -j-  x  —  q -j-  =  q  -j  (1  -  x) 

This  leads  to 

Ai, 

',="S  ~liTlt,'l~x)x3T(l~z)d,~  i*EJ  x 

§  (1-1)
*  i* 

dx  =-=  — 

2g/ 

(l*a-i-2la'3-r^4)dx  = 

/*/!’/  V  8  4  4  T  5  ; 

7/13
 

15/r/ 

The  solution  of  equation  (G.'.l)  yields  immodintely  the  value  of  the  desired 
thrust  Xi 

Xi  = 

<fl- 

8/+-J-- 

J_ 

F 

Problem  5.  Kequired  the  stresses  in  all  the  elements  of  the  framed  structure 

j  appearing  in  Fig.  24.9a.  All  the  members  of  this  structure  arc  of  the  same  cross 
section.  Bars  5  and  it  have  no  common  hinge  at  mid  length . 

Solution.  Since  the  structure  is  redundant  to  the  first  degree  we  may  obtain 

the  simple  statically  determinate  one  by  cutting  diagonal  G  (Fig.  24.9ft).  The 
corresponding  equation  will  be  of  the  standard  form 

X i8)iT  Aj>i  —  0 
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Thi'  deflections  fijj  and  A j may  lie  obtained  using  tho  expressions  developed 
previously  for  tlircmgli  structures 

hF  ~  EF  ' 
X,N„l  (  _ 

In  these  expressions  A'f  are  the  stresses  induced  in  the  different  bars  by  the 
unit  load  X,  —  1,  and  A>  are  the  stresses  due  to  the  applied  loads. 

(a)  Redundant  sir uc lure  !b>  Simple  structure 

All  the  necessary  calculations  are  given  in  Table  1.9  Tho  column  which 

should  normally  contain  the  cross-sectional  areas  of  all  tho  bars  has  been  omit¬ 
ted.  these  areas  remaining  constant  throughout  the  structure 

Table  1.9 

liar  No  .  | 
i B 

*1 

‘vp v.-v 

Np 

1 Pa a 
i a 

V2 
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VI 

Y 

i Pa 
2 a 

_yi 

p 

V2 

Y 

3 a 

y2 

0 0 
2 

1 
Pa 

n 
i n 

~ys 

p 

V2 

~T 

.5 

a  yl i 

-P  1/2 
—  2  Pa 

a  Vi 

6’ 

«y  2 i 0 0 
«y 2 

1 1'tal 
Pa  _ 

y2( 
3+2 

(2  +  2  y5)  a 
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Using  the  data  contained  in  tin-  above  table  we  may  easily  compute  the 
values  of  Slp  and  6ti 

f.f  yi i 
 ̂ 2 

6,,=-^  (2+2 1/5) 
Introducing  these  values  into  tbc  standard  equation  we  obim 

Xi 

3-2  yg 

21/2+4 

Stresses  in  all  the  different  mem  tiers  of  the  given  structure  will  be  readily 
obtained  using  expression 

Hi-Ittp  +  lflXt 

The  lirst  term  of  the  right-hand  part  of  this  expression  represents  the  stress 
induced  in  the  corresponding  member  of  the  simple  structure  by  the  applied 
loads,  and  the  second  the  stress  induced  in  the  same  member  by  the  reaction  of 
the  redundant  constraint.  This  expression  constitutes  thus  one  of  the  applications 
of  the  principle  of  superposition.  For  liar  2,  the  tc>taL  stress  will  equal 

X: 2  = 

.V 

2P 

A'2X,  =  /'  + 
( _ L_\  ,,3  +  21/2  1-r-a  V5 
\  Y2)  2  1/2  +  4  40  +  1/2) 

Problem  6.  Required  the  stresses  in  a  trussed  beam  appearing  in  Fig.  25. Da. 
The  main  beam  whose  length  is  equal  to  (lie  total  span  of  the  structure  works 
in  bending,  while  the  reinforcing  members  work  in  direct  tension  or  compression 

(a)  Redundant  structure 

Fig.  25.9 
Fig.  2B.9 

just  as  those  of  an  ordinary  truss.  We  shall  assume  lhal  the  cross  sections  of  all 
the  reinforcing  mombors  remain  constant.  The  displacement  of  the  two  different 
parts  of  the  structure  will  he  calculated  using  expressions  peculiar  to  the  type 
of  stress  developed  in  each  of  these  parts. 

Solution.  The  simple  statically  determinate  structure  will  be  obtained 

by  cutting  bar  1-2  as  indicated  in  Fig.  25.96.  The  equation  will  he  of  the  standard 
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form 

V.fiu  -Aj7,-<I 

the  values  of  llte  coefficient  5n  to  the  unknown  X,  and  of  the  free  term 
A„,  will  he  obtained  using  bending  moment  graph  for  the  main  beam  i  Fig.  20.9) 
and  Hie  values  of  the  normal  stresses  developed  in  the  reinforcing  members. 

The  unit  stress  Aj  act  ing  along  the  horizontal  liar  7-2  will  produce  a  compression 
in  both  the  queen  posts,  the  magnitude  of  this  compression  in  this  particular 
case  being  also  equal  to  unity.  These  stresses  will  he  transmitted  directly  to 
the  main  beam.  The  following  tabic  gives  the  amounts  ol  stresses  in  all  the  bars 
of  the  auxiliary  system. 

Table  2.9 

Bar  Nu. } n 
\*l 

Or 1 
a  1/2 

V2 

0 0 

2r,  \'2 

1-2 a l o 0 n 

2-8 a  1/2 

V2 

1  0 

0 
2a  1/1 

1-d 0 

—  1 

o (1 

f\ 

2-5 a 

—  1 

0 0 a 

Total — — 0 
a  (3  r  '>  1/2) 

The  values  of  displacements  cria  and  Afn  are  obtained  as  fellows 

*  «  "  TT  {t  ' 4  “  1  +  tt2" )  ̂  "  (il+ 4  V 2)  "W  h ~W  {i~ ,x  1  2) 

Aj»,_  i:j  L”  \  ~  3  )  '“2  '  "J  ""  MJ 

introducing  the 

A |  we  obtain 

latter  values  into  the  standard  equation  and  solving  it  for 

*x  = 

P _ 

h  E/ (3  +  41/2) 

5  ‘  EFa1 

The  diagrams  of  the  bending  moments  acting  in  the  main  beam  and  of  the 
normal  stresses  in  the  auxiliary  members  of  the  redundant,  structure  will  be 
obtained  as  usual  by  the  summation  ol  the  ordinates  to  the  stress  curve  clue  to 

the  applied  loads  with  the  ordinates  to  the  unit  curves  multiplied  by  the  mag¬ 
nitude  of  A  j. 

Referring  to  the  different  structures  appearing  in  Fig.  27.9  the 
tu dent  will 

(1)  determine  their  degree  of  redundancy; 
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(2)  (incl  appropriate  simple  statically  determinate  structures  and 
choose  the  better  ones; 

(3)  form  the  corresponding  systems  of  canonical  equations; 
(4)  trace  the  diagram  of  the  unit  stresses; 
(5)  compute  one  of  the  unit  displacements  5  for  each  of  those 

structures. 

F,g.  27.9 

4.9.  STRESSES  IN  REDUNDANT  STRUCTURES  DUE  TO 

TEMPERATURE  CHANGES 

In  the  event  of  temperature  changes  the  standard  equations 
used  in  the  method  of  forces  become 

Xi6u  - 1-  ̂  a® l a  + +  •  •  ■  +  A’  rfim  +  =  0 

A  1^21  +  A" 2622  +  A3623  +  .  .  .  +  Xft&2n  +  A2*  —  9  I 
.  \  (7-9) 

X  ,6„i  -f-  A  56,12  +  Ar36„3  +  . . .  +  Xnbnn  +  An*  —  0  J 

In  these  equations  the  coefficients  6l(,  612,  .  .  6„„  have  the  same 
meaning  as  heretofore,  while  the  terms  A**.  A2*,  -  .  An*  are 

the  deflections  of  the  conjugate  simple  structure  along  the  redun¬ 

dant  constraints  A'j,  X2,  ■  .  X„  caused  by  the  thermal 
gradient. 



4.0.  Stresses  In  Redundant  Structures 

These  deflections  may  be  obtained  using  expressions  (19.8)  and 

(20.8)  developed  in  Art.  7.8* 

-W  -  2a  h—h.  j  Mm  ir  +  2 a  j  Nm  dx 
(19.8> 

-W  =  2a  %  +  2a  % 

(20.8) 

Equations  (7.9)  express  as  usual  the  idea  that  the  deflections  of 

the  simple  determinate  structure  along  the  directions  of  the  elim¬ 
inated  constraints  remain  nil. 

Redundant  structure 0‘C  \h  _ 

Simple  structure 

Pig.  US.  9 Fig.  29.  9 

Problem.  Determine  the  stresses  induced  in  a  one-time  redundant  structure 
appearing  in  Pig.  2b. 9  aud  trace  the  corresponding  bending  moment  curves 

assuming  that  the  indoor  temperature  rises  by  10°C  while  the  outdoor  one  remains 
unchanged. 

Solution.  Adopt  the  simple  structure  appearing  in  Fig.  29.9  for  which  the 
standard  equation  becomes 

•Jr,5„-t-A(,=0  *8.9) 

('sing  expression  (20.8)  just  cited  wo  obtain 

Ait  ~  — * — l««+  — J  —a  — 2 — a=  ~15a  1 - 5“‘l 

As  for  6[|  its  value  will  be  found  raising  to  the  second  power  the  area  of  the 

If,  graph  (Fig.  30.9) 

-  1  «o  2  „  1  4a3 
611  ~~ET'  2  '  3  “  '  ° EJ  ~  3 EJ 

*\Ve  shall  admit  that  the  cross  sections  of  all  the  elements  involved  are  sym¬ 

metrical  about  the  horizontal  gravity  axis.  Were  it  otherwise  2  should  be 

replaced  by  /,  +  ̂ 1  ■  ■  —  y  where  1/  is  the  distance  from  the  fibre  healed  to  12  to h 

the  centroid  of  the  cross  sections. 



4to Analysis  uf  the  Simpler  Statically  Indeterminate  Structures 

Introducing  these  values  into  equation  (8.9)  ami  solving  the  same  we  obtain 

v  A„  ̂   (t+1)3S;  l5atV(lf  M) 

1  6„  4  ~  4«2 
Tho  bending  moment  diagram  induced  in  the  given  redundant  structure  by 

the  given  tempera  lure  change  can  now  be  obtained  multiplying  all  the  ordinate's 
to  the  M i  curve  by  A’ , .  This  diagram  is  represented  in  Fig.  31.9. 

Fig.  30.9  Fig.  .11.9 

5.*.).  STRESSES  IN  REDUNDANT  STRUCTURES  CAUSED  BY  THE MOVEMENT  OF  SUPPORTS 

As  already  mentioned,  statically  indeterminate  structures  may 
become  severely  stressed  not  only  due  to  the  application  of  exter¬ 
nal  loads  or  due  to  temperature  changes  but  also  in  the  event  when 

Fig.  32.9 

one  or  more  of  their  supports  suffer  a  linear  translation,  an  angular 
rotation  or  both. 

Let  us  study  this  problem  using  as  an  example  the  portal  frame 

of  Fig.  32.9a.  The  shape  taken  by  this  frame  after  the  right-hand 

support  has  shifted  from  B  to  B'  is  indicated  in  the  same  figure 
liy  dash  lines.  The  horizontal  and  vertical  displacements  of  tho 
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support  will  be  taken  equal  to  a  and  b  respectively  and  its  angular 

rotation  to  ip. 

The  influence  exercised  by  the  simple  structure  adopted  on  the 

formation  of  the  standard  equations  will  be  investigated  using 

the  examples  of  Fig.  32.9b.  c  and  d.  In  the  first  case  (Fig.  32.9b) 

the  directions  of  the  redundant  constraints  coincide  exactly  with 

those  of  the  support  displacements,  Thus,  the  unknown  reaction 

Xi  follows  the  direction  of  the  horizontal  displacement,  the  reac¬ 
tion  X2  that  of  the  vertical  one  (though  being  opposite  in  sign) 

while  the  moment  X3  acts  along  the  direction  of  the  rotation  suf¬ 
fered  by  the  cross  section  at  the  support.  The  magnitudes  of  these 

reactions  must  he  such  as  to  render  the  displacements  of  the  simple 

statically  determinate  structure  exactly  equal  to  those  stipulated 

in  the  problem.  Hence  the  canonical  equations  expressing  this 
idea  will  be  of  the  following  form 

Xlfi|l  +  X28i2  “T-^-3^13  —  a  1 

XAi+JrA,+XA.  =  -i  >  (9.9) 

X  i831  -j-  X2632  -|-  -X3833 =  9  J 

The  negative  value  of  the  last  term  of  the  second  equation  is  due 

to  the  fact  that  reaction  X2  is  directed  upwards  while  the  support 
moves  downwards. 

On  I  he  other  hand,  if  the  simple  structure  of  Fig.  32.9c  were  adopt¬ 
ed  it  would  become  necessary  to  regard  l he  displacements  of  the 

support  B  as  a  system  of  external  loads.  This  would  he  reflected 

by  the  introduction  into  the  canonical  equations  of  free  terms 

corresponding  to  the  said  loads,  these  terms  being  designated  as 

usual  by  Aia,  A2a  and  A3A.  It  is  clear  that  these  terms  will  have 

the  following  values  (see  Art.  14,8) 

Aii  =  a;  A2a=  —  b  A3A  =  cp 

Consequently,  the  canonical  equations  will  take  the  following  shape 

+  X26i2  ~r  A.-)6i3  |"  a  —  0  "J 
X,621-|-X2622  -|-X3823  —  b-M<p—  0  >  (10.9) 

A 1831  ~~~  A’2832  Jr  X  3633  -j-  <£'  =  0  J 

For  Hie  simple  structure  of  Fig.  32.9d  these  same  equations  would 
become 

Xj6u  AT2S12  -f-  X36,3  -r  Aia  =  0 

AfjSai  +  X2822-|-  X3623-[-  A2a  =  <p 

X,631  +  X2S32  +  X3833  +  A.3a  =  0 I (11.9) 
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Here  A1a,  A2i  and  A34  are  the  displacements  of  the  conjugate 
simple  structure  along  the  directions  of  Xf,  X2  and  Xs  due  to  the 

vertical  and  horizontal  movements  of  the  right-hand  support.* 
It  was  shown  in  Art.  14. 8  that  these  displacements  are  readily 

computed  using  expression 

X,AiA  i-2f?A  =  0 
in  which  the  left  part  represents  the  work  accomplished  by  the 

state  along  the  displacements  of  the  simple 
structure  due  to  the  motion  of  the  supports. 
In  this  case  the  imaginary  state  of  the 

simple  structure  permitting  the  determina¬ 
tion  of  the  angular  rotation  along  Xi  due 

to  the  displacements  of  the  right-hand  sup¬ 
port  is  that  of  Fig.  33.9a.  Hence  the  work 

accomplished  by  the  forces  of  the  imagi¬ 
nary  state  along  the  displacements  of  the 

simple  structure  when  its  right-hand  sup¬ 
port  is  moved  both  vertically  and  hori¬ 
zontally  will  he  expressed  hy 

forces  of  the  ima 

(a) 

A A. ■/ 

ih 

(b) 

};•  i\ 

! 

j£_  . 
% 

.  ”"([ l 
u 

(c) 
■*  \ 

*3-' '  t 

% 
h  f, 

J/i *,A1a 

wherefrom 

■b  =  0 

«  _  « 
Xl*=— 2k  ~ 

Similarly,  the  work  accomplished  by 

Fig.  33  9  the  forces  of  the  second  imaginary  state 
shown  in  Fig.  33.96  along  the  displacements 

of  1.he  simple  structure  due  to  the  movements  of  the  same  support 
will  be  given  by 

w  herefrom 

A2X  =  — 

a 

2 T 

-T*  =  0 

As  for  the  displacement  Asa  it  will  be  obtained  from  the  equation 
corresponding  to  Fig.  3.3.9c. 

A5A,a  — jp  a.  —  0 
♦ 

“The  angulai'  rotation  of  the  right-hand  support  will  produce  no  displace¬ 

ment  of  the  simple  structure  along  the  directions  of  Xu  and  A’s. 
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wherefrom 

1  nt reducing  these  values  into  equations  (11.9)  wo  obtain 

XAt  -4-  Xt6u  T-  X3613 — (2^"  +  *)“)  =  0  1 

X1A21  +  X4628  +  XA3-(-|r-4)=<f’  (12.9) 

XA,  j-  x26„z + XAs + -£- «  0 

It  should  be  remembered  that  each  term  of  the  left  part  of  Ihcsc 

equations  represents  the  deflection  of  the  simple  statically  deler- 

Fig.  34.9 

ruinate  structure  along  the  direction  of  a  redundant  reaction  m 
d need  either  by  this  same  reaction  or  by  the  movement  of  the 
support  at  B. 

All  the  equations  of  the  present  article  have  been  thus  based  on 

the  principle  of  superposition.  It  may  be  easily  shown  that  these 
same  equations  may  be  based  on  the  theorem  of  reciprocal  works. 
Indeed  let  us  consider  two  different  states  of  the  same  simple 

statically  determinate  structure,  namely  those  represented  in 
Fig.  34.9a  and  b.  Using  the  above  theorem  we  obtain  immediately 

Xifin -f-Xgbji  +  Xgfigj  —  la  (13.9) 

The  left-hand  part  of  this  equation  represents  the  work  accom¬ 
plished  by  the  applied  loads  of  Fig.  34.9a  along  the  deflections  of 
the  imaginary  state  of  Fig.  34.9b  while  the  right-hand  part— that 

done  by  the  unit  load  Xt  =  1  of  the  first  imaginary  state  along 

the  actual'  displacement  equal  to  a. 
Rxactly  the  same  reasoning  will  lead  to  the  formation  of  the 

two  following  equations  (Fig.  35.9a  and  b) 

X |f>i2  4"  X262*  -|-  X3&32  —  —  lb  1 

X  |6|J  -f-  XA,  +  Xfi633  ~  1(|'  f 

(14.9) 
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The  left  parts  of  these  equations  represent  the  work  accomplished 
by  the  applied  loads  along  the  imaginary  displacements  induced 
by  the  unit  loads  of  the  second  and  third  imaginary  states  of 
Fig.  85.9a  and  ft  while  the  right-hand  parts— those  accomplished 
by  the  imaginary  unit  loads  of  the  two  latter  slates  along  the  given 
displacements  of  the  support. 

Comparing  equations  (9.9)  obtained  previously  using  the  simple 
structure  of  Fig.  82.9ft  with  those  based  on  the  theorem  of  recip¬ 
rocal  works  [equations  (18.9)  and  (14.9)1,  it  becomes  immediately 

Fly.  85.9 

apparent  that  the  two  systems  are  absolutely  identical  for  6I2  = 
=  62|,  6,s  =  63I  and  623  —  632. 

Nevertheless  the  basic  ideas  convoyed  by  these  two  systems  of 
equations  are  entirely  different.  Indeed,  the  equations  based  on  the 
principle  of  superposition  express  that  the  sum  of  displacements  along 
the  directions  of  the  redundant  constraints  are  either  nil  or  equal 
to  predetermined  amounts;  as  for  those  based  on  the  theorem  of 
reciprocal  works,  they  express  that  the  work  on  the  simple  stati¬ 
cally  determinate  structure  accomplished  by  the  applied  loads 
along  the  displacements  of  this  same  structure  caused  by  any  one 
of  the  imaginary  unit  loads  is  equal  to  the  work  produced  by  the 
said  unit  load  (together  with  the  support  reactions  due  to  this  load) 
along  the  displacement  caused  by  the  actual  loading. 

For  exercise  let  us  use  once  again  the  theorem  of  reciprocal  works 
for  the  determination  of  stresses  in  the  same  portal  frame,  adopt¬ 
ing  for  conjugate  simple  structure  the  one  appearing  in  Fig.  :{(i.9a. 
The  corresponding  imaginary  states’  are  given  in  Fig.  36.9ft,  c and  d. 

The  standard  equations  based  on  the  principle  of  reciprocal  works 
becom  e> 

'Tiftii  -f  N'jftai  4-  AVftu  —  -j-  — 

2  +  *  A*  =  <P  +  -2T 

'^1^13  +  Xj623  -|-X3f'33  = - 
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Comparing  the  lnll.er  set  of  equations  with  those  derived  from 

the  principle  of  superposition  [equations  (12.9)]  wc  see  once  again 
that  they  are  absolutely  identical. 

In  actual  design  practice  it  is  more  convenient  lo  base  the  equa¬ 
tions  on  tho  principle  of  reciprocal  works  when  solving  problems 
connected  with  the  settlement  of  supports,  the  equations  so  obtained (a  i  y 
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Fig.  36.9 

affording  a  clearer  picture  of  the  physical  reality.  Tho  same  meth¬ 
od  could  be  used  for  stress  analysis  of  redundant  structures  sub¬ 

jected  to  a  system  of  external  loads,  but  it  would  lose  the  advan¬ 
tage  just  mentioned,  for  in  Lire  latter  case  the  principle  of  super¬ 
position  gives  a  heller  representation  of  the  phenomenon. 

B.9.  DIAGRAMS  FOR  SHEARING  AND  DIRECT  STRESSES, 
CHECKING  OF  DIAGRAMS 

Once  all  the  redundant  stresses  and  reactions  Xj,  X2,  ....  X„ 

have  been  found,  one  may  proceed  with  the  determination  of  shear¬ 
ing  and  normal  forces  acting  in  the  structure  under  consideration. 

These  will  be  exactly  the  same  as  those  arising  in  the  simple  stati¬ 
cally  determinate  structure  under  the  combined  action  of  the  ap¬ 
plied  loads  and  of  the  said  redundant  stresses  and  reactions. 

The  same  results  may  be  achieved  using  Lhe  bending  moment 

curves  obtained  for  the  given  redundant,  structure  as  described  in 

the  previous  articles.  Indeed  let  us  isolate  from  Lhe  rest  of  this 
structure  a  rectilinear  bar  AB  and  let  l  be  its  length  (Fig.  37 .!)«). 

In  the  most  general  case  this  bar  will  be  acted  upon: 
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(a)  by  the  loads  actually  applied  within  its  limits; 

(b)  by  the  bending  moments  MAIi  and  M JIA  at  the  end  sections, 

the  magnitudes  of  these  bending  moments  may  be  scaled  oil  di¬ 
rectly  from  the  corresponding  diagram; 

(c)  by  the  shearing  forces  QAB  and  Q  n  a  as  well  as  by  the  normal 

stresses  NA  D  and  N  PA  developed  at  the  same  cross  sections. 

Here  and  after  the  first  of  the  two  indices  will  indicate  the  posi¬ 
tion  of  the  cross  section,  while  hoth  of  these  indices  together  will 

Applied  Inm#  Art.d'.isJ 

Fig.  37.0 

designate  the  member  containing  this  section.  Thus,  MAB  will 

mean  the  bending  moment  acting  at  section  A  of  bar  AB. 

Since  the  bar  AB  is  in  equilibrium  the  stresses  QAP.  Qua  and 

N  „A  may  be  regarded  as  the  vertical  and  horizontal  reactions  of 

an  end-supported  beam  appearing  in  Fig.  37.96,  which  we  shall 

call  as  before  the  reference  beam.  It  follows  that  the  stresses 

acting  at  any  cross  section  of  the  said  reference  beam  and  those 

existing  in  the  corresponding  section  of  the  given  structure  will  be 

absolutely  identical.  Hence  the  bending  momeiU  at  any  cross  section 

x  of  the  bar  AB  will  equal  the  sum  of  the  bending  moments  induced 

in  the  corresponding  section  of  the  reference  beam  by  all  the  actions 

shown  in  Fig.  37.9c  and  d 

M  =  M°  +  Mab  +  Mba  7  Ma  "  x 

where  M°  represents  the  bending  moment  produced  in  the  reference 

beam  by  the  external  loads  of  Fig.  37.9c  while  M A  H  -
f-  nA— — —  >'r 

is  the  moment  arising  from  the  application  of  moments  MA  „  and 

M jtA  to  its  end  sections  (Fig.  37. 9d). 
The  theorem  of  Zhuravsky  stating  that  the  first  derivative  of 

the  bending  moment  represents  the  shear  in  the  same  cross  section 
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we  may  write 

Q =■ 4r ' =: %r  ■ + -da~Mau = Q°  i- (K>.9) 

Here  is  the  shear  induced  in  the-  corresponding  cross  sec¬ 
tion  or  the  reference  beam  by  the  loads  directly  applied  thereto 
(Fig.  37.9c). 

The  above  expression  permits  the  determination  of  the  bending 
moments  and  shears  in  any  section  of  a  rectilinear  member  belong¬ 
ing  to  a  redundant  framed  structure  provided  the  loads  directly 
applied  to  this  member  and  the  bending  moments  acting  at  the 
end  sections  are  known. 

When  the  bending  moment  curves  are  traced  on  the  side  of  the 
extended  fibres,  the  sign  of  the  shearing  forces  may  be  ascertained 
as  follows:  the  shear  will  be  reckoned  positive  if  the  axis  of  the  mem¬ 
ber  must  be  rotated  clockwise  in  order  to  come  in  coincidence  with  the 
tangent  Lo  the  bending  moment  curve,  provided  the  angle  of  rotation 

is  smaller  than  90 °.  Numerically  the  shear  is  directly  proportional to  the  value  of  the  natural  tangent  of  this  angle.  This  rule  presented 
in  Art.  1.2  permits  the  immediate  determination  of  the  shear  sign 
for  any  cross  section  of  bar  AD. 

The  direction  of  the  shearing  force  will  be  obtained  remember¬ 
ing  that  a  positive  shear  will  always  tend  to  rotate  clockwise  the 

section  it  is  acting  upon  about  the  far  end  of  that  samo  part  of  the 
member. 

Normal  stresses  will  be  determined  isolating  in  succession  each 
joint  of  the  structure  and  applying  thereto  both  the  actual  loads 
and  the  shearing  forces  obtained  as  described  above.  One  could 
also  use  the  procedure  outlined  at  the  beginning  of  this  article. 

Problem.  Trace  the  Q  and  Hie  N  curves  for  the  portal  frame  appearing 
in  Fig.  38.9  together  with  the  diagrams  of  bending  moments  acting  in  all  of  its members. 

Solution.  First  trace  llic  shear  diagram  for  column  1-2.  No  oxternal  loud 
being  applied  lo  this  member,  the  bending  moment  diagram  forms  a  straight 
line  ana  therefore  the  shear  will  remain  constant.  It  will  he  reckoned  negative 
for  the  column  axis  must  be  rotated  counterclockwise  to  come  in  coinefdoneo 
with  the  tangent  to  the  bending  moment  diagram  (the  two  coinciding  in  that 
particular  case).  Numerically  the  shearing  force  will  equal  the  natural  tangent 
of  the  aforesaid  angular  rotation,  viz., 

*?i2— Qi\  — 

10.8+5.4 

fi 
—  2.7  Ions 

The  same  results  would  have  been  obtained  through  the  application  o[ 
the  formula  given  at  the  beginning  of  the  present  article 

M2 

27—851 



418 
Analysis  of  tke  Simpler  Statically  Indeterminate  Structures 

Seeing  that  no  load  is  directly  applied  to  the  column  in  question, 

shear  <?ia  will  reduce  to  zero  and  thereforo 

Qa = q21  ~  A/«  =  -  IQ-S-ii.h.j)  =  _2.7  tons 

the 

When  computing  the  shearing  forces  each  of  the  members  should  be
  placed 

mentally  in  a  horizontal  position;  the  bending  moments  reckoned 
 positive 

will  then  produce  an  extension  of  the  lower  fibres  of  this  member  a
nd  those 

reckoned  negative— an  extension  of  its  upper  fibres. 

The  shearing  force  in  the  right-hand  column  will  he  determ
ined  in  exactly 

the  same  way  and  will  equal  -1-2.7  tons.  ,. _ _ 

As  for  the  shear  in  the  crossbeam,  its  value  at  any  section  situate
d  a  distance 

x  from  joint  2  will  l>e  given  by 

<?  =  (>"+ 

|  2.4x9
 

1 23
  

2 
—  2.4x-h- 

-10.8  — ( —  10.8) 

4-10.8— 2.4a- 

When  x=0  (that  is,  immediately  to  tho  right  of  joint  2) 

@23=  4-10.8  tons 

and  when  x=9  metres  (that  is,  immediately  to  the  left  of  joint  
3) 

Q^=  4-10.8— 2.4x9=  —  10. 8  tons 

The  diagram  of  shearing  forces  thus  obtained  is  represented  in  Fig
.  39.9. 

The  diagram  of  tho  normal  stresses  can  be  derived  either  from  t
hat  for  the 

shears  or  alternatively  its  ordinates  may  be  calculated  knowing  the  reacti
ons 

of  ail  the  redundant  constraints.  ,  ,  .  .  . ,  -  , 

Let  us  determine  the  normal  stresses  using  the  equilibrium  of  joints. 
 At  hist 

we  may  isolate  joint  2  (Fig.  40.9)  acted  upon  by  the  shear  <h3  =j  -  10.8 
 tons 

developed  at  the  left  extremity  of  the  crossbeam  and  directed  down
wards, 

tho  shear  <%,  =  —  2.7  tons  dovoloped  at  the  top  of  the  column  and
  directed 

from  left  to  right  and  hv  the  normal  stresses  <V23  and  jV2|  (both  reckon  eel  pos
i¬ 

tive  if  entailing  compression)  and  acting  along  tho  crossbeam  and  th
e  column, 

respectively.  .  . 

Equilibrium  considerations  yield  immediately 

A'23=  +2.7  tons  and  .V21  =  +10.8  tons 

The  norma!  stress  acting  in  the  right-hand  column  will  be  obtained  isolating 

joint  3  and  will  amount  to  410.8  tons. 

The  complete  diagram  of  normal  stresses  is  given  in  rig.  4I.J. 
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A  convenient  method  of  checking  the  M,  Q  anil  N  diagrams 
consists  in  the  successive  isolation  of  different  parts  or  joints  of  the 
structure  which  must  always  remain  in  equilibrium.  Thus,  the 
projection  on  the  vortical  of  all  the  support  reactions  of  any  framed 
structure  must  always  equal  the  vertical  component  of  the  resultant 
of  all  the  applied  loads.  Similarly,  the  sum  of  moments  ol  all  the 

reactions  about  any  point  of  the  structure  must  always  equal  the 
moment  about  the  same  point  of  the  resultant  of  the  applied  loads, 
and  so  forth. 

A  rapid  cheek  of  the  diagram  of  the  shearing  forces  may  be  taken 
comparing  this  diagram  with  that  of  the  bending  moments:  indeed 

Fig.  40  9 Fig.  41  9 

when  the  moment  curve  becomes  parallel  to  the  beam  axis,  the  shear 
must  equal  zero;  when  the  tangent  to  the  bending  moment  curve 
remains  inclined  towards  the  same  side,  the  shear  may  not  change 
sign;  its  magnitude  will  be  greater  for  that  section  for  which  the 
slope  of  the  tangent  to  the  bending  moment  curve  is  the  steeper. 

\\  hen  two  bars  form  a  joint,  the  ordinates  to  their  bending  moment 
curves  at  this  joint  must  always  have  numerically  the  same  values 

(provided  no  outside  moments  act  at  this  joint)  "since  the  bending moments  must  always  balance.  In  the  same  case  direct  and  shearing 
forces  considered  separately  will  not  balance,  but  considered 
together  they  must  form  a  system  of  concurrent  forces  in  equilibrium, 

However,  the  control  of  stress  curves  based  on  statics  alone  does 
not  provide  complete  guarantee  of  the  exactitude  of  all  the  com¬ 
putations  for  equilibrium  conditions  may  bo  satisfied  even  if  errors 
were  committed  when  calculating  the  redundant  reactions.  Indeed, 
the  bending  moment  curve  for  any  redundant  structure  always  results 
from  the  summation  of  the  ordinates  to  the  curve  induced  in  the 
simple  statically  determinate  structure  by  the  applied  loads  with 
those  to  the  curves  due  to  the  redundant  reactions  and  stresses. 
If  all  of  Lhese  curves  were  constructed  correctly,  equilibrium  condi¬ 
tions  will  remain  satisfied  even  if  the  values  of  those  reactions  and 
stresses  are  completely  wrong. 

In  the  majority  of  cases  any  errors  committed  when  computing 
the  reactions  of  the  redundant  constraints  will  be  detected  checking 

27* 
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that  the  deflections  o£  certain  points  arc  consistent  with  the  stip¬ 

ulations  ot  the  problem.  The  following  example  will  serve  to  illus¬ trate  the  above. 

Fig.  42.9a  represents  a  knee  frame  statically  indeterminate  to 
the  second  degree.  The  computed  bending  moment  diagram  is  shown 

(e< 
Fit;.  12.9 

in  Fig.  42.9/n  This  diagram  will  remain  unaltered  should  wo  trans¬ 
form  the  given  structure  into  a  statically  determinate  one,  say,  by 

elimination  of  the  two  support  constraints  at  the  lower  end  of  Ihe 

column  (Fig.  42.9c)  provided  these  constraints  are  replaced  by  their 
reactions. 

Ut  us  now  compute  the  vertical  deflection  Av  of  the  lower  end 
of  the  column  in  order  to  make  sure  that  this  deflection  remains  nil. 

For  this  purpose  wo  shall  first  trace  the  diagram  of  the  bending 

moment  induced  by  a  vertical  load  unity  acting  at  point  A 

(Fig.  42.9d)  whereafter  we  shall  multiply  this  diagram  by  the  M 
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diagram  pertaining  to  the  given  structure  (Fig.  42.96).  Tile  result  is 

.  v  1  l  /  e«*2  I 
A  “  EJ  a  a  2  [  1'.  3 

7-<2  _2_\ 

28  '  3  ) 

—  0 

Led;  us  check  also  that  the  horizontal  displacement  of  the  same 

point  remains  equally  nil.  For  that  purpose  we  may  multiply  the 

bending  moment  graph  due  to  a  horizontal  load  unity  applied  at. 

this  point  by  the  area  of  the  same  bending  moment  diagram  as  in 

the  preceding  paragraph  (Fig.  42.96). 
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Thus,  the  above  method  of  checking  the  computed  stresses  acting 

in  members  of  redundant  structures  consists  in  the  following: 

1.  Transform  the  given  redundant  structure  into  a  simple  stat¬ 
ically  determinate  one. 

2.  Replace  successively  each  of  the  eliminated  constraints  by 
a  unit  load  or  a  unit  moment  as  the  case  may  be. 

3.  Trace  for  each  of  these  unit  actions  a  bending  moment  diagram. 

4.  Compute  the  deflection  of  the  simple  structure  along  the 
direction  of  each  of  these  unit  actions.  The  amount,  of  this  deflection 

will  be  given  by  t tie  product  of  the  ordinates  to  the  bending  moment 
curve  due  to  the  unit  action  by  those  to  the  diagram  induced  in  the 

given  redundant  structure  by  Ibc  applied  loads. 
5.  If  these  deflections  are  consistent  with  the  stipulations  of  the 

problem  (nil  in  the  majority  of  cases)  one  may  he  reasonably  sure 
that  all  the  compulations  were  carried  out  correctly. 

The  simple  statically  determinate  structure  used  in  that  case 

need  not  coincide  necessarily  with  the  one  used  for  the  determina¬ 

tion  of  the  redundant  stresses  and  reactions.  Different  simple  struc¬ 

tures  may  ho  used  for  the  computation  of  different  deflections  of 

one  and  the  same  redundant  structure.  Titus,  for  instance,  the  result¬ 

ing  bending  moment  diagram  of  Fig.  42.96  could  be  checked  using 

the  simple  structure  of  Fig.  43.9a  for  the  computation  of  the  hori¬ 
zontal  deflection  of  the  right  end  of  the  crossbeam  and  that  of 

Fig.  43.96  for  the  computation  of  the  angular  rotation  at  the  same 

point. 
One  can  also  use  for  the  same  purpose  the  graphs  of  the  bonding 

moments  due  to  imaginary  unit  actions  utilized  in  the  original 

computations.  In  the  latter  case  all  that  need  he  done  to  control 
the  accuracy  of  the  resulting  diagram  is  to  multiply  this  diagram 

by  the  former  graphs  and  to  make  sure  that  their  product  remains 

equal  to  zero. 
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The  control  just  described  is  particularly  simplified  for  structures 

forming  closed  contours  or  those  with  built-in  ends  (which  theoret¬ 
ically  is  one  and  the  same). 

Assume  that  it  is  required  to  control  the  accuracy  of  all  the  com¬ 
putations  pertaining  to  the  rnultispan  frame  with  built-in  columns 

Fig.  43.9 

(Fig.  44. 9«).  Let  us  isolate  a  single  bent  applying  at  the  cuts  external 
moments  and  forces  equivalent  to  the  internal  ones  acting  at  these 
cross  sections.  Obviously  the  bending  moment  diagram  relating 

to  the  isolated  part  of  the  frame  will  undergo  no  change,  whatsoever. 
Now  let  us  pass  any  arbitrary  section  through  one  of  the  members 

of  the  isolated  bent,  applying  once  again  at  the  cut  external  actions 

M  1/1 

k{  ̂ 

rl 
w 

l  J 
(a) 

,  i 

Fig.  44.9 

equivalent  to  the  stresses  which  existed  at  this  section  (Fig.  44. 9b). 
t  here  will  be  again  no  change  in  the  bending  moment  curves  pertain¬ 
ing  to  the  Lwo  portions  of  the  frame.  It  may  be  easily  shown  that 
the  sections  adjacent  to  the  cut  will  undergo  no  mutual  rotation. 
Indeed,  let  us  multiply  the  resulting  bending  moment  graph  by 
the.  graph  due  to  a  unit  moment  acting  at  the  cut  (Fig.  44.9c).  As 
the  ordinates  to  the  latter  graph  will  be  constant  and  equal  to  unity, 
the  above  mentioned  multiplication  will  reduce  to  a  simple  summing 
up  of  graph  areas  bounded  by  the  resulting  bending  moment  curve. 
These  must  be  naturally  taken  with  due  consideration  to  their  signs 
and  the  sum  so  obtained  must  equal  zero. 

If  the  different  members  of  the  structure  differ  in  stiffness,  the 
areas  of  each  graph  must  he  previously  divided  by  the  stiffness 
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of  the  corresponding  member.  Thus ,  for  any  structure  forming 
a  closed  contour  the  algebraic  sum  of  bending  moment  graph  surfaces 
must  reduce  to  zero ,  these  surfaces  being  previously  divided  by  EJ 

when  necessary.  As  for  tho  sign  of  the  graph  areas,  those  situated 
within  tho  contour  will  be  taken  with  one  sign  and  those  situated 

outside  with  the  opposite  one. 
This  mcLhod  of  controlling  the  accuracy  of  computations  is  the 

simplest.  If  the  results  obtained  are  satisfactory,  one  may  he  reason¬ 
ably  sure  that  all  tho  computations  were  carried  out  correctly. 

It  should  be  noted  however  that  this  method  is  inapplicable  to 

framed  structures  with  hinged  joints  or  parts  thereof. 

Complete  certitude  that  no  error  has  been  committed  in  any  of  the 
computations  can  be  gained  only  if  the  number  of  control  operations 
carried  out  is  equal  to  the  number  of  redundant  constraints,  provided 

these  operations  do  not  repeat  one  another*  Thus,  for  instance,  if 
the  graph  areas  for  two  contiguous  parts  of  a  structure  have  been 

summed  up,  the  same  procedure  may'not  bo  applied  to  the  same  two 
parts  taken  as  a  whole,  for  this  would  simply  repeat  tho  controls 
already  carried  out  and  could  therefore  furnish  no  new  data. 

7.9.  STRAINS  AND  DEFLECTIONS  OF  STATICALLY 
INDETERMINATE  STRUCTURES 

Expressions  (15.8)  through  (17.8)  developed  in  Art.  6.8  were 
based  on  the  assumptions  that  the  material  of  tho  structure  follows 

Hooke’s  law  and  that  the  strains  and  deflections  of  the  structure 
arc  very  small  compared  to  its  dimensions.  Hence,  theso  expres¬ 
sions  as  well  as  the  corresponding  computation  techniques  can  be 

applied  to  all  framed  structures  regardless  of  whether  they  are  stati¬ 
cally  determinate  or  not. 

Let  us  therefore  use  one  of  these  expressions  for  the  determination 
of  the  vertical  deflection  Ac  of  point  C  located  along  the  neutral 

axis  of  a  knee  frame  subjected  to  a  uniformly  distributed  horizon¬ 
tal  load  of  q  kg  per  unit  length  as  shown  in  Fig.  45.9a.  This  frame 

was  analyzed  in  Problem  2  of  Art.  3.9  (see  Fig.  16.9a).  The  result¬ 
ing  bending  moment  graph  is  represented  in  Fig.  45.96  (see  also 
Fig.  18.96).  In  order  to  find  the  desired  deflection  let  us  apply  at 
point  C  a  vertical  unit  load,  which  will  give  rise  to  the  bending 

moment  curve  of  Fig.  45.9c.** 

♦ 

•These  operations  may  consist  either  in  the  multiplication  of  graphs  or  in  the 
summation  of  their  areas. 

••The  corresponding  calculations  are  omitted  here 
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.Multiplying  the  two  graphs  appearing  in  Fig.  45.96  and  c  one. 
l>y  the  other  we  obtain 

\  -T  a  ̂   r/rt-  2  3#?  I  «  1 
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The.  negative  value  found  for  the  deflection  Ac  indicates  that 

point  C  moves  upwards,  for  the  load  unity  was  directed  down  wards. 

The  procedure  described  remains  rather  complicated  since  it 
requires  that  all  the  stresses  in  the  redundant  structure  should 

he  computed  twice:  once  for  the  case  of  applied  loads  and  once  for 

the  case  of  the  imaginary  load  unity.  This  procedure  will  be  great¬ 

ly  simplified  if  wrc  remember  that  the  deformations  of  the  simple 
statically  determinate  structure  acted  upon  both  by  the  applied 
loads  and  the  redundant  stresses  and  reactions  will  he  exactly  the 
same  as  those  of  the  given  indeterminate  structure.  Hence,  in  the 

case  under  consideration  the  deflection  Ac  may  be  computed  with 
equal  success  either  for  the  redundant  structure  of  Fig.  45.9/z  or 
for  the  simple  statically  determinate  one  of  Fig.  45. Od. 

Let  us  apply  at  point  C  of  the  latter  structure  a  unit  load  fol¬ 
lowing  the  direction  of  the  required  deflection  and  let  us  trace  the 
corresponding  bending  moment  diagram  (Fig.  45. 9e).  Multiplying 
this  diagram  by  the  resulting  bending  moment  graph  given  in 
Fig.  45.9 b  we  obtain 

\  _  *  a  1  (q<fi  1  qa-  2  \  1  qa* 
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Any  statically  determinate  structure  derived  from  the  given  only 
by  the  elimination  of  redundant  constraints  can  be  used  for  deflec¬ 

tion  computation.  It  is  in  no  way  necessary  that  this  simple  struc¬ 
ture  should  be  the  same  as  the  one  used  for  stress  analysis.  Thus, 
the  deflection  of  point  C  of  the  knee  frame  could  be  obtained  just 
as  well  using  for  auxiliary  simple  structure  the  one  shown  in 

Fig.  45.9/.  The  application  to  this  structure  of  a  vertical  load  uni¬ 
ty  at  point  C  would  lead  to  a  bending  moment  diagram  shown  in. 
the  same  figure.  The  subsequent  multiplication  of  this  diagram 
by  that  bounded  by  the  curve  of  the  resulting  bending  moments 
given  in  Fig.  45.96  leads  to 
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The  choice  of  the  auxiliary  simple-  structure  should  be  governed 
by  the  following  considerations:  the  bending  moment  curve  duo 
to  the  load  unity  must  be  as  simple  as  possible,  this  curve  must 
bo  obtained  with  the  minimum  of  computations  and  the  ordinates 

to  this  curve  should  reduce  to  zero  wherever  the  outline  of  the  result¬ 

ing  bonding  moment  diagram  for  the  given  redundant  structure 

becomes  too  complicated.  Hence,  in  the  example  dealt  with  pref¬ 

erence  should  be  given  to  the  simple  structure  of  Fig.  45. 9e  as  com¬ 
pared  to  that  of  Fig.  45.9/. 
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The  necessity  might  arise  to  determine  the  deflection  sustained 
by  a  redundant  structure  under  a  given  set  of  loads  without  being 

interested  in  the  corresponding  stresses.  In  that  case  one  may  com¬ 
pute  only  the  stresses  induced  in  the  structure  by  a  unit  load  acting 
in  the  direction  of  the  desired  deflection,  disregarding  entirely  those 
due  to  the  applied  loads.  The  deflection  will  bo  then  obtained  mul¬ 

tiplying  the  bonding  moment  graph  due  to  the  unit  load  and  per¬ 
taining  to  the  given  redundant  structure  by  the  diagram  of  bending 
moments  induced  in  the  auxiliary  simple  structure  by  the  actual 
loading.  In  the  previous  example  the  deflection  Ac  could  be  thus 

obtained  multiplying  the  M  graph  of  Fig.  45.9c  by  that  appearing 
in  Fig.  45.9g 

a  3  . 
'Tstt+ 

<M-  a  I  a  n  .  9a  \  t  1 

2  '  2  \  5(1  +  ~56~l  2  J 

X 

1  qa* 
EJ  ~~  448 EJ 

Thus,  it  may  bo  stated  that  the  deflections  of  a  redundant  structure 

.may  be  determined  using  only  one  bending  moment  diagram  pertaining 
to  the  given  structure ,  either  that  induced  by  the  applied  loads  or  else 
that  due  to  a  load  unity  acting  along  the  desired  deflection.  The  second 
graph  may  be  traced  for  any  simple  structure  derived  from  the  first 
one  by  elimination  of  redundant  constraints. 

The  deflections  and  distortions  of  statically  indeterminate  trusses 

and  other  hinge-connected  structures  will  bo  obtained  in  exactly 
the  same  way  with  the  only  difference  that  the  tending  moment 

cur vOS  and  graph  areas  must  be  in  that  case  replaced  by  those  relat¬ 
ing  to  the  normal  stresses. 

8-9-  THE  ELASTIC  CENTRE  METHOD 

As  a  rule,  stress  analysis  of  redundant  structures  requires  the 
simultaneous  solution  of  several  equations  with  several  unknowns. 
The  higher  the  degree  of  indeterminancy  the  greater  the  number 

of  these  equations,  the  harder  their  solution  and  the  lower  the  accu¬ 
racy  of  the  final  results.  It  is  quite  natural  therefore  that  attempts 
are  frequently  made  to  form  the  above  equations  in  such  a  way 

that  each  of  them  should  contain  one  unknown  only,  or,  alterna¬ 
tively,  that  the  system  of  these  equations  should  fall  into  separate 
groups  each  containing  a  reduced  number  of  unknowns  not  entering 
the  other  groups. 

The  system  of  equations  pertaining  to  a  structure  redundant 
in  the  second  degree  is  so  simple  that  it  is  obviously  senseless  to 
seek  any  further  simplifications  even  il  such  were  possible. 
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427 Passing  to  structures  indeterminate  in  the  third  degree  let  us 
investigate  the  possibilities  of  simplifying  the  analysis  of  a  closed 
contour  of  arbitrary  configuration  such  as  shown,  for  instance, 
in  Fig.  46.9 a.  Having  eliminated  the  constraints  at  the  left-hand 
abutment  and  having  replaced  them  with  threo  unknown  reactions 

A'j,  X2  and  X3  as  indicated  in  Fig.  46.9b,  we  should  normally  form 
three  standard  equations  with  three  unknowns. 

In  order  to  avoid  the  simultaneous  solution  of  these  equations 
let  us  fix  to  the  free  end  of  the  simple  structure  an  infinitely  stiff 

Fif;.  46.9 Fig.  47.9 

bracket  ab,  both  the  length  and  the  direction  of  which  remain  as 

yet  unknown  (Fig.  47.9). 
At  the  free  end  b  of  this  bracket,  let  us  apply  at  right  angles  two 

forces  Zj  and  Z2  (the  direction  of  these  forces  coinciding  with  that 
of  a  new  set  of  coordinate  axes  u  and  i>)  and  a  moment  Zs. 

If  the  magnitude  of  these  actions  were  such  that  they  would 

immobilize  completely  the  end  b  of  the  bracket,  preventing  both 

its  rotation  and  translation,  the  left  extremity  of  the  simple  struc¬ 

ture  (point  a)  would  also  become  fixed  and  thus  from  the  view¬ 
point  of  their  deflections  the  given  redundant  structure  and  the 
simple  structure  of  Fig.  47.9  would  be  in  the  same  conditions. 
In  other  words,  the  structure  of  Fig.  46.9a  and  that  of  Fig.  47.9 
acted  upon  both  by  load  P,  the  forces  Z,  and  Z2  and  the  moment 

Z3  would  he  equivalent. 
The  system  of  equations  expressing  that  the  end  b  of  the  bracket 

is  held  fast  is  as  follows 

Zfia  I-  Z28|j  +  Zjbjs  -|-  —  0  1 

Z1621  +  +  Zs623  4-  =  0  S’ 
Zi8SI  -f-  Z263a  -t  Z3633  +  Aap  =  0  J 

(17.9) 



m Analysis  of  the  Simpler  Statically  Indeterminate  Structures 

It  will  bo  remembered  that  the  coefficients  8ik  entering  these 
equations  represent  the  displacements  of  the  free  end  of  bracket 
ah  induced  by  load  unities  following  the  direction  of  the  unknowns 

Z\,  and 

The  magnitude  of  these  displacements  depends,  of  course,  both 
on  the  size  of  the  bracket  and  on  the  direction  of  the  axes  u  and  v. 

Let  us  choose  these  parameters  in  such  a  way  as  to  render  nil  all 
tile  secondary  displacements  of  point  b.  In  that  case  each  of  the 

above  three  equations  will  contain  only  one  unknown,  these  equa¬ 
tions  reducing  to 

2.,= 

- 

*11 

*22 

A.i;> 

(18.9) 

Let  us  express  mathematically  the  conditions  governing  our 

choice  of  the  aforesaid  parameters.  Denoting  by  u  and  v  the  coor¬ 
dinates  of  an  element  ds  of  the  given  structure  (see  Fig.  47.9)  we 
may  write 

6j2  — 

6 

13  =
 6 

23  =
 

1  -  -  l 

ds  — 
p  v-u  ds 

EJ 

0  EJ 
0 

MXS, 

ds  = 

i 

p  V- 1  ds EJ 
EJ 

0 

A 72HI, 

ds  — 

l 

P  « •  1  ds 
EJ 

A  EJ 

0  0 

Dividing  each of  these  three  equations  by  E  we  obtain 
i 

o 
i 

0 

It  is  fairly  easy  to  find  a  geometrical  interpretation  to  the  con¬ 
ditions  thus  expressed.  Indeed,  let  us  subdivide  the  whole  of  our 
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.structure  into  elements  ds  and  let  us  apply  at  the  centre  of  gravity 

of  each  of  these  elements  an  imaginary  load  * .  In  that  case  the 
first  two  of  the  above  integrals  will  mean  that  the  statical  moments 
of  these  imaginary  loads  about  the  coordinate  axes  u  and  v  having 

for  origin  point  b  are  nil.  That  will  happen  only  when  point  b  coin- 
d  s 

cides  with  the  centre  of  gravity  of  loads -j  .  The  third  of  the  integrals 
means  that  the  polar  moment  of  these  -same  loads  about  point  b 

is  equally  nil,  this  becoming  possible  only  when  the  coordinate  axes 
coincide  with  the  principal  axes  of  inertia  of  the  system. 

It  follows  that  all  the  secondary  displacements  of  a  structure  redun¬ 
dant  in  the  third  degree  and  forming  a  closed  contour  will  reduce  to 
zero  provided  the  new  origin  of  coordinate  axes  is  brought  in  coincidence 

(1$ 
with  the  centre  of  gravity  of  the  imaginary  loads  ~ ,  and  the  direction 

of  these  axes— -with  that  of  the  principal  axes  of  inertia  of  these  same 
loads,  if  the  given  structure  is  symmetrical,  the  principal  axes  of  inertia 
will  coincide  with  the  axes  of  symmetry. 

The  origin  of  the  new  coordinate  axes  may  he  determined  using 

formulas  provided  by  theoretical  mechanics:  thus,  using  the  nota¬ 
tions  of  Fig.  48.9  the  position  of  the  centre  of  gravity  of  the  loads 

-y-  will  be  given  by 

l y 
ds 

T **o =  f 

Uo 

i 
(i»-0) 

ds  P  ds 

T  J  T 
o  o 

In  each  case  the  numerator  represents  the  sum  of  the  statical 
ds  • 

moments  of  the  imaginary  loads  -j-  about  some  axis  of  coordinates 

(the  summation  beingcarried  over  the  -whole  length  of  the  contour), 
and  the  denominator  equals  the  total  of  these  same  loads. 
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Tho  angle  formed  by  the  principal  axes  of  inertia  with  tile  ar-axis 
is  given  by  the  following  formula  developed  in  the  treatises  on  the 
strength  of  materials 

tan  2a=— (20.9) J*c  JV« 

where 

i 

o 

(21.9) 

i-  i  ds 

The  imaginary  loads  -j-  arc  sometimes  called  the  elastic  loads 

or  masses  and  the  centre  of  gravity  of  these  elastic-  masses — the 
elastic  centre  o)  gravity  or  simply  the  elastic  centre. 

It  is  not  always  advisable  to  resort  to  the  method  just  described. 

Thus,  for  unsym metrical  systems  the  amount,  of  work  required  to 

determine  the  position  of  the  new  coordinate  axes  may  become  so 
important  that  it  will  outweight  completely  the  advantages  gained 
from  the  simplification  of  equations. 

However,  if  the  structure  is  endowed  with  at  least  one  axis  of 

symmetry  it  may  be  stated  off  hand  that  the  method  of  the  elastic 
centre  will  yield  tangible  results-  Some  examples  of  such  structures 

are  given  in  Fig.  49.9. 



Problem.  Determine  the  position  of  the  elastic  centre  for  the  fixed  end  arch 

of  Fig.  50.9.  The  neutral  lino  of  this  arch  follows  a  conic  parabola  given 

l,y  y  —  ̂  (l  x)  x  and  its  cross-sectional  moments  of  inertia  vary  inversely 
to  cos  ipx 

/**=— A_ 
COS 

where  /*  —  moment  of  inertia  of  an  arbitrary  cross  section  whose  abscissa 
equals  * 

J s  —  moment  or  inertia  of  the  cross  section  at  the  crown  of  the  arch 

q*  =  angle  formed  by  the  tangent  to  the  neutral  line  of  the  arch  at  point 
x  with  the  axis  of  abscissa. 

Solution.  Start  with  determining  the  position  of  the  elastic  centre  with 

reference  to  the  coordinate  axes  xoy  (Fig.  50.0).  Owing  to  the  symmetry  of  the 

structure  both  as  regards  its  dimensions  and  the  stiffness  of  its  cross  sections, 

one  of  the  coordinate  axes  is  known  off  hand:  it  is  vertical  in  direction  and 

passes  through  the  crown.  Therefore,  the  abscissa  of  the  elastic  centre  *e  equals 

l
_
 

2 As  for  the  ordinate  it  will  ho  found  using  expression  (19.9)  and  remembering- 
that 

hence 
t 

9.9.  INFLUENCE  LINES  FOR  THE  SIMPLER  REDUNDANT 
STRUCTURES 

The  construction  of  influence  linos  for  redunrtanl  structures  may 

be  carried  out  using  both  the  statical  and  the  kinematic-  methods. 

Fit;.  r>J.9 

Let  us  compare  both  these  methods  using  as  an  example  the  beam 
of  constant  cross  section  appearing  in  Fig.  51. 9a.  The  influence  line 

for  the  right-hand  abutment  reaction  will  be  obtained  using  as  simple 
statically  determinate  structure  the  one  shown  in  Fig.  51.95.  The 

standard  equation  expressing  that  the  deflection  of  the  latter  structure 
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along  X i  is  nil  becomes 

X  [£>n  -)-  61;)  =  0 wherefrom 

A',- 
(22.!)) 

_ The  deflections  6tl  and  8ip  will  be  derived  from  the  Af,  and  the 

Mp  diagrams,  the  first  of  these  diagrams  being  duo  to  the  application 

Fig.  52.9 

of  a  load  unity  along  the  direction  of  X ,  and  the  second  —  to  tho 
application  of  load  P  =  1  a  distance  x  from  the  wall. 

Those  diagrams  appear  in  Fig.  52. 9n  and  b. 
Hence  ,i 

^  xx  3/ — x  1  x2  {31  —  *) oip  —  2  3  EJ 
and 

.  ll  21  1  Is 0,1  "T"TT‘T7  W 

Introducing  these  values  in  expression  (22.9)  we  obtain 

Y  _  *»/>  —  x)3EJ  x'*(3l  —  x) Af~  6„  ~~  MSI*  2 l* 

The  above  expression  gives  the  value  of  reaction  A,  for  any  posi¬ 
tion  of  the  load  unity  P  along  the  beam  and  therefore  the  graphical 

representation  of  tins  expression  will  con¬ 
stitute  the  influence  line  for  the  said  reac¬ 
tion. 

'fable  3.9  gives  the  ordinates  to  this 
influence  line  at  quarterspan  increments 
computed  using  the  above  expression  for  A(. 
The  influence  line  itself  is  represented  in 
Fig.  53.9. 

Next,  let  us  take  up  the  influence  line 

for  the  shear  Qc  acting  at  niidspan  of  the 
same  beam.  Based  on  the  principle  of 

superposition  the  magnitude  of  this  shear  will  bo 

Qc=Qc+QcXl 

Influence  line 
for  X, 

'  m  7B  fis 

Fig.  53.9 

(23.9) 
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Table  3.9 

X 

*2 

3  l-x 

Xi 

0 0 31 0 

1 

2* 

IE 

4 16 

T
l
 

128 
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1 * 

4' 

5 
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16 

4' 
91* 
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 * 

81 
16 

128 

l 

1* 

22 

1 

where 

Qc  =  shear  at  midspan  of  the  simple  cantilever  beam  duo  to  load 
unity  P 

Qc  =  shear  at  the  same  cross  section  duo  to  the  abutment  reaction 

Xi  =  1 .  The  value  of  Qc  remains  constant  and  equal  to 

-1  (Qc  =  -  1). 
As  for  Qc  when  the  load  unity  P  is  to  the  right  of  section  C 

Qb=i 
and  when  it  has  shifted  to  the  left  of  this  section 

Qvc  =  0 
The  influence  line  for  Qc  is  shown  in  Fig.  54.9. 
The  value  of  the  last  term  of  expression  (23.9)  for  any  position 

of  load  unity  P  is  equal  to  the  abutment  reaction  Xt  multiplied 

Influence  hne  for  Q~  K3 

Fig.  ,14.9  Fig.  55.9 

by  (—1).  The  graphical  representation  of  this  relation  is  given  in 
Fig.  55.9.  Adding  the  ordinates  to  the  influence  lines  for  Qc  and 

for  QcX f  we  obtain  the  influence  line  for  tho  full  shearing  force 

Qc  acting  across  section  C  of  the  redundant  beam  (Fig.  56.9). 

28—853 
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The  influorico  line  for  the  bonding  moment  at.  midspan  of  the  same 
beam  will  he  obtained  in  a  similar  way.  Indeed,  this  bending  moment 

is  equal  to 

Mc=M°c+McXl 
where 

Me  =  bending  moment  at  cross  section  C  of  the  simple  cantilever 
beam  induced  by  the  load  unity  P 

jfcq:r£  uj.  j 'A  4*4  4  <t 

Influence  line  For 

Fig.  50.9 Fig.  57.9 

M c  —  bending  moment  at  the  same  cross  section  but  induced 
by  a  unit  load  acting  along  the  direction  of  ATt;  the  value 

of  this  bending  moment  is  constantly  equal  toy. 

The  influence  lines  for  Me  as  well  as  for  MCX i  are  represented 

in  Fig.  .17.9.  Adding  their  ordinates  together  we  obtain  the  influence 
lino  for  Mc  (Fig.  58.9). 

The  method  just  described  is  based  on  considerations  of  equilibri¬ 
um  alone  and  therefore  it  may  be  termed  statical. 

r~^P1 N-J-'i-ti+hL 

fig.  $$.»  Fig.  59.9 

Influence  line  for 

Let  us  replace  now  the  deflection  6lp  in  expression  (22.9)  by  b,tl 
as  provided  for  by  the  theorem  of  reciprocal  deflections.  We  obtain 

(21.9) 
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Though  8lp  and  6pl  are  always  numerically  equal  they  convey 
very  different  ideas.  Indeed,  8lp  is  the  deflection  of  a  iixed  point 
of  application  of  the  force  Xt  due  to  a  unit  load  P  travelling  along 
the  beam;  at  the  same  time  6pl  is  the  deflection  at  the.  point  of  appli¬ 
cation  of  a  load  P  travelling  along  the  beam,  caused  by  a  load  unity 

acting  along  the  direction  of  Hence,  the  variation  of  6pl  repre¬ 
sented  graphically  will  constitute  at  a  certain  scale  the  elastic  curve 

of  the  beam  subjected  to  the  action  of  a  load  unity  applied  along 
the  direction  of  Xj.  However,  if  we  divide  all  the  ordinates  to  this 

curve  by  a  constant  factor  equal  to  ( — 6n)  wo  shall  obtain  the  ordi¬ 
nates  to  a  graph  representing  the  variation  of  X,  when  load  unity 
P  travels  along  the  beam.  By  definition  this  constitutes  the  influence 
line  for  Xt. 

It  follows  that  the  influence  line  for  will  have  the  same  shape 
as  the  elastic  curve  of  the  simple  statically  determinate  structure 
loaded  by  a  unit  action  following  the  direction  of  that  unknown. 

In  that  case  ( — 6lt)  becomes  a  scale  factor  permitting  tlio  conver¬ 
sion  of  the  ordinates  to  the  deflection  curve  to  those  of  the  desirod 
influence  line. 

This  particular  method  of  influence  linos  construction  shall  be 
termed  hereafter  the  kinematic  method. 

For  comparison,  let  us  take  up  again  the  beam  of  Fig.  fit, 9a 
and  construct  the  influence  line  for  the  abutment  reaction  Xi,  using 
the  kinematic  method  based  on  equation  (24.9). 

The  deflection  curve  6pl  will  be  obtained  by  the  graph-analytical 
method  of  moments,  which  is  usually  described  in  all  the  treatises 
on  the  strength  of  materials.  In  essence  this  method  permits  to 
replace  deflection  compulations  by  those  of  bonding  moments  aris¬ 
ing  in  an  imaginary  beam  carrying  an  imaginary  load  distributed 

in  accordance  with  the  diagram  of  the  bending  moments  existing 
in  the  real  beam.  The  ordinates  to  the  imaginary  bending  moment 
curve  are  then  divided  by  EJ.  Such  an  imaginary  beam  with  a  load 
distribution  corresponding  to  Xt  —  1  is  represented  in  Fig.  59.9. 

The  magnitude  of  the  bending  moment  (divided  by  EJ)  in  any 
cross  section  of  the  imaginary  beam  situated  a  distance  .r  from  its 
left  end  will  be 

wherefrom 
Op!  — 

( l — .*:)  x 2 

6 

pi  —
 

x*\ 

6EJ (31-*) 

The  value  of  6()i  obtained  by  the  kinematic  method  coincides  ex¬ 
actly  with  that  of  derived  from  statical  considerations.  The 

negative  sign  indicates  that  the  force  Xt  will  cause  the  beam  of 

28* 
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Fig.  51.96  to  deflect  upwards,  whereas  we  have  convened  to  reckon 
the  defections  positive  when  their  direction  coincides  with  that 
of  their  cause,  i.e.,  load  P  which  is  directed  downwards. 

The  value  of  6M  will  be  obtained  raising  to  the  second  power 

Mt  graph  (see  Fig.  52.96)* 

c  _  
l3 

°J1  SET 

Hence  the  equation  of  the  influence  line  for  reaction  X,  becomes 

v  «Pi  xHZt-x) 
*1=:  — 6^- - 2F — 

This  equation  is  exactly  the  same  as  the  one  obtained  previously 
by  the  statical  method. 

The  kinematic  method  may  be  used  with  good  results  for  the 
construction  of  influence  lines  for  internal  stresses  acting  in  the 

Fig.  GO. 9 

Left-hand  Right-hand 

members  of  redundant  structures  and  in  particular  for  the  con¬ 
struction  of  influence  linos  for  bending  moments  and  shearing  forces. 

Thus  the  influence  line  for  the  bending  moment  could  be  obtained 
by  the  method  just  described  adopting  for  redundant  reaction  the 

bending  moment  Mc  acting  at  midspan  of  the  simple  statically 
determinate  structure  of  Fig.  60.9.  The  equation  expressing  that 
the  mutual  rotation  of  two  contiguous  sections  to  the  right  and 
to  the  left  of  the  hinge  remains  nil  becomes 

Xi6lt  +  6,p  =  0  or  X,6lt  +  dpi  =  0 
wherefrom 

Consequently,  in  that  case  the  influence  line  for  the  bending 
moment  at  midspan  will  have  the  same  shape  as  the  deflection  line 

♦ 

•THo  value  of  6,,  may  bo  derived  from  that  of  hp,  substituting  l  for  x  and 
changing  the  sign,  for  the  load  unitios  .V,  and  P  aro  directly  opposed. 
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of  the  simple  structure  adopted  when  acted  upon  by  a  unit  moment 

applied  at  this  same  cross  section. 
The  kinematic  method  permits  the  easy  determination  of  the 

shape  of  the  influence  line  for  any  action,  this  shape  being  the  same 
as  that  of  the  elastic  curve  of  the  corresponding  simple  structure 

loaded  by  a  unit  force  or  moment.  This  analogy  can  be  of  consider¬ 
able  value  both  in  checking  the  accuracy  of  influence  lines  obtained 

by  some  other  method  and  in  seeking  those  parts  of  the  structure 
which  must  be  loaded  in  order  to  provide  for  maximum  or  minimum 
values  of  the  desired  stress. 

When  using  the  kinematic  method  for  the  construction  of  shear 

influence  line  the  connection  between  the  right-hand  and  the  left- 
hand  portions  of  the  beam  may  be  represented  by  three  bars  as 
shown  in  Fig.  61.9.  The  stress  developed  in  the  vertical  bar  will 
have  exactly  the  same  value  as  the  shearing  force  at  the  same  cross 
section. 

The  simplo  statically  determinate  structure  loaded  with  unit 

forces  Xi  permitting  the  construction  of  the  Qc  influence  line  ap¬ 
pears  in  Fig.  62.9,  and  the  equations  negating  the  existence  of 
a  mutual  displacement  of  two  cross  sections  contiguous  to  C  along 
the  line  of  action  of  arc  of  the  form 

wherefrom 
■^t^n  +  6ip  =  0 

or 
Thus,  the  influence  line  for  the  shear  at  section  C  will  again  fol¬ 

low  the  shape  of  the  deflection  curve  of  the  simple  structure  acted 

upon  by  the  load  unity  Xi. 
At  points  immediately  to  the  right  and  to  the  left  of  section  C 

both  branches  of  this  curve  will  have  parallel  tangents,  for  the 
horizontal  connection  bars  preclude  the  possibility  of  a  mutual 
rotation  of  the  sections  in  question. 



438 Analysis  of  the  Simpler  Statically  Indeterminate  Structures 

The  right-hand  part  of  the  beam  (see  Fig.  62.9)  is  subjected  to  the 

action  of  a  load  unity  Xt  tending  to  rotate  it  in  a  clockwise  direc¬ 
tion  (Fig.  63.9a).  To  maintain  it  in  equilibrium  the  moment  deve¬ 
loped  by  the  horizontal  bars  must  act  in  an  opposite  direction 

and  therefore  the  top  bar  will  be  extended  and  the  lower  one  com¬ 

pressed  (Fig.  63.9a).  The  same  reasoning  applying  to  the  left-hand 
portion  of  the  beam  (Fig.  63.9b),  its  top  fibres  will  also  be  extended 
and  the  lower  compressed. 

The  deflection  graphs  6pl  necessary  for  the  construction  of  influ¬ 
ence  lines  by  the  kinematic  method  may  be  obtained  using  any 

Fig.  65.9 

of  the  procedures  described  above  and  in  particular  the  one  we  have 
called  the  method  of  elastic  loads  (see  Arts.  11.8  to  13.8). 

The  kinematic  method  may  be  conveniently  used  for  the  construc¬ 
tion  of  influence  lines  for  stresses  or  reactions  at  the  supports  of 

statically  indeterminate  trusses.  As  an  example,  let  us  take  the  truss 

redundant  in  the  first  degree  appearing  in  Fig.  64.9.  The  cross- 
sectional  areas  of  all  the  members  of  this  truss  are  the  same.  The 

corresponding  simple  statically  determinate  structure  is  given  in 
Fig.  65.9. 

The  standard  equation  showing  that  t:ho  displacement  along  the 
line  of  action  of  the  redundant  constraint  X ,  is  nil  takes  the  shape 

X,61i+61P  =  0 wherefrom 

v-     p    
1  bt|  6tl 

The  variation  of  Spl  when  load  unity  P  travels  along  the  lower 
chord  of  the  truss  will  coincide  with  the  deflection  curve  of  the  same 

chord  of  the  simpio  structure  subjected  to  the  action  of  a  unit  load 
Xt.  The  ordinates  to  this  curve  at  all  the  joints  have  been  computed 
in  Art.  13.8  using  the  elastic  loads  method,  and  the  curve  itself 
is  represented  in  Fig.  45.8.  All  these  ordinates  are  negative  for  under 
the  action  of  X t  the  lower  chord  tends  to  move  upwards  while  load 

unity  P  is  directed  downwards.  The  influence  line  for  X ,  obtained 

by  dividing  the  ordinates  to  the  6pl  curve  by  ( — 8u)  is  represented 
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in  Fig.  <>6.9.  Thus,  this  inllueiico  line  will  differ  from  the  deflection 
curve  of  the  simple  structure  only  by  a  constant  factor  equal  to 

^  —  .  As  for  the  value  of  this  factor,  it  will  be  easily  found  by 

scaling  off  the  value  of  at  tho  point  of  application  of  the  load  Xt. 

0.361  0.671  l  0.671  0.361 

Fie-  66.9 

Once  the  influence  line  for  tho  reaction  at  the  redundant  support 
has  been  found,  the  stresses  in  all  the  members  of  the  truss  will 

be  readily  obtained  using  the  well-known  expression  based  on  the 
principle  of  superposition 

A’i  =  ./Vf +NlXl 

where  A'f  —  stress  in  bar  i  resulting  from  the  application  to  the 
simple  structure  of  the  actual  load 

N i  =  stress  in  the  same  member  resulting  from  the  appli¬ 
cation  to  the  same  structure  of  the  unit  load 

?'  z'  3'  4'  S' 

Fig.  66.  9  Fig.  69.  9 

It  follows  that  the  influence  lino  for  the  stress  Nt  may  be  obtained 

by  the  summation  of  the  ordinates  to  tho  two  other  influence  linos, 

that  for  JVf  and  that  for  N (Xt. 
To  illustrate  the  above,  let  us  construct  the  influence  line  for 

stress  £-23  acting  in  one  of  the  lower  chord  members  of  the  same 

truss  (see  Fig.  04.9). 



440 /'lurtivsis  of  the  Simpler  Statically  l ndete rtnlnaie  Structures 

Using  the  expression  just  mentioned  we  may  write 

LVi—  £fs  +  LisX\ 

In  order  to  obtain  the  influence  line  for  both  terms  of  the  right- 
hand  part  of  this  equation  let 

2'  3'  «'  s' 

Fig.  70.9 

us  pass  section  /-/  as  in  Fig.  07.9. 
Assuming  that  load  unity  P  is  to 

the  right  of  this  section,  the  equi¬ 
librium  of  the  left  portion  of  the 
truss  requires  that 

2Mr  =  A-3d— L£/i  =  0 

wherefrom 

The  right-hand  part  of  the  in¬ 
fluence  line  for  Lfa  will  be  obtained 

setting  off  along  the  vertical  pass¬ 
ing  through  the  left  support  an 

ordinate  equal  to  77“  T  an£*  con" 

necting  this  point  with  the  point 
of  zero  ordinate  over  the  right 

abutment.  The  left-hand  portion 
of  the  same  influence  line  will  be 

drawn  remembering  that  the  two 

always  intersect  in  the  vertical  passing  through  the  origin  of  moments. 
The  completed  influence  line  for  L£%  pertaining  to  the  simple 

structure  of  Fig.  67. 9a  is  given  in  Fig.  67.9 b. 
This  same  influence  line  shows  that  the  stress  induced  in  bar  2-3 

by  tho  unit  load  X,  will  equal  — 

Multiplying  by  this  factor  all  the  ordinates  to  tho  influence  line 
for  Xt  given  in  Fig.  66.9,  wo  obtain  a  graphical  interpretation 

of  tho  variation  of  Lz 3Xt  or,  in  other  words,  the  influence  line  for 

the  second  term  of  our  equation  (Fig.  68.9).  Summing  up  the  ordi¬ 
nates  to  the  influence  line  for  with  those  to  the  influence  line 

for  LZ3Xt  we  obtain  the  influence  line  for  the  stress  developed  in 
bar  2-3  of  the  redundant  truss.  This  influence  line  appears  in 
Fig.  69.9. 

The  influence  lino  for  the  stress  Z>3-4  obtained  by  the  same  proce¬ 
dure  is  shown  in  Fig.  70.9. 



10 CONTINUOUS  BEAMS 

1.10.  THE  OH  EM  OF  THREE  MOMENTS 

A  continuous  beam  is  a  statically  indeterminate  multispan  brain 

on  hinged  supports.  The  ond  spans  may  be  cantilever,  may  be  freely 
supported  or  built  in.  At  least  one  of  the  supports  of  a  continuous 
beam  must  be  able  to  develop  a  reaction  along  the  beam  axis. 

Fig.  1.10a  represonts  several  spans  of  a  continuous  beam  carry¬ 
ing  an  arbitrary  system  of  vertical  loads.  The  supports  will  be  num¬ 
bered  from  left  to  right  0,  1,2,3,  .  .  n  —  1,  n,  n  +  1,  oLc. 
and  the  included  spans  will  be  designated  by  Z„  lt,  _j,  l„, 

Zn  +  1,  etc.,  the  index  of  each  span  coinciding  with  that  of  its  right- 
hand  support,  ft  will  be  assumed  that  the  moment  of  inertia  remains 
constant  within  each  span,  but  may  vary  from  one  span  to  the  oilier. 

A  conjugate  statically  determinate  system  for  a  continuous  beam 

may  be  obtained  by  elimination  of  constraints  considered  as  redun¬ 
dant  which  prevent  mutual  rotation  of  two  contiguous  sections 
over  the  supports  or  putting  it  otherwise,  by  the  introduction  of 

a  hinge  at  each  of  these  supports  as  indicated  in  Fig.  1.10b. 
The  equation,  expressing  mathematically  that  the  angles  of 

rotation  of  the  aforementioned  sections  over  the  supports  one  with 

respect  to  the  other  remain  nil,  will  be  of  the  following  form 

.  .  •  X n~Z$n,  n-Z  H“  't—  1  “F  X,ibrt,  n  "A  „+!  -|- 

"T  n+2  ~r  •  ■  •  ~F  Anp  =  0  (1.10) 

The  coefficients  to  all  the  unknowns  as  well  as  the  free  term  will 

be  calculated  with  the  aid  of  diagrams  of  the  bonding  moments 

induced  by  unit  couples  acting  along  the  direction  of  each  redun¬ 

dant  constraint  (Fig.  1.10c,  d,  e,  f,  g)  and  of  that  due  to  the  actual 

loads  (Fig.  1.10A),  all  referred  to  the  system  of  end-supported  con¬ 
jugate  beams. 

Thus,  the  coefficients  n-l.  &n.  m  &n,  n+li  n  +  2 

be  obtained  multiplying  the  Mn  diagram  (Fig.  1.10c)  by  those 
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for  jI/,,-2.  A/„-|t  M„ ,  A/,,+1  and  A7n  +  2  (see  Fig.  1.10c,  d-i  e,  /,  g) 

8n,  n-2  —  0 
A  _  __L_.  1 .  Jn_.  4  _  _Jn_ 

—  S/„  2  3  1  — I5A7„ 

=  (^T-T-O+fT—  (1~%1-T-1)  =(W+1T7± Lj  J  n  \  2.  3  /  lhJ  rij.  i  \  2  3/  bk.Jn  (>/i 

A  j  ( <1  _ ii 

AVn+i  r  2X3  1  j  -  (i£ 

‘n+J_ 

/n+1 

n-H ^  •fn+i 

8n ,  <1+2  —  0 
lienee,  all  the  coefficients  to  the  unknowns  in  equation  (1.10) 

with  the  exception  of  the  coefficients  8„,n_i,  6n,„,  and  8„,„+i  re¬ 
duce  to  zero. 

The  multiplication  of  the  Mn  graph  (Fig.  1.10c)  by  Lhe  Mp  graph 
(Fig.  1.104)  yields  the  following  value  for  the  free  term  of  the  above 
equation 

Ajip  —  . .  j  “1. ■/'!  “F  TT7  | 

In  this  expression  and  Q„  +  i  arc  the  areas  of  the  Mv  diagram 
over  the  ln  and  the  /,l+1  spans  (see  Fig.  1.104),  while  y„  and  yn+i 
are  the  ordinates  to  the  Mn  graph  measured  over  the  centroids 

ol  l.2n  and  Q„+i,  respectively. 
From  Fig.  1.10c  and  h  wc  draw 

and  accordingly 

— 

y n  =  -T-  and 

*n 

tlfiar, 

Un+i 

«n+» 

Q»l|inH 

EJn  In  EJn+ 1  fir+1 

Designating  Q„a„  by  S„[ n_ ,  and  Q„+16,l+,  by  ̂ Vi.n+t  wo  obtain 
finally 

<?M 

Anp~  EJnln 

,,Af 

EJ  n+tl 
n+iln+t 

whore  5,'f,n_i  =  static  moment  of  Q„  about  the  vertical  passing 
through  the  left-hand  support  of  span  ln 

Sn  +  j,  „+,  =  static  moment  of  fin+i  about  the  vertical  passing 

through  the  right-hand  support  of  span  /„+,. 
The  signs  of  these  static  moments  will  be  the  same 
as  those  of  the  corresponding  graph  areas. 

Substituting  the  values  thus  found  in  equation  (1.10)  and  col¬ 
lecting  Lhe  terms  wc  find 

V  '«  i  *>V  /  hi  i  Wl  \  .  v  ’n+i -An-i  ■  — r  y — r  —} —  J  -r-a.n+1  — Jn  \  •>  n  Jn+ 1  /  •'n+l 

G  S: 

n,n~l 

\f 

n+l , «+ 1 
lnJ  n 
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As  the  unknowns  X„_,,  Xn  and  Zn+i  represent  the  bending  mo¬ 
ments  at  the  supports  ol  the  redundant  beam  Mn-U  Mn  and  Mn+t, 

respectively,  the  above  equation,  universally  known  as  tho  equation 
of  three  moments,  will  take  the  following  form 

Mn-i  -r-  +  2Mn  (^  +  A±l)+  A/„*i  - Jn  \  Jn  Jn*l  /  •/n+i 

652 

65 
7i+  1  ,  >t+  1 Lt\J  n. n-M,  n  ri {2. i0> 

][  the  cross-sectional  areas  of  all  tho  spans  of  the  beam  remain 
constant,  i.o»,  if  f n—  2  —  f n— 1  —  J n  --  f 71+1  --  f 11+2,  etc.,  the  equation 

of  three  moments  becomes 

Mn- \ln  +  2 Mn  {In  -1"  ̂n-ht)  4'  Mn+l/n+l  — =  ■ 

(ii;1 

^r/+t.  n+t 

hi* 

(3.10) 

The  right-hand  part  of  equation  (3.10)  is  equal  to  six  times  the 
imaginary  reaction  R„  which  would  arise  at  the  nth  support  of 

the  conjugate  system  of  end-supported  beams  if  the  spans  contig¬ 
uous  to  that  support  were  loaded  with  the  areas  of  the  bending 

moment  diagrams  due  to  the  actual  loads  acting  over  these  same 

spans  (see  Fig.  1.10b).  This  reaction  will  be  reckoned  positive  when 
the  loads  just  mentioned  cause  an  extension  of  the  lower  fibres  of 
the  beams.  Equation  (3.10)  becomes  then 

Mth,  4-  2M<- (II,  —  fyi)  1  Main  -  — 6 Re  (4.10) 

where  Ml,  Mc,  and  Mtt  stand  for  the  moments  over  the  left-hand, 
the  central  and  the  right-hand  supports,  and  lR  for  the  length 
of  the  spans  to  tho  left  and  to  the  right  of  the  central  support,  and 

Rc  for  the  imaginary  reaction  of  the  central  support.  All  the  three 

equations  (2.10),  (3.10)  and  (4.10)  are  known  under  the  name  of 

equations  of  three  moments.  Each  of  them  expresses  the  idea  that 

the  mutual  angular  rotation  of  two  adjacent  cross  sections  over 
the  nth  support  is  nil.  Therefore  the  equations  relate  particularly 
to  this  reth  support. 

At  the  same  time  each  of  these  equations  establishes  the  relation 

between  the  bending  moments  acting  over  three  consecutive  sup¬ 
ports  of  the  continuous  beam.  The  number  of  such  equations  that 
can  be  written  for  a  beam,  all  the  supports  of  which  are  hinged, 
will  be  exactly  equal  to  the  number  of  the  intermediate  supports. 
The  simultaneous  solution  of  these  equations  will  yield  all  the  values 
of  the  unknown  bending  moments  at  these  supports. 

The  system  formed  by  all  the  equations  of  three  moments  consti¬ 
tutes  a  particular  form  of  the  system  of  canonical  equations.  Its 
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groat  advantage  resides  in  the  fact  that  it  necessitates  neither  the 
construction  of  unit  moment  graphs  nor  the  computation  of  the 
displacements  caused  by  the  unit  actions  and  the  actual  loads, 
simplifying  thereby  very  considerably  the  analysis  of  continuous 
beams. 

When  all  the  moments  at  the  supports  are  known  one  may  proceed 
with  the  determination  of  bending  moments  within  the  spans, 
of  the  shears  and  of  the  reactions  developed  at  each  support.  These 
computations  will  be  carried  out  assuming  that  each  span  is  simply 
supported  at  its  ends  and  is  acted  upon 
both  by  the  applied  loads  and  the  moments 
at  tho  supports  just  determined.  The  fol¬ 
lowing  expressions  will  be  used 

M  =  Ma  +  M„_,  +  Afn~ Mn~l  x  (5.10) 

Q  =  QlJr-'"~Mn-'L  (6.10) 

Lrt 

where  x  is  the  distance  from  the  left-hand 
support  of  this  span.  These  same  expres¬ 
sions  may  be  used  for  the  construction  of 
the  corresponding  diagrams. 

The  support  reactions  Dn  will  be  deter¬ 
mined  as  follows:  isolating  an  infinitely 
small  element  over  the  support  under  con¬ 
sideration  from  the  rest  of  the  beam  wo 

see  that  the  left  face  of  this  element  is  acted  upon  by  the  shear 
while  its  right  face  by  the  shear  <?„,„+»•  Such  an  element  is  rep¬ 
resented  in  Fig.  2.10a.  Projecting  on  the  ̂ vertical  all  the  forces 
acting  on  this  element  we  obtain 

"t“  Dn' — Qn,  n+|  =  0 

wherefrom 

On  =  Qn,n+l  —  Qrt,n- 1  (7.10) 

In  tho  above  expressions  reactions  Dn  are  reckoned  positive  when 
directed  upwards. 

Thus,  in  a  continuous  beam  the  reaction  at  any  support  is  equal 
to  the  difference  between  the  shears  acting  over  two  contiguous  cross 
sections  located  both  sides  of  the  support  under  consideration.  Hence 
the  numerical  value  of  this  reaction  will  be  equal  to  the  rise  or  to  the 
fall  in  the  shear  diagram  over  the  corresponding  support  (Fig.  2.10b). 

The  same  reaction  Dn  may  be  obtained  if  both  spans  meeting 
over  the  support  in  question  are  regarded  as  simplo  end-supported 
beams  (Fig.  3.10),  these  beams  being  acted  upon  both  by  the  actual 
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loads  and  the  moments  at  the  supports  already  determined.  In 

this  case  reaction  Dn  will  be  given  by  the  sum  of  DnI,  developed 

at  the  right  end  of  the  left-hand  beam  and  of  DnIt  developed  at  the 
left  end  of  the  right-hand  beam  or,  in  other  words 

in  this  expression 

nn  —  DnL  +  Dnn 

n     r* o  i  -tin 

Un  L  —  UnL  "T - j - - - 

n  no  i  —  Mn 
L'nn  —  unR  +  ~  ■) - 

ln+ 1 

(8.10) 

(9.10) 

where  D"n.  and  aro  the  reactions  at  the  common  supports 
of  boLli  beams  due  solely  to  the  action  of  actual  loads,  the  bending 

moments  at  the  supports  being  disregarded.* 

Fig.  3.10 

introducing  the  values  given  by  expressions  (9.10)  in  equation 
(8.10)  we  obtain 

D.t  D"nL  +  DnnR  +  Mn  +  MnV  ~‘Un  (10.10) 

Both  formulas  (7.10)  and  (10.10)  permit  the  computation  of  all 
the  support  reactions  of  the  continuous  beam  when  the  moments 

at  tiie  supports  are  known.  The  reaction  at  the  support  of  a  canti¬ 

lever-end  span  will  bo  determined  using  expression  (7.10)  or,  in 
oilier  words,  computing  the  difference  between  the  shears  acting 

on  both  sides  of  this  support.  It  will  he  remembered  that  the  shearing 
force  acting  at  the  support  of  a  cantilever  beam  is  always  equal 
to  the  projection  of  all  forces  acting  on  this  beam  in  the  direction 
normal  to  its  axis. 

♦ 

*Tho  magnitude  of  D„ 7  ami  D„b  could  also  be  deduced  from  the  equilib¬ 
rium  of  the  end-supported  beams  just  mentioned. 
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Let  us  now  examine  the  continuous  beam  appearing  in  Fig.  4.10(7 

when  the  length  of  the  lett-end  span  of  this  beam  reduces  gradually 
to  zero.  In  this  case  the  tangent  to  the  elastic  curve  at  the  left- 
hand  support  will  also  lend  towards  the  axis  of  the  beam  (Fig.  4.10b),. 
which  indicates  that  the  cross  section  over  support  .1  will  suffer 

no  rotation  whatsoever.  This  means  that  the  end  of  the  beam  appear¬ 
ing  in  Fig.  4.10a  becomes  fixed  when  the  length  lt  of  its  end  span 
Lends  towards  zero  (Fig.  4.10c). 

It  follows  that  the  analysis  of  continuous  beams  with  fixed  ends 

may  be  carried  out  using  the  same  equation  of  three  moments,  provided 

a  built-in  end  is  replaced  by  an  additional  freely  supported  span  of 
zero  length. 

Concluding  we  may  recommend  the  following  sequence  of  oper¬ 
ations  for  the  analysis  of  continuous  beams: 

1.  Trace  a  schematic  drawing  of  the  beam  indicating  all  the 
applied  loads.  If  one  of  the  end  spans  of  the  beam  is  built  in,  replace 

the  built-in  end  by  an  additional  simply  supported  span  of  zero 
length. 

2.  Number  from  left  to  right  all  the  supports  as  well  as  all  the 
spans. 

3.  Write  for  each  intermediate  support  of  the  beam  an  equation 
of  three  moments. 

4.  Proceed  with  the  simultaneous  solution  of  all  these  equations 
obtaining  thus  the  magnitude  of  all  the  bending  moments  at  the 
supports  (except  the  end  ones  which  remain  zero). 

5.  Determine  the  bending  moments  and  the  shears  along  the 
spans  using  expressions  (5.10)  and  (0.10)  thus  obtaining  all  the  data 
necessary  for  the  construction  of  stress  diagrams. 
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<3.  Compute  all  the  support  reactions  using  expressions  (7.10) 
or  (10.10). 

7.  The  accuracy  of  the  diagrams  obtained  will  be  checked  using 

one^of  the  methods  described  in  Art.  6.9. 

j'roblem  1.  Trace  the  M  and  Q  diagrams  for  a  continuous  boam  of  constant 

cross  section  represented  in  Fig.  5.10a. 

Pig.  5.10 

Solution.  Construct  tho  Mp  diagram  regarding  each  span  as  a  separate 

end-supported  beam  (Fig.  5.106)  and  form  lor  support  1  the  equation  of  three 
moments.  Expression  (4.10)  loads  to 

itf0i,  +  26/  (1,-1-  h)+M2lz*=  — 6/if 

The  beam  being  symmetrical  and  symmetrically  loaded,  tho  moments  ove
r 

supports  1  and  2  will  have  the  samo  values,  which  means  that  M,  —
  Mv 

In  addition  we  have  Me  =  0  and  lt  =  =  l. 



1.10.  Theorem  of  Three  Moments 449 

Hence 

and  consequently 

wherefrom 

/  _  Pi  l  1  _  -Pi* 4  '  2  '  2  “  1G 

3  PI* 

„  3Pl 

=  — 40 

Doth  bending  moments  M i  and  Mz  thus  obtained  being  negative,  the  lop 
fibres  over  the  supports  will  be  extended  and  the  bottom  ones  compressed. 
In  order  to  construct  the  bending  moment  diagram  let  us  determino  now  the 
moment  at  load  point  P  using  formula  (5.10) 

PI 

4 

m  t 

3PI  \ 

3P1  40  { 40  )  l  _  7 PI 

Knowing  the  values  of  the  bending  moments  at  the  supports  as  well  as  that 

of  the  moment  at  the  middle  of  the  central  span  wo  can  proceed  with  the  con¬ 
struction  of  the  bending  moment  diagram  for  the  whole  beam  (Fig.  510ei. 

At  the  same  time  oxpression  (6.10)  permits  the  calculation  of  shearing  forces 
at  all  the  cross  sections  of  the  beam. 

Thus,  for  the  span  0-1  we  find 

(?x=“0  + 

-««  0 

3  P 

40 and  for  the  span  1-2  we  have  between  support  1  and  the  load  point 

The  -above  data  are  sufficient  for  the  construction  of  the  left  half  of  the  shear 

diagram  appearing  in  Fig.  5.101.  This  diagram  being  symmetrical,  its  right 
half  will  be  obtained  immediately.  The  reactions  at  the  supports  will  be  given 

by  expression  (7.10) 

Fig,  5.10c  represents  the  given  beam  together  with  all  the  loads  and  reactions 

acting  thereupon.  It  is  obvious  that  the  whole  system  is  in  equilibrium. 

Let  us  check  the  accuracy  of  the  M  diagram  which  must  provide  for  deflections 

consistent  with  the  stipulations  of  the  problem.  Since  the  beam  and  the  load 

distribution  are  symmetrical,  the  angular  rotation  vp  of  the  cross  section  at  load 

point  must  equal  zero.  The  value  of  this  rotation  can  be  obtained  eliminating 

supports  2  and  3  and  applying  to  the  simple  statically  determinate  system  thus 

29— ssa 
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obtained  a  unit  moment  at  load  point  P.  The  bending  moment  diagram  duo 
to  this  unit  moment  appears  in  Fig  5-tO/.  Multiplying  this  graph  by  tho  bending 
moment  graph  due  to  the  actual  loads  and  reactions  (Fig.  5.10c)  we  obtain 

m  2 

40  2  '  A  1 

/  7PI 
3  PI  1 

|  J.. 

l.i  I 

{  40
  " 

40  j 
1  2 

2  'J 

PI 2 

40  EJ 
0 

which  indicates  that  all  the  computations  were  carried  out  accurately. 

Problem  2.  Construct  the  Af  and  Q  diagrams  for  the  continuous  beam  appear¬ 
ing  in  Fig.  6.10a;  the  cross-sectional  areas  of  this  beam  vary  from  span  to  span. 

Solution.  The  schematic  drawing  of  the  beam  with  its  built-in  end  replaced 
by  an  additional  span  of  zero  length  and  all  the  supports  and  spans  duly  num¬ 
bered  from  left  to  right  appears  in  Fig.  6.106.  The  terms  of  the  right-hand  part 
of  the  equation  of  three  moments  will  be  derived  from  the  diagrams  of  the  bend¬ 
ing  moments  due  to  the  actual  loading,  considering  each  span  as  a  separate 

end-supported  beam  (Fig.  6.10c).  The  diagram  for  the  cantilevering  end  will 
lie  constructed  in  the  same  way  as  for  a  simple  cantilever  beam. 

The  bonding  moment  M3  being  equal  to  —5  ton-metres  (see  Fig.  6.10c), 
the  only  two  unknown  moments  are  those  at  the  first  and  second  supports 
{Mi  and  M2).  The  equations  of  three  moments  for  these  two  supports  are 

M0l 

7r+2-M  77+£)+m'^ 
6£|[o_C£^2 

l  h*2. 

^2-1 

Seeing  that  ;Wo  =  0;  V/3  =  — 5  ton-metres;  1,  =  0;  l2"0m;  i-t  =  4m;  J2  =  2J; 

and  Sj!  o=0  we  find 

2,  2
“ 

,3!i  =  .^3.|..+Sx3(3+4)=15 
3x4  4,3  4  2 

’3,  3" 2 

■T+T 

T'T*4"4  =  18 
Consequently 

2.Mi6  ,  6  6  (  —  15) Mfi 

2J 
\  5X4 

i>X  15 fix  18 

J  7 
6-2/ 

4/ Upon  collection  of  terms  and  other  simplifications  these  two  equations 
become 

4Afj-)-2/Vf2  =  5  and  6.W1  +28df2=  —  20 

these  two  equations  yield  M,  =  1.98  ton-motres  and  M2  =  —1.46  ton-metres. 
Tho  bending  moments  acting  along  the  spans  may  now  be  easily  found  using 

expression  (5.10),  those  acting  along  the  cantilever  span  are  already  known. 
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Span  1-2 

for  0+*<3  in  iW=— |  *+ 1.98+ x  =  1 .98—  2.24jt 

for  x=3  in  M  =1,98 — 2.24x3  =  — 4.74  ton-metres 

for  3m^r<Cn  jt/=10 — —x+i.98-j - — ̂  — 5-^ x  =  H .98  —  2.24x 

lor  x  =  3  m  iVf  — 11 . 98 — 2-24x3  =  5-26  ton-metres 

for  x  =  6  m  5/  =  lt.98 — 2.24x6=  — 1.46  ton-metres 

Span  2-3 

for  m  jt/  =  -4.5x - ^ - 1.46-1 - **~t*  ̂   x  — 

=  — 1.46- +3.615*  —  1.5x2 

for  i=2  m  jlf  =  —  1 .46  +  3.615 X 2 — 1.5x2s  = — 0.23  ton-metre 

for  2  m  +  *  +  4  m  .4/=4.5;r—  3x2(x  —  1) — 1.4C  + 
.  — 5+1.46  ,  c,  00, 

+   ^ - k  =  4.54 —  2.38ox 

for  x  =  2  m  Jtf  =  4.54  —  2.385x2= — 0.23  ton-metro 

for  x  =  4  m  M  =  4.54—2.385 x4=  —5.00  ton-metres 

The  completed  bending  moment  diagram  is  represented  in  Fig.  6 - 10(2. 
The  magnitude  of  the  shearing  forces  acting  within  the  spans  will  be  given 

bv  the  first  derivative  of  the  expressions  obtained  for  the  bending  moment. 

Span  1-2 

<?=  — 2.24  tons 

Span  2-3 

for  0<r<!}2m  9  =  3.615— 3x 

for  x  =  0  Q  =  3 . 615  tons 

for  r=2m  9~®’fil5 —  3x2= — 2.385  tons 

The  shearing  force  will  became  zero  at  the  cross  section  determined  by 

Q  =  3.615 — 3x  =  0 
wherefrom 

3.615  .  oft- 
x  =  — a — =  1 . 20.1  metres 

O 

At  this  cross  section  the  bending  moment  will  reach  its  maximum* 

Mmax-=  —1 .46  +  3.615 x  1 .205— 1.5x  1 .205a  =  0.72  ton-metre 

2m<.x<:4m  Q=—  2.385  tons 

The  shearing  force  diagram  constructed  using  the  above  data  is  repre¬ 
sented  in  Fig.  6.10e. 

♦ 

*  By  maximum  we  mean  here  any  point  corresponding  to  a  horizontal  tan¬ 
gent  to  the  bending  moment  curve. 

29* 
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Fig.  6.  JO 

1'ig  r..  10/  represents  the  beam  with  all  the  loads  and  reactions  acting 
thereon.  U-t  ns  check  whether  the  equilibrium  conditions  are  satisfied 

Sr=—  2.24  +  5.855  +  7.385  —  3  x  2—  5  =  13.24— 13.24  =  0 

SA/,=  1.08  +  10  -5.855x6  -7.385x10  +  3x2x7-! 

+  5x11  =  108.98-108.08  =  0 
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Let  us  control  also  the  accuracy  o[  the  M  diagram  using  the  inellmtl  based 
on  the  consistency  of  deflections.  For  this  purpose  let  us  compute  the  deflection 

of  the  section  situated  directly  over  support  3.  This  deflection  must  bo  necessar¬ 

ily  nit,  the  support  precluding  any  vertical  movement  of  the  beam.  The 

bending  moment  diagram  induced  by  a  vertical  unit  load  acting  at  Ibe  corre¬ 

sponding  section  of  a  simple  statically  determinate  beam  (obtained  bv  elimi¬ 
nation  of  supports  2  and  3)  is  represented  in  Fig.  C.10g.  Multiplying  the  ordi- 
natns  to  the  curve  of  the  resultant  moments  M  by  the  diagram  of  Fig.  ii.10g 
we  obtain 

=  —  2  XlOX  1.98  +  2  x  7  x  4.74  +  10  x  4.74  —  7x  1  981  x. 

X 

X 

.*+4  (  -2  x  7  x  5.26+  2  x  4x1.46  +7  x  1  46  -4  X  5  26) 2  hJ  o 

-TTgj-- |-i_2x4xl.4C+2x2x0.23+4x0.23+2x  1  46i
^- 

2  4  +  2  1 
—  lx5x2x-|j-X-^-X^  + 

!  X  2 
X  (  0.23Xy  |-5X 

3  )  EJ 
=  JLvt5.(W5-l8.i95+5.48-6  +  3.G4j  =  0 

which  indicates  that  all  the  computations  were  carried  out  correctly. 

2.10.  THE  FOCAL  POINTS  METHOD 

The  method  described  in  the  present  article  becomes  particularly 

interesting  when  continuous  beams  with  a  very  large  number  of  spans 
must  be  dealt  with  or  when  only  a  few  of  the  spans  carry  the  loads. 

Let  us  examine  the  beam  of  constant  cross  section  appearing  in 

Fig.  7.10a  assuming  that  only  the  reth  span  is  loaded.  We  may 
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eliminate  all  the  redundant  constraints  opposing  mutual  rotation 
of  adjacent  cross  sections  at  the  supports,  provided  wo  replace 
these  constraints  by  the  corresponding  bending  moments  which 
are  as  yet  unknown.  In  order  to  find  these  moments  let  us  write 

consecutively  the  equations  of  three  moments  for  each  of  the  sup¬ 
ports. 

(a)  Support  1 
The  equation  of  three  moments  becomes 

M0/,  +  2 M,  (1,  -f  is)  |-  M2l2  =  0 
but  since  d/0=  0 

hence 

m2  2(Z,  i-I2) 

Ml  ~  h  3 

The  latter  relation  shows  that 

(1)  the  bonding  moments  Mi  and  M2  at  two  neighbouring  supports 
are  of  opposite  signs; 

(2)  the  ratio  ̂   depends  solely  on  span  lengths  lt  and  l2.  but 
is  completely  uninfluenced  by  the  magnitude  of  the  moments  and 
loads  acting  along  the  spans  further  to  the  right. 

In  the  particular  case  when  /,  =  l2  the  factor  K2  becomes  equal 
to  4,  or,  in  other  words,  the  bending  moment  M2  is  in  absolute  value 
four  times  as  large  as  the  bending  moment  Mt. 

The  bonding  moment  diagram  for  span  lz  has  the  shape  indicat¬ 

ed  in  Fig.  7.10b.  This  diagram  show's  that  in  the  loft  half  of  the 
span  there  is  a  point  where  the  bending  moment  becomes  zero. 

This  point  is  known  as  the  left-hand  focal  point  of  the  second  span 
and  will  be  hereafter  designated  by  F2.  The  location  of  this  point 
along  the  span  depends  on  the  value  of  K2  which  we  shall  call  the 

left-hand  focal  factor  for  the  second  span.  The  location  of  the  focal 
point  remains  uninfluenced  by  the  lengths  of  the  spans  further  to 
the  right,  nor  by  the  loads  these  spans  may  carry.  The  bending 
mo  men  Us  at  the  first  and  second  supports  may  vary  in  terms  both 
of  the  amount  and  of  the  distribution  of  the  loads,  but.  the  ratio 

between  these  moments  will  remain  constant  as  long  as  the  spans 
l\  and  l2  remain  unloaded.  Consequently,  the  bending  moment  at 
the  focal  point  Fz  will  remain  always  nil  when  the  latter  condition  is 
fiil/illed. 

The  distance  u2  between  the  focal  point  F2  and  the  nearest  support 
to  the  left  is  given  by 
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and  in  the  particular  case  when  l,  =  Z8  =  Z 

(b)  Support  2 
The  equation  of  three  moments  becomes 

+  2M2  {l2  +  13)  +  M3l*  =  0 

Substituting  in  this  equation  M\  =  — we  find 

— 2Af*  {It  +  fa)  4*  M3l3=  0 
wherefrom 

It  is  clear  that  the  ratio  ̂   is  again  independent  of  the  length 

of  the  spans  further  to  the  right  as  well  as  of  tho  loads  applied  to 

these  spans.  The  shape  of  the  bending  moment  diagram  along  the 

third  span  will  be  as  shown  in  Fig.  7.10c.  Within  the  left  half  of 

this  span  there  will  again  exist  a  focal  point  where  the  bending 
moment  will  remain  zero  as  long  as  three  spans  lit  lt  and  l3  remain 
unloaded. 

(c)  Support  3 
The  equation  of  three  moments  will  be  in  this  case 

Mtlt  4-  2 M3  {U  +  h)+M,ll  =  0 

Substituting  in  this  equation  — 

M3 
*3 

viously 

for’Afa  we  obtain  as  pre- 

Thus,  the  focal  factor  for  span  4  will  be  given  by  exactly  the 
same  expression  as  the  one  for  span  3  with  the  only  difference  that 
all  the  intervening  indices  are  increased  by  one.  Consequently, 

the  general  expression  for  the  focal  factor  Kn  relative  to  the  left* 
hand  focal  point  of  span  n  will  be 

A--[2+T?(2-ib)]“ 

Mn 

Mn.i 

(11.10) 

The  above  expression  permits  the  computation  of  all  the  focal 
factors  one  after  the  other.  Thus,  for  the  first  span  of  a  simply 

supported  continuous  beam  we  have 

llj 

M0  =  0  and  A\  =  —rr— — °° 
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which  indicates  that  the  left-hand  focal  point  of  the  first  span 
coincides  with  the  left-end  support.  For  the  second  span  we 
obtain  as  already  mentioned 

K2 

2»|+Z2) 

h 

It  should  be  always  remembered  that  tfie  left-hand  focal  point 
is  a  point  situated  along  the  axis  of  a  continuous  beam  at  which  the 
bending  moment  remains  nil  as  long  as  the  span  under  consideration 
and  all  the  other  spans  to  its  left  remain  unloaded. 

Let  us  now  investigate  those  spans  of  the  same  continuous  beam 

which  are  located  to  the  right  from  the  loaded  ones.  Reasoning 
in  exactly  the  same  way,  we  shall  obtain  an  expression  giving  the 

value  of  the  right-hand  focal  factor.  The  bending  moment  diagram 
for  the  unloaded  right-hand  spans  will  have  the  shape  indicated 
in  Fig.  7.10d.  This  diagram  shows  clearly  that  in  the  right  half 
of  each  span  there  exists  equally  a  certain  point  where  the  bending 
moment  remains  nil  as  long  as  the  span  under  consideration  and  the 
spans  located  further  to  the  right  carry  no  loads.  These  points  are 

the  right-hand  focal  points  and  the  expression  giving  the  value  of 

the  right-hand  focal  factor  which  we  shall  indicate  by  K'„  will  be 
derived  from  that  for  the  left-hand  focal  factor  keeping  in  mind 
thal  the  numbers  allotted  to  the  supports  and  spans  decrease  from 
right  to  left 

K'n  =  2-\-  ̂±1  (  2  —  j  = ln  \  "-n+i/ 

Mn 
Mn 

(12.10) 

When  the  right-hand  extremity  of  a  continuous  beam  is  hinge- 
supported  the  focal  factor  becomes  infinitely  great  just  as  in  the 

case  of  a  hinge-supported  left  end.  All  the  other  right-hand  focal 
factors  will  be  determined  in  succession  with  the  aid  of  equation 
(12.10). 

The  expressions  (11.10)  and  (12.10)  may  be  used  for  the  deter¬ 
mination  of  focal  factors  pertaining  to  continuous  beams  with 
fixed  ends  if  these  ends  arc  replaced  by  additional  spans  of  zero 

length.  Thus,  for  a  continuous  beam  with  a  built-in  left  end  the 
value  of  the  focal  factor  Ki  will  be  given  by 

f,  =  2+|!(2-±) 

where  K0  =  oo  for  the  left  end  if  the  additional  span  is  hinge- 
supporled.  As  i0  =  0  we  obtain  K{  =  2  which  means  that  the 
focal  point  will  be  situated  one  third  of  the  span  to  the  right  from 
the  wall.  It  is  worth  mentioning  that  this  is  the  maximum  distance 

which  can  separate  the  focal  point  from  the  corresponding  support. 
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457 As  for  the  minimum  distance,  it  is  equal  to  zero  as  we  have  already 
seen. 

Let  us  apply  the  focal  points  method  to  the  determination  of  the 

bending  moments  at  the  supports  of  a  continuous  beam  appearing 
in  Fig.  8.10,  assuming  that  only  one  span  of  this  beam  (say.  span 

■ 
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Fig.  8.10 

ln)  is  loaded.  The  equations  of.  three  moments  for  each  of  the  two 
supports  limiting  the  loaded  span  become: 
for  support  n  —  1 

-f*  2Af„_i  (in-1  ALiLi  —  —  QRn-t  —  —  6 An 
for  support  n 

Mn.tln  +  2 Mn  6 B'n 

In  these  expressions  A!n  and  B\  are  the  imaginary  reactions  of 
the  left-  and  of  the  right-band  supports  of  the  nth  span  respectively. 
Replacing  the  bending  moments  at  supports  Mn~z  and  Mn+l  by 
their  values  expressed  in  terms  of  the  focal  factors 

-W„_ *=— and  Af„*i  =  — 
,  Kn-l  K-n+l we  obtain 

M„_,  [2  (/„_,  +  ln)  -  +  Mnln  =  - 

MMln+Mn  [2  (ln  +  lM)  —  - - 6 B\, 

Dividing  both  parts  of  these  expressions  by  ln 

(2+^  (2-dr,)]--^ 
and  keeping  in  mind  expressions  (11.10)  and  (12.10)  we  finally obtain 

fi  a1 

M^Kn  +  M^—^ 6  Bl 

Mn.l  +  MnK'n=  — ^ 

*71 
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Solving  these  equations  for  M„~ i  aud  Mn  we  find 

Mn.t  = 

Mn  = 

G(.-lX-gn) 

In  [Kn&n — l) 

e^Kn-Aj) 

In  (KnKri  1) 1 

(13.10) 

If  the  loads  are  located  over  one  of  the  end  spans,  say,  the  left 

one,  and  provided  the  left-end  support  is  hinged,  the  value  of  the 
focal  factor  for  this  span  will  become  infinitely  great.  The  bending 

moment  at  the  left-end  support  becomes  nil  and  the  value  of  the 

bending  moment  at  the  other  support  of  the  span  bocomes  indeter¬ 
minate.  This  iude termination  will  be  eliminated  dividing  both 

the  numerator  and  the  denominator  of  the  expression  by  Kn.  When 
K„  increases  indefinitely  we  obtain 

Mn  = 

6  1 

k-l) 

1 
 

-T
 

i 

(«-a 

6/jJi 

Having  thus  determined  the  bending  moments  at  the  supports 
of  the  loaded  span,  the  bending  moments  at  all  the  other  supports 
will  be  found  easily  using  the  expressions  for  the  focal  factors. 
When  several  spans  of  a  continuous  beam  are  loaded  directly 

the  problem  will  be  solved  using  the  principle  of  superposition. 

Problem  1.  Determine  the  bonding  moments  M,  and  al  the  supports 

of  span  1-2  carrying  a  load  unity  P  situated  a  distance  x  from  support  1 
(Kig.  9.10a). 

Solution  Using  expression  (H .10)  determine  the  left-hand  focal  factors 
for  spans  f,  and  l2 

<:=-2+ij(2-s)“'1 
Devermine  in  the  same  way  the  right-hand  focal  factors  for  spans  l,„  13 

and  l2  using  formula  (12.10) 

— oo 

^-2+ii(2-5)-4 

«-2+f’(2— t)— 3,5 
The  bending  moments  at  the  supports  of  the  Loaded  span  will  be  found 

using  expression  (13.10) 

M,=  - 

6 

hW»- 1)  : m2 - 

6  (B[K2-A[) 

h  —  1) 
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in  which 

,/  x(l-x)  l  (2  l-x)  ( l-x)(Zl-x)x 

h - 1 - T  'Si — - - el - ~" 

r,[_x(l  —  x)  l  (x-f-f)  *(f2— **) 

2  l  '  2  31  ~  C, l 

{see  the  bending  moment  graph  represented  in  Fig.  9.106).  I  sing  these 
expressions  we  find 

6j-(i-x)(2i-x)x  X3.75_x(^j 

1(4  x  3.75  —  1)  = 

(/  —  x)  (21— x)  x  X3.75 — x(l'1  —  xt) 
“  

14/s 

Af2= 

r. 

rz(l*-x*)::,_  (l-x)(2l-x)x 
L  hi  OZ 

14Z 

ix  (P  —  xi)  —  (l— X)  121  —  X)  X 

14Z* 

Problem  2.  Required  the  complete  analysis  of  a  six-span  continuous  beam 
uniformly  loaded  over  the  whole  length  of  span  4  (Fig.  10.10a). 

Solution.  Begin  with  computing  the  left-hand  focal  factors  using  expres¬ 
sion  (11.10) 
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There  is  no  need  to  compute  the  focal  factors  for  the  following  spans. 

The  right-hand  focal  factors  will  be  computed  beginning  with  the  right-end 
sjian  of  the  beam.  All  the  spans  of  the  beam  being  of  the  same  length* 
we  ha\e 

- oo 

K'6=K2  =  4 
=  =  3.75 

The  bending  moment  diagram  induced  in  the  conjugate  statically  deter¬ 
minate  beam  by  the  given  loading  is  represented  In  Fig.  10.106. 

.  9 

Using  this  diagram  as  the  imaginary  load  diagram  we  shall  find  the  follow¬ 
ing  values  for  the  support  reactions 

M-
 

ql*  l _ ^ 

'  8  '  3  2  ~24 

Formula  (13.10)  yields  immediately  the  bending  moments  at  the  supports 
3  ami  4 

.  (ql 3  15  0/3  \ 
6(!r*T-!r) 

li 

1 

31* 

X 

SI3 208 

G  ( v  — \24  X  15  24  ) 

41 

‘(S45-') 

780 
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Knowing  the  magnitude  of  these  moments  and  the  values  of  the  focal 
factors  all  the  other  bending  moments  at  the  supports  of  the  beam  are 
obtained  with  no  difficulty 

yw3 _ 11  ,»  4  11 
Mz-  - X3_ 208 97  15 “780 

Wj  = 

M 2 

*t. 

.  J_L  o/2  -L= _ 
780 "  4  3,120 jl*;  17(1  =  0 

l:he  data  so  obtained  have  permitted  the  construction  of  the  diagram  appearing 
tn  Fig.  10.10c. 

3.10.  BENDING  MOMENT  ENVELOPE  CURVES 

The  control  of  fibre  stresses  in  continuous  beams  and  the  choice 

of  their  cross-sectional  dimensions  will  frequently  require  the  know¬ 

ledge  of  the  extreme  values  the  bending  moments  may  attain  at 

different  points  under  different  loading  conditions.  The  dead  loads 

will  be  usually  considered  uniformly  distributed  but  the  position 
of  the  live  loads  may  vary  quite  considerably.  If  at  every  cross 
section  of  the  beam  we  set  off  two  ordinates— one  representing 
the  maximum  value  of  the  bending  moment  (Mmax)  and  the  other 

its  minimum  value  and  if  we  connect  these  ordinates  by- 
two  smooth  curves  we  shall  obtain  what  is  usually  referred  to  as 

the  bending  moment  envelope  curves. 
The  construction  of  such  curves  can  be  best  explained  using 

as  an  example  the  three-span  continuous  beam  represented  in 
Fig.  11.10a.  Let  q  be  the  uniformly  distributed  dead  load  per  unit 



462 Continuous  Beams 

length  of  the  beam,  and  p  the  live  load  also  uniformly  dis¬ 
tributed,  which  occupies  either  the  whole  length  of  the  beam  or 

is  spread  over  certain  span  lengths  only,  or  is  completely  absent. 

Suppose  q  =  2  tons  per  metre  and  p  —  3.75  tons  per  metre. 
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The  bending  moments  at  the  supports  may  he  determined  using 

either  the  equations  of  three  moments  alternatively  or  can  be 

deduced  from  the  position  of  focal  points. 

The  diagram  of  the  bending  moments  due  to  the  dead  load;is 

wiven  in  Fig.  11.106.  Fig.  12.10a,  b  and  c  represents  the  bending 

Fig.  13.10 

moment  diagrams  due  to  the  live  load  occupying  successively  the 
first,  the  second  and  the  third  spans. 

Let  us  proceed  now  with  the  construction  of  the  envelope  curve. 
For  this  purpose  we  shall  first  take  at  each  section  tho  sutu  of  all 
positive  ordinates  due  to  the  live  loads  and  add  it  to  the  ordinate 
at  this  same  cross  section  due  to  the  dead  load.  We  shall  thus  obtain 

for  each  cross  section  the  ordinate  representing  the  maximum  bend¬ 

ing  moment  Mmax  that  can  be  produced  by  tho  given  loads.  There¬ 
after  we  must  pick  out  for  each  of  the  cross  sections  under  consider¬ 
ation  all  the  negative  ordinates  that  may  arise  under  the  offcct  of 
the  live  loads,  sum  them  up  and  then  add  them  algebraically  to 
the  ordinate  induced  at  the  same  section  by  the  dead  load.  The 
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resulting  ordinate  will  represent  the  minimum  bending  moment 

M mm  possible  under  the  given  loading  conditions. 

Thus,  for  instance,  the  MmaX  and  Mmln  ordinates  for  section  1 

over  the  first  support  will  be 

Mmax  =  1.0-(-(  — 3.2)=  — 2.2  ton-metres 

Mmtn=  _4  +  (  — 3)  +  (  —  3.2)=  —  10.2  ton-metres 

'  Repeating  the  same  operation  for  a  sufficient  number  of  sections 

we  shall  find  the  Mmax  and  Mmtn  ordinates  which,  connected  togeth¬ 
er,  will  form  the  two  envelope  curves  desired  (Fig.  13.10).  The 

shearing  forces  envelope  curves  can  be  obtained  in  exactly  the 
same  way. 

Envelope  curves  for  continuous  beams  of  constant  cross  section 

and  even  span  lengths  are  usually  constructed  using  appropriate 

tables  which  simplify  the  operation  very  considerably.  These  tables 

contain  data  permitting  the  computation  of  the  M  and  Q  ordinates 

due  both  to  dead  and  live  loads.  Hereunder  we  present  such  a  table 

(Table  1.10)  for  a  two-span  beam  simply  supported  at  its  ends. 

Table  1.10 

Bending  moments  M Shearing  forces 

X 

U.  L 
Ii. L D.  L 

L. 

l- 

a 
+0 

-p 

y 

+6 

-6 

0.0 0 0 0 

+0.375 

0.4375 0-0625 
0  1 

1-0.0325 
0.03875 0.00625 

—0.275 

0.3437 
0.0687 

0.2 
+0.0550 

0.06750 0.01250 

+0.175 

0.2624 0.0874 
0.3 

+  0.0675 
0.08625 0.01875 

—0.075 

0.1932 0. 1182 

0. 375 -HI.  0703 0.09375 0.02344 0 0.1491 0.1491 

0  4 +0.0700 0.09500 
0.0250U 

-0.025 
0,1359 

0.1609 
0.5 

-=-0.0625 
0.09375 0.03125 

-0.125 

0.0898 0.2148 n.o 

+0.0450 0.08250 0.03750 

-0.225 

0.0544 
0.2794 

0.7 +0.0175 
0.06125 0.04375 

-0.325 
0.0287 0.3537 

0.75 0 0.04688 0.04688 

-0.375 

0.0193 0.3943 

0.8 
-0.0200 

0.03000 0.05000 

-0.425 

0.0119 0.4369 0.85 -0.0425 0.01523 0.05773 

-0.475 

0.0064 0.4814 
0.9 -0.0675 0.00611 0.07361 

-0.525 

0.0U27 
0.5277 

0.95 -0.0950 0.00138 0.09038 
-0.575 

0.0007 
0.5757 

1.0 -0.1250 0 
0.12500 

-O.C25 
0 0.6250 

Support  reaction  At  — 
1.250 

j 
 

1.2
500

 

0 
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The  bending  moments  and  the  shearing  forces  are  calculated  using 
the  following  relations 

M  =  (<xq  +  $p)l2  1 

Q  =  (yq  +  5p)l  j 

(14.10) 

where  q  —  dead  load  per  unit  length 
p  =  live  load  per  unit  length 

a,  p,  y  and  6  =  coefficients  whose  values  are  drawn  from  the 
aforesaid  tables. 

Maximum  bending  moments  are  obtained  using  the  values  of 

coefficient  P  contained  in  tile  -HP  column,  minimum  bending  mo¬ 
ments  using  those  in  the  — P  column.  In  exactly  the  same  way  if  it 
is  desired  to  find  the  maximum  shear,  the  coefficient  5  should  he 

selected  in  the  -f-6  column,  and  if  it  is  the  minimum  value  of  the 
shear  that  is  needed  this  same  coefficient  shall  be  taken  from  the 
— 6  column. 

The  same  table  permits  also  the  determination  of  the  support 
reactions  due  to  the  application  of  both  dead  and  live,  loads.  The 
formula  to  be  used  is  the  same  as  for  (?. 

Tables  such  as  Table  1.10  contained  in  handbooks  usually  take 
care  of  partial  loadings  of  different  spans  when  such  partial  load¬ 
ings  may  lead  to  greater  (or  smaller)  values  of  bending  moments, 

shears  and  support  reactions  as  compared  to  those  due  to  the  loading 
<0  complete  span  lengths.  For  this  reason  the  envelope  curves  ob¬ 
tained  with  the  use  of  such  tables  are  even  more  accurate  than  those 
constructed  as  explained  above. 

Problem.  A  reinforced  concrete  double-span  ceiling  beam  carries  die  weight 
of  die  ceiling  itself  amounting  to  600  kg  per  metre  of  beam  length.  The  ceiling 
may  by  eventually  loaded  with  a  layer  of  insulating  material  at  the  rate 

Fig.  14.10 

of  200  kg  per  metre  of  the  beam-  This  insulation  may  be  applied  to  any  part 
of  die  ceiling  (Fig.  14.10).  Required  the  most  unfavourable  values  of  the  bending 
moment  and  of  the  shear  at  a  section  situated  a  distance  x  =  0.41  from  tho 

left-end  support  and  of  the  reaction  A ,  at  the  intermediate  support. 
Solution.  Determine  the  bending  moment  using  the  first  of  the  expressions 

(14.101.  This  expression  may  be  rewritten  as  follows 

M  ~  a iql*  +  ppl»  =  M9  +  Mp 

30—853 
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Horo  owl*  represent*  the  bonding  moment  induced  by  the  dead  load  of  600 
 kg/m 

alone.  From  Table  l.trt  the  coefficient  a  corresponding  to  x  —  OA  1  equals 
0.0700  anti  therefore 

A/(i  =  ct?l2  =  0.0700x  600  x  10*  — 4,200  kg-m 

The  term  MP  =  j \pl*  represents  the  bending  moment  induced  by  the  lo
ad 

p  whose  situation  along  the  beam  is  such  that  it  will  provi
de  either  for  a  maxi¬ 

mum  or  lor  a  minimum  value  of  the  moment.  ,  ...  . 

In  tho  present  case  for  the  section  under  consideration  the  value  or  coelluuen
t. 

fl  corresponding  to  M,nax  equals  +0.09500  and  to  Mmin  -0.
02500.  Therefore 

Mt,  max  -=  ppP = 0.09500  X  200  X  102  =  1,900 
 kg-m 

and 

Mp  min  —  $pl"~  —0.02500  X  200  x  10-=  —5
00  kg-m 

Hence  the  most  unfavourable  value  of  the  bending  moment  at  a  secti
on 

distant  0.4  1  from  the  left-end  support  amounts  to 

•Mma*  =4,200  + 1,900 =6, 100  kg-m 

If  we  use  the  value  of  Mp  mi„  tho  resulting  bending  moment  at  the  given 
cross  section  will  tie  considerably  smaller 

Mmin  =  4,200 —  500  =  3,700  kg-m 

and  therefore,  since  the  two  values  obtained  are  of  tho  same  sign,  t
he  first  one 

alone  will  he  retained  for  further  computations. 

As  for  the  shear,  the  use  of  the  second  one  of  tho  expressions  (14.10)  together 
with  Table  1.10  yields 

<?«.,*  =  l  —  0-025  X  600  +  0.1359  X  200)  X  10=  —150  +  271  =121  
kg 

Qmia  — l— 0.025  X  600— 0.1009  X  200)  X  10-=  —  150  —  321  
=  —471  kg 

The  greatest  value  of  the  reaction  at  the  intermediate  support  will  be
 

given  by 

/tI  =  tl.250</+  1-250/j)  1  =  (1.250  x  600  +  1.250  X  200)  10  =  10,000  
kg  =  t<>  tons 

4.10.  INFLUENCE  LINES  FOIS  CONTINUOUS  BEAMS 

Consider  a  continuous  beam  acted  upon  by  a  moving  unit  load 

p  travelling  along  the  span  ln  (Fig.  15.10a)  and  assume  that  th
e 

distance  of  this  load  to  support  (it  —  1)  is  given  by  x  =  \\ln 

(pig.  1,5.10b).  Jn  order  to  find  the  values  of  the  bending  moments
 

M* and  M„.t  at  the  supports  let  us  first  determine  the  imaginary reactions  a l  Uieso  same  supports 

(I  — 1|)  i|fn-qin- Y  (in  —  Y  filn)  ~  (•  — h)  fiC'ln 
An~  

U 

(f  —  1l)  "ST  •  "T  ln  (1  ’l)  2 _ r> *  =(l-ri)T|/;.V 

In 

/('  =  (1  -  T))  l\l„ln  \  -  Ai  =  (1  -11)  1  ll  -y- 
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t  sing  expressions  (13.10)  we  obtain  then 

Mn-i  = 

where 

C>  —  7f')  (1  —  rj) tjZ„  „„  w,  ,A  ,, 

i, ,(K, ,!<■,- 0  -  /c„x:,-t  f<2  n)A«— OH-*!)! - 
=  —  c(i  —  o)  n  1(2 — r|>  a;. — (i  -M})] 

*•  I  l:nK>i  —  (t  —  1)1  T)/„ 

ln  lK„K;,-~i)  h\K'tl-l  1(1  +  T|>  A
k  (2 

“  “c(*  — ■»»> T1 1<1  4-n)  A'n  — (2— 11)1 (15.10) 

In 

&  n  —  1 

With  tho  aid  of  the  lal-lor  expression  let  xis  prepare  a  lahle  giving 
the  values  of  Mn  and  M„  lor  different  positions  of  llio  moving 
load  P  (at  0.1  ln  increments). 

Tahir  2  10 

Konoiilas  t<<  be  (Interim t>*d 

14/,.  . 

=1/ 

I) 
O 0 

11.1 
—c  Of.  I7IK’„ —  O.UWt —  f  P.MIWA'ij  — 0. 171) 

0.2 —  e  0. OIL*) — (0  I92A,— u  2881 
0.3 

—<•(().  3f>7A'„  — 0.273) —  u  (0 . 273  A'„  —  o .  337 ) o.4 

— c  (0 . 384A"  „ — 0 . 330) — c  (0.33()A',|  —0.384) O  ft 
—  <i(0. 375 AT  '  n  —  0.375) —  r  01.375 A', , — 0.375) o.U 

—e  [H.336A",,—  0.3841 —  c  ( 0  884 A* n  — 0 . 336  > O  7 

—  u  (0. 373A''  ,t  —  0.357) 
—  u  (II.  357 A  „  —0.273) 

ii# 
—  up).  I!I2A"„— 0.288) —  rt0.288A‘, 1—0.192) 

il.!l 
—  c  (O.otiiiA — 0. 171) —  c  (ii.  I7t  A,,  — ti.in)'.)) 

i 0 0 

Knowing  tho  values  of  the  bending  moments  at  the  supports 
(see  Table  2.10)  and  the  values  of  the  focal  factors  K„  and  Kn  we 
may  easily  obtain  the  moments  at  all  the  other  supports  of  the 
beam  for  any  position  of  the  moving  load  along  any  of  the  spans. 
This  being  done,  we  may  proceed  with  the  construction  of  the 

influence  lines  either  for  the  bending  moments  or  for  the  shearing 

30* 
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forces  acting  at  any  section  of  span  l„  as  well  as  of  the  influence 
lines  for  any  of  the  support  reactions. 

Let  us  take  up,  for  instance,  the  continuous  beam  appearing 

in  Fig.  10.10  and  let  us  construct  the  influence  lines  for  the  bending 
moments  at  all  the  supports  as  well  as  the  influence  lines  for  the 

rm.  15.10 

bending  moment  and  shear  at  section  /  =  /  of  the  second  span  and 
for  the  reaction  D0. 

At  first  we  shall  calculate  all  the  focal  distances  whereafter  wc 
shall  construct  the  influence  lines  for  the  bending  moments  at  the 

Fig.  16.10 

supports  of  the  span  under  consideration  on  the  assumption  that 
the  unit  load  P  travels  along  this  span. 

Hereafter  we  shall  denote  the  bending  moments  at  the  support 

by  M  with  two  indices,  the  first  giving  the  number  of  the  support 
and  the  second  the  number  of  the  span  along  which  the  mobile 

load  is  travelling.  Thus,  for  instance,  3/22  will  mean  the  bending 
moment  at  support  2  due  to  a  load  travelling  along  the  second 

span;  in  the  same  way  Mn  will  indicate  the  bending  moment  pro¬ 
duced  by  tho  same  load  travelling  along  the  same  span  but  acting 
over  support  1. 
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Table  3.10 

Left-hand  focal  factors It Ight-liand  focal  factors 

A,  —  co K\  =  3.733 
K2  =  4 *2 -=3.75 

A,  =  i?  =  3.75 

*3  =  4 
A'4  =  5L’i=3.733 

*  lo 

A4  =  CO 

The  values  of  all  focal  factors  obtained  with  the  aid  of  expres¬ 
sions  (11.10)  and  (12.10)  are  given  irl  Table  3.10. 

Table  4.10  contains  the  values  of  Mlt,  Mi2  and  computed 
using  data  given  in  Tables  2.10  and  3.10.  For  a  symmetrical  beam 

the  values  of  M  34,  M33  and  M23  appearing  in  the  same  tablo  require 
no  calculations. 

The  expressions  for  the  bending  moments  at  the  inner  supports 
of  the  end  spans  (in  the  case  under  consideration  Mn  and  M3i) 
contain  both  in  the  numerator  and  in  the  denominator  focal  values 

which  become  infinitely  great  when  the  end  supports  are  hinged. 
In  order  to  overcome  this  difficulty  both  the  numerator  and  the 
denominator  should  be  divided  by  the  said  focat  factor.  Thus, 

Table  4.10 

Load  point 

Bending  moments  at  the  suppuris Mu 
M 12 

«•« 

0 o 0 
1=0.  lln -0.026521, —  0.038745. 

— O.OIOOS/, 

a- =  0.2  ln 
-0.05144/, —0.06342/, —O.03428 i2 

a: =0.3 /„ —  0.07312/, 
— 0.076121s —0.05250/, 

j  =  0.4/„ —0.080001, — 0.0788612 —  0.06858/, 

x  —  0 . 
—0.10040/, —  0. 07366/, —  0.1.1803*1/2 

JC  =  0 . 07„ 
—0.102861, 

—0.06286/2 —  0.08572/, 

x  =  0.1ln 
—0.095641, —0. 047625, 

—0.082501, 

*=0.w„ —0.077141, —  0.0308W, —0.068581, 

1  =  0. 9b, —0.045801, — 0.01430/2 — 0.o4  i73/2 

x-ln 0 0 0 
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Table  4  JO  (continued) 

Loud  point 
landing  nmments  at  the  snpports 

Mai 

Mas Mm 

*=u 0 0 0 

x  —  0.  l/„ —  0.045801* 
— 0.01430Z, —0.04178/, 

x  =  0.2/„ —0.07714/* — 0.03086/3 
—0.06858/., 

x=o.:vn —0.09584/* 
—0.04762/., —0.08250/a 

Z*=»0.4/n — 0.10280/* — 0.00286/s 
—0.08572/., 

x  —  0.5/rl —0.10046/* 
—  0.07366/,, —  0.08036/, 

x  =  0.G/,f —0.09000/* — 0.07886/3 —0.06858/3 

x  —  V.Tl„ —  0.07312/* 
—0.07612/., —0.05250/, 

x  — 0.8/„ —0.05144/* —0.06342/, 
—0.03428/;, 

x  =  0 . 0/,, —0.02652/* — 0.03874/3 —0.01608/, 

x  ~  hi 0 0 o 

the  bonding  moment  Mu  for  load  point  given  by  z  - 
becomes 

,  /0.099/C, 
0.171\ 1  l  K{ 

*  if,  ) 

K.iK\- 1 

fd.OitO 
0. 17  i  \ 
co  ) 

d.ooat) 

3.733 

0.1/,  -  0.1/ 

=  —0.02652/ 

The  magnitude  of  M u  for  any  other  position  of  the  load  point 
within  the  limits  of  the  first  span  will  ho  obtained  in  exactly  the 
same  way.  The  values  of  the  bending  moments  MV2  and  M 22  for 
a  load  point  situated  at  z  —  0.1Z2  will  be  obtained  using  the  fol¬ 
lowing  expressions  (see  Table  2.10) 

In 

KiKi-  I 
(0.1 7U;— 0.099)  = 

/?. 

4x3.75—1  ~ X  (0.171  X  3.75  —  0.009)  =  -0.03874/ 

-7^PT(0«S—  0-171 ) - 7Tx  H.tr  >< 

X  (0.099x4-0.171)=  —0.01008/ 
The  magnitude  of  these  moments  for  other  positions  of  the  load 

along  the  same  span  wall  be  computed  in  the  same  way. 

The  graphical  interpretation  of  M% i,  M\y  Miz,  M 34 .  A/33^and 
Mz 3  obtained  with  the  aid  of  Table  4.10  is  given  in  Fig.  17.10. 
Each  pair  of  contiguous  curves,  those  for  Mu  and  ;W12,  for  Mt2 
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and  MZ3,  for  M33  and  M3i  constitute  the  influence  line  for  bending 

moments  induced  at  the  support  separating  the  two  spans  by  a 

unit  load  situated  along  one  of  these  two  spans. 

Thus,  for  instance,  the  two  curves  for  Mn  and  M . 2  constitute 

the  influence  line  for  the  bending  moment  induced  at  the  cross 

section  over  support  1  by  a  unit  load  travelling  along  the  first 

two  spans  of  the  beam.  In  the  event  Lhe  unit  load  travels  along 

more  distant  spans  the  ordinates  to  the  influence  line  for  the  same 

bending  moments  at  the  supports  may  be  obtained  using  the  focal 

point  method. 
Thus,  the  ordinates  to  the  influence  line  for  the  bending  moment 

over  support  due  to  a  unit  load  located  over  span  3  will  bo  easily 

obtained  using  the  following  expression 

Mx  3  = 

^23 _ ‘^23 

KZ  ~  4 

The  magnitude  of  the  bending  moment  acting  at  the  same  sup¬ 

port  when  the  moving  load  has  passed  to  span  4  will  be  given  by 

but  since 
Mu  = 

*2 

we  obtain finally 

Afu- 

~T7 

M3i  _ 

K3Kz  3.75x4 

Mu. 

15 

The  ordinates  to  the  influence  lines  for  M,a  and  Mu  are  given 

in  Table  5.10;  this  table  contains  the  ordinates  to  the  influence 
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lines  for  A/21 and  M2i  deduced  from 

A/sl  — 

Mu_ 

/Cj  “  3.75 

M _ 

_-«34 
3.75 

The  influence  linos  for  the  bending  moments  Mu  M2  and  Ms 
are  represented  in  Fig.  18.10.  These  influence  lines  may  be  used 

Table  5.10 

Load  polnl 

Bending  moments  at  the  supports --  If 

.,  -Ms  4 

x  —  0 0 0 0 0 
*=0.  lln 

+  0.010445/ 
-0.003053/ 

+  0.007072/ +  0.012213/ 
z*=Q.2ln 

+  0.017145/ 
—0.005143/ 

+  0.013717/ +0.020571/ r  —  0 . 3i„ +0.020025/ 
— 0.0063715/ 

+0.019409/ +0.025504/ ■c=0.4/„ +  0.021430/ 
—0.000857/ 

+  0.024000/ +0.027429/ i=0. 5/„ 
+  0.020000/ 

—0.000697/ 
+0.020789/ 

+0.026789/ *  =  0.b/„ 
+  0.017145/ 

—  0.000000/ 

+  0.027429/ 
+  0.024000/ 

x  =  0.Vn 
+  0.013125/ 

—0.004875/ 

+  0.025504/ 
-r  0.019499/ 

a*  =  0.8  ln +  0.008570/ 
—0.002429/ 

+  0.020571/ !  +0.013717/ *  =  0.9 /„ +  0.004020/ 
—0.001768/ 

+  0.012213/ +0.007072/ 
x—ln 0 0 0 0 

Note  Tbo  value  of  Index  n  appearing  In  the  first  column  must  he  taken  equal  to 
the  second  index  allotted  to  if. 

for  the  design  of  continuous  beams  consisting  of  four  spans  of  equal 
length  with  freely  supported  ends.  Influence  linos  for  bending  mo¬ 
ments  at  the  supports  of  the  continuous  beam  with  uneven  spans 
and  any  arbitrary  number  of  supports  can  be  obtained  in  exactly 
the  same  way. 

Let  us  consider  now  the  influence  lines  for  the  bending  moments 

and  shearing  forces  at  a  cross  section  of  the  second  span  located 
a  distance  x  =  0.4 1  to  the  right  of  support  l  (Fig.  19.10a).  For 
this  purpose  we  shall  use  expressions  (5.10)  and  (6.10) 

<2  =  01+ 

M  ~  M°  +  0.41  +  Mt  =  Ma  +  0  AM2  +  0.6 Af, 

where  Q°  and  M°  represent  the  ordinates  to  the  corresponding 
influence  lines  for  an  end-supported  beam  of  the  same  span.  These 
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Continuous  Beams 474 

influence  lines  are  of  triangular  shape  as  indicated  in  Fig.  19.10b 
and  c.  The  values  of  the  ordinates  to  these  influence  lines  at  0.21 

increments  appear  in  the  appropriate  columns  of  Table  (i.10. 

s  5  i  s  §  § 
«  <3  <3  Q 

Influence  line  for  QM  (x-G 4 lt) 

Fig.  19.10 

The  same  table  contains  the  values  of-j-  {M*  —  Mt).  0.4M 2  and 

0.62W,  as  well  as  the  computed  ordinates  to  the  Q  and  M  influence 
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476 Continuous  Beams 

lines  desired.  A  graphical  representation  of  these  two  influence 
lines  appears  in  Fig.  19.10(2  and  e. 

Let  us  examine  next  the  construction  of  the  influence  line  for 

the  reaction  of  the  left-end  support.  The  magnitude  of  this  reaction 
may  be  determined  using  expression 

A,  =  %  +  t' 
where  represents  the  left-end  reaction  of  a  simply  supported 
beam  corresponding  to  the  first  span.  The  influence  line  for 

appears  in  Fig.  20.10a.  All  the  calculations  necessary  to  obtain  the 
ordinates  to  the  influence  lino  for  D0  are  tabulated  hereunder. 

The  completed  influence  lino  for  D0  is  given  in  Fig.  20.106.  The 
influence  lines  for  all  the  other  support  reactions  of  a  continuous 
beam  can  be  obtained  using  exactly  the  same  procedure. 

Influence  lines  permit  easy  and  rapid  determination  of  maximum 
and  minimum  values  of  support  reactions,  shears  and  bending 
moments  due  to  the  combined  action  of  moving  loads  arid  dead 
loads  (it  is  frequently  assumed  that  moving  loads  are  uniformly 
distributed  over  whole  span  lengths).  Thus,  for  instance,  reaction 
Da  will  attain  its  design  value  when  in  addition  to  the  dead  loads 
of  q  kg  per  metre  the  beam  will  be  acted  upon  by  mobile  loads  of 
P  kg  per  metre  distributed  along  the  whole  length  of  the  first  and 
third  spans.  The  ordinates  to  the  corresponding  influence  line  over 
these  spans  being  positive,  the  value  of  reaction  D0max  will  be 
given  by 

max  —  <7  (eh  e>2  T"  <0a  -f-  <DS)  -f-  p  (co*  +  ©3) 
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In  the  latter  expression  o)t,  to.,,  <i)3and  represent  the  areas  bounded 
by  the  influence  line  for  Da  over  the  corresponding  spans.  These 
areas  may  be  easily  calculated  using  the  numerical  values  of  the 

Table  7.10 

Load  point % 

Ml 

l 

Ordlnnirs  to  tilt Influence  Uoe for  Do 

( 

r  n— 
0 

+  1.0 

0 4-1.0 

1 I  rj  —  0. 2 
4-0.8 

— 0.05144 

1-0.74836 
^  .  1 

|  i|  =  0./| 

-1-0.6  1 —  0. 09000 
4-0. 51000 Span  !  | |  ri  =  0.fi 

4-0.4 
—0. 10286 

4-0.20714 

4-0.2 

—0.07714 
4-0.12286 

° 0 0 

>1=0.2 
0 

—0.06342 —  0.06342 

| 
>1  =  0.4 

0 
—0.07886 —  0.07886 

Span  2  •( 
>1  =  0.6 

0 
—  0.06286 

—11,06236 

r|  =*0.8 
0 

-0.03086 —  0.03086 

Lr)=i 
0 0 0 

(  T|  — 0.2 
0 

4-0.01714 4-0  01714 
1 ti=0.4 0 4-0.02143 4-0. 02143 

Span  34 0 4-  0.01714 4-0.01714 

1  ̂-,0.8 
0 4-0.00857 4-0,00857 

t  n= t 
0 0 0 

f  t|  =  0.2 
0 

—0.00514 —  0.00514 

1 

j  >1=0.4 
0 

— 0.00080 —0.00686 

Span  4  ■! >1  =  0.6 
0 —0.00600 

—  0.00600 

j 

I  >1=0.8 
0 

—0.00243 
1  -0. 00243 

1 
lb-1 

0 0 0 

1 

ordinates  given  in  Fig.  20.10b  and  assuming  that  the  segments 
of  the  curve  between  two  neighbouring  ordinates  can  be  replaced 

by  straight  lines.  These  areas  will  be  reckoned  positive  or  negative 
depending  on  the  sign  of  the  ordinates. 

Tho  minimum  value  of  reaction  D0  will  be  given  by  the  following 
expression 

Dq  min  —  9  4-  4-  o)3  4~  co4)  +  p  (6)2  4-  <o4) 
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1.11.  DEFINITIONS.  CHOICE  OF  THE  NEUTRAL  T.1NE 

Arches  as  distinguished  from  simply  supported  systems  are  thrust 

developing  structures  whose  general  form  is  that  of  a  curve.  Clas¬ 
sified  with  reference  to  the  number  of  hinges  arches  fail  into  the 

following  categories:  three-hinged  arches  (Fig.  1.1  Iff),  two-hinged. 

arches  (Fig.  1.116),  arches  of  one  hinge  (Fig.  1.11c)  and  hingeless 

or  lived  end  arches  (Fig.  1.1  Id).  All  the  arches  with  the  exception 

of  the  three-hinged  ones  are  statically  indeterminate.  In  bridge 
construction,  especially  in  railroad  bridges,  the  more  frequently 
used  arches  are  the  two-liinged  and  the  fixed  end  ones. 

In  all  calculations  in  solid  masonry  or  reinforced  concrete  arches 

it  is  customary  to  consider  strips  of  unit  width  separated  in  imagi¬ 

nation  from  the  rest  by  two  parallel  planes  as  shown  in  Fig.  2.11. 

The  whole  structure  becomes  thus  replaced  by  a  scries  of  parallel 

arches,  the  deflections  of  which  remain  strictly  identical  as  long 
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as  each  one  of  them  carries  the  same  load.  In  this  way  the  stress 

analysis  remains  exactly  the  same  for  all  the  arched  structures  of 
the  same  type  irrespective  of  their  depth.  Arch  ribs  are  frequently 
loaded  at  certain  points  only,  as  in  the  case  of  trusses  orj  plate 

girders  supporting  floor  beams. 
When  designing  an  arch  great  care  should  be  taken  to  reach  as 

close  coincidence  as  possible  between  the  outline  of  the  axis  (also 
called  the  neutral  or  the  centre  line)  of  the  arch  and  the  pressure 

line  (or  equilibrium  polygon).  As  previously  stated,  such  a  coinci¬ 
dence  would  provide  an  arch  of  maximum  economy.  However,  com¬ 

plete  coincidence  can  be  achieved  only  in  the  case  of  three-hinged 
arches.  As  for  the  statically  indeterminate  arches,  it  is  impossible 
to  obtain  full  coincidence  of  the  arch  axis  with  the  pressure  line, 

for  bending  moments  in  such  arches  are 
absolutely  unavoidable.  Therefore  the 
most  economical  design  of  an  arch  will 

be  the  one  providing  for  minimum  fibre 
stresses  in  the  arch. 

The  pressure  line  for  statically  inde¬ 
terminate  arches  can  be  obtained  only 
if  all  the  redundant  reactions  are  already 
determined.  However,  these  reactions 
depend  on  the  deformations  of  arch  and 
for  this  reason  it  becomes  extremely  difficult  to  find  the  most 
economical  configuration  of  ail  arch  of  this  type  even  when  dead 

loads  alone  are  involved.  The  problem  can  be  solved  only  by 

a  scries  of  successive  approximations.  This  may  be  done  by  select¬ 
ing  first  some  arbitrary  curve  (usually  a  parabola)  for  the  arch 
neutral  line  which  is  then  corrected  on  tho  grounds  of  comparison 

with  the  pressure  line  obtained  for  that  particular  arch.  Alternative¬ 
ly,  the  centre  line  of  the  arch  may,  in  the  first  approximation, 

follow  the  pressure  line  of  a  three-hinged  arch  of  the  same  span 
and  rise.  Upon  correction  of  the  arch  neutral  line  a  new  pressure 

polygon  is  constructed  fur  the  corrected  arch.  The  operation  is  re¬ 

peated  as  many  times  as  necessary  to  obtain  a  satisfactory  coinci¬ 
dence  of  the  two  lines. 

For  arches  carrying  moving  loads  the  choice  of  the  neutral  line 
becomes  even  more  complicated.  In  actual  practice  this  choice 
is  most  frequently  based  on  the  simple  comparison  of  several  arches 

differing  both  in  outline  and  in  cross-sectional  dimensions. 
The  configuration  of  masonry  arches  must  be  selected  with  the 

view  of  maintaining  the  pressure  lino  for  all  possible  load  combina¬ 
tions  as  close  as  possible  to  the  central  core  boundaries,  masonry 

being  uncapable  of  resisting  tensile  stresses  of  any  appreciable  mag¬ 
nitude. 
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2.11.  ARCHES  WITH  VARIABLE  CROSS-SECTIONAL 
DIMENSIONS 

The  coefficients  to  the  unknowns  anil  the  free  terms  of  the  simul¬ 
taneous  equations  used  for  purposes  of  stress  analysis  of  redundant 

arches  depend  on  the  cross-sectional  dimensions  and  the  moments 
of  inertia  of  the  structure.  As  a  rule,  neither  of  these  two  remain 

constant  through  the  whole  length  of  the  arch.  Thus,  for  instance, 
in  fixed  end  arches  the  height  of  the  section  and  consequently  its 
moment  of  inertia  increase  very  frequently  from  crown  to  abutments 

because  the  bending  moments  are  as  a  rule  much  smaller  at  mid¬ 
span  than  in  the  immediate  neighbourhood  of  the  supports.  On  the 

other  hand,  the  thickness  of  two-hinged  arches  decreases  usually 
from  ,tho  crown  to  the  abutments  following  the  bending  moment 
diagram. 

Direct  computation  of  the  coefficients  to  the  unknowns  and  of 

the  free  terms  of  the  simultaneous  equations  requires  the  integra¬ 
tion  of  expressions  containing  the  values  of  F  and  J  and  therefore 
it  becomes  necessary  to  express  mathematically  the  variation  of 
these  quantities  along  the  arch.  The  following  equation  has  been 
found  very  useful  in  practical  design 

Js  = 

Jc 

— cos 

where  x  =  abscissa  of  the  neutral  line  referred  to  a  coordinate  origin 

coinciding  with  the  centroid  of  the  crown  section 

/c  =  moment  of  inertia  of  the  same  section 
Jx  =  moment  of  inertia  of  a  section  situated  a  distance  x 

from  the  origin  of  coordinates 

q>*  =  angle  the  tangent  forms  with  the  neutral  line  of  the 
arch  and  the  horizontal 

Z,  =  one  half  of  the  arch  span. 
As  for  n  its  value  is  given  by 

A>«>s<p0 

J0  and  epo  correspond  to  the  section  at  the  support. 

Modifying  the  value  of  n  we  modify  at  the  same  time  the  law  gov¬ 
erning  the  variation  of  cross-sectional  dimensions  along  the  arch. 
Frequently  n  is  taken  equal  to  unity  in  which  case  the  expression 
for  Jz  becomes 

Jc 
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For  a  rectangular  arch  of  constant  width  b,  Jx  may  be  replaced  by 
d:,6  d3l> 

—  and  Jc  by-j'jT’  where  dx  and  dc  represent  the  thickness  of  the 
arch  at  the  crown  and  at  an  arbitrary  section  a  distance  x  from 

the  coordinate  origin.  When  n  —  1 
d*b  d*l> 

12  “  l2cosipx 
wherefrom 

The  eross-soetional  areas  Fc  and  Fx  become  in  this  case 

It  follows  that 

wherefrom 

/ x  ' — ■  bdx  and  F (  —  bdg 

pr  
fi 

*'  COS  ff>x 

*  >/'cos  qPjc 

For  simplicity  this  expression  is  very  frequently  replaced1' by 

I'x  =-^~ 

cos  <yx 

It  lias  been  proved  that  this  simplification  entails  an  error  in 
the  bending  moment  and  thrust  values  which  does  not  exceed  1 

per  cent. 
When  the  rise  of  an  arch  is  less  than  1/8  of  its  span  (flat  arches) 

the  value  of  cos  qi*  for  all  the  cross  sections  wilt  remain  very  close 
to  unity,  thus  permitting  us  to  adopt  a  constant  thickness  of  the 
arch  throughout  and  therefore 

Fx  —  Fe  —  const 

In  tile  design  of  flat  arches  the  length  of  the  elementary  segment 

ds  is  also  usually  replaced  by  the  length  of  its  horizontal  projec¬ 
tion  dr. 

3.11.  CONJUGATE  STATICALLY  DETERMINATE  STRUCTURES 
USED  FOR  STRESS  ANALYSIS  OF  FIXED  END  ARCHES 

A  fixed  end  arch  (Fig.  3.11a)  constitutes  always  a  closed  contour 
and  is  therefore  redundant  in  the  third  degree.  It  follows  that  the 

simple  statically  determinate  structure  can  be  obtained  by  elim¬ 
ination  of  three  redundant  constraints  which  must  bo  replaced 

31-853 
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by  three  unknown  actions  Xit  X2  and  X3.  Several  of  such  stati¬ 
cally  determinate  structures  are  shown  in  Fig.  3.116,  c,  d,  e  and  /. 
The  statically  determinate  structure  of  Fig.  3.116  is  formed  by 
a  curved  bar  built  in  at  its  left  end.  The  three  unknowns  represent 

in  this  case  the  reactive  forces  developed  by  Ihe  right-hand  abut- 
mont.  The  structure  of  Fig.  3.11c  consisting  of  two  curved  bars 
fixed  at  one  of  thoir  ends  has  been  obtained  by  cutting  the  arch 

in  two.  In  this  case  the  unknowns  will  represent  the  bending  mo¬ 
ment,  the  shear  and  the  normal  stress  acting  across  the  cut.  If  the 

simple  structure  is  constituted  by  a  three-liinged  arch,  the  un¬ 
knowns  will  represent  the  bending  moments  at  the  crown  and  at 
the  abutments. 

The  simultaneous  equations  used  for  stress  computation  of  a 
fixed  end  arch  will  take  the  following  shape 

X,6,i +  Xs6|2  4- X3613 -j- A|P  =  0  1 

X,6„  -j-  Xjffjj  4X3653  4  Aip  =  0  >  (1.11) 

^1^31  4  ̂2^32  4X36334  Ajj,  =  0  J 

provided  that  in  these  computations  resort  is  made  to  one  of  the 

simple  structures  appearing  in  Fig.  3.116,  c  or  d. 
In  Art.  8.9  it  lias  been  shown  that  all  the  secondary  coefficients 

of  the  simultaneous  equations  may  be  reduced  to  zero  by  an  approp¬ 
riate  choice  of  the  simple  structure.  In  this  case  the  simultaneous 

equations  mentioned  above  become 

4  A|P  =  0  1 
Xj6j2  4  A2p  =  0  >  (2.11) 

X3633  -b  AS()  — 0  J 

leading  immediately  to  the  following  values  of  the  redundant 
reactions 

X,  —  — 7p-'»  *2  = 
On  s 

,(>22 
 ’ 

(3.11) 

The  simple  statically  determinate  structures  will  be  obtained 

in  that  case  by  the  addition  to  the  free  ends  of  the  curved  built-iu 
bars  of  one  or  two  infinitely  stiff  brackets  as  indicated  in  Fig.  3.1  ie 

and  /.  The  unknown  actions  will  be  applied  to  the  free  ends  of  the 
said  brackets,  these  ends  coinciding  with  the  elastic  centre  of  the 
structure.  The  directions  of  these  actions  will  coincide  with  those 

of  the  principal  axes  of  inertia  of  the  elastic  loads  y  .  When  a  fixed 

end  arch  is  symmetrical  about  a  vertical  axis  the  elastic  centre  of 
the  structure  will  always  lie  in  this  vertical,  one  of  the  principal 
axes  of  inertia  being  horizontal  and  the  other  vertical,  (n  that  case 
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tho  conjugate  structures  of  Fig.  3.11c  and  /  will  be  replaced  by  those 
appearing  in  Fig.  4.11a  and  b. 

Since  all  the  secondary  displacements  due  to  tho  unknown  forces 

acting  at  the  clastic  centre  are  nil,  it  becomes  very  easy  to  deter¬ 
mine  the  nature  of  the  displacements  of  the  brackets  produced  by 
these  unknown  actions. 

Let  us  examine  first  the  simple  structure  of  Fig.  5.11a  subjected 

to  two  unit  horizontal  forces  Xt  =  1.  Since  <5-,,  =  0,  both  brack¬ 
ets  will  remain  vertical  and  parallel  to  one  another.  Their  de¬ 
flection  in  the  vertical  direction  will  depend  on  the  direction  of  the 

unit  forces  X[  but  the  amount  of  this  deflection  will  he  exactly  the 

same  for  both  brackets  since  otherwise  62j  would  be  different  from 
zero.  Tn  the  horizontal  direction  the  mutual  displacement  of  two 
brackets  will  equal  6 n . 

When  tlie  same  system  is  subjected  to  two  vertical  unit  forces 

X2  (Fig-  5.11b)  the  two  brackets  will  rotate  together  remaining 
parallel  to  one  another  (for  otherwise  the  displacement  8.12  would 
he  different  from  zero),  will  shift  together  along  the  horizontal  and 
sustain  a  mutual  vertical  displacement  equal  to  622- 

The  unit  couples  X3  shown  in  Fig.  5.11c  will  entail  a  mutual 
rotation  of  the  two  brackets,  each  bracket  becoming  inclined  to  the 

vertical  at  an  angle  equal  to-^633.  The  total  mutual  displacement 

of  the  two  brackets  will  equal  633.  The  free  ends  of  those  brackets 
will  remain  at  the  same  distance  from  one  another,  633  being  nil. 

They  may  shift  vertically  upwards  or  downwards  depending  on  the 
direction  of  the  unit  couples  but  both  must  shift  the  same  amount, 
for  otherwise  623  wilt  differ  from  zero. 

4.11.  APPROXIMATE  METHODS  of  design  and  analysis 
OF  FIXED  END  AllCIIES 

The  designer  is  frequently  called  upon  to  deal  with  arches  whose 
neutral  line  and  law  of  cross-sectional  variation  cannot  be  expressed 

by  analytical  equations  fit  for  practical  use.  In  such  cases  tho  exact 
analysis  of  the  deflections  of  the  conjugate  simple  structure  becomes 
impossible  for  this  analysis  is  based  on  integral  calculus.  Resort 
must  be  then  made  to  approximate  methods,  two  of  which  will  be 
described  hereunder. 

In  the  first  0 f  these  methods  tho  neutral  lino  of  the  arch  is  replaced 

by  a  polygon  of  from  8  to  20  sides  (Fig.  6.11).  Tn  addition  it  is 
assumed  that  cross-sectional  areas  remain  constant,  along  each  of 
these  sides,  their  dimensions  being  equal  to  those  of  the  given  arch 
as  measured  over  the  centre  of  that  particular  side.  All  the  loads 

applied  to  the  arch  are  replaced  by  concentrated  loads  acting  at 
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the  apices  of  the  polygon.  The  magnitude  of  these  loads  is  taken 
equal  to  the  combined  support  reaction  of  two  contiguous  simple 
beams  carrying  the  same  loads  and  having  the  same  length  as  the 

corresponding  portion  of  the  arch.  The  polygon  of  structure  ob¬ 
tained  in  this  way  can  be  analyzed  by  one  of  the  methods  described 
in  Art.  3.9.  For  the  analysis,  any  of  the  structures  shown  in 

Figs.  3.11  and  4.11  may  be  adopted  to  be  conjugate  with  or  without 
transfer  of  the  redundant  constraints  to  the  elastic  centre.  Any 
other  statically  determinate  system  could  bo  equally  used  if  that 
were  found  expedient.  All  the  deflections  and  rotations  can  be 

Fig.  6.11 

easily  calculated  using  Vereshchagin’s  method  of  graph  multipli¬ 
cation.  The  stresses  obtained  by  this  procedure  are  practically  equal 
to  those  induced  in  the  curved  arch.  Hereunder  in  Problem  1  of 

the  present  article  wo  shall  give  an  example  of  stress  analysis  by 
the  method  just  described. 

The  second  of  the  approximate  methods  consists  in  the  subdivision 
of  the  arch  into  a  number  of  segments  generally  comprised  between 
8  and  20.  Having  chosen  thereafter  an  appropriate  simple  structure 
either  from  those  appearing  in  Figs.  3.11  and  4.11  or  any  other 
deemed  better  lit  for  this  purpose,  one  should  proceed  with  the 
construction  of  the  stress  diagrams  due  to  the  actual  and  to  the 

unit  loads.  This  being  done,  the  calculations  of  the  coefficients  and 
free  terms  or  the  simultaneous  equations  are  carried  out  assuming 
that  within  the  limits  of  each  segment  the  expressions  under  the 
integral  sign  vary  linearly.  Consequently,  the  corresponding  integral 
will  he  equal  to  the  length  of  the  segment  multiplied  by  half  the 
sum  of  the  values  of  the  expression  under  the  integral  sign  calculated 

for  the  sections  limiting  this  particular  segment.  Thus,  for  instance, 
the  displacement  612  will  be  taken  equal  to 

6)2 M,M 

S*f  ( M . 
2  l  EJi.  i  _

r 
i=t 

i  Aft,  |A/g,  ; 

^  EJt 

)-2- 

EJi 
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where  Sj  —  length  of  the  segment  i  limited  by  sections  {i  —  1) 
and  i  (Fig.  7.11) 

Af|,jand  Miti  —  bending  moments  induced  at  section  I  by  the 
unknowns  Xi  and  X2 

/,  =  moment  of  inertia  of  the  same  section 
n  —  number  of  segments  into  which  the  arch  lias 

been  subdivided. 

The  above  expression  can  also  be  written  as  follows 
i— 7i 

6t  (411) 
t=U 

where  s,  is  half  the  sum  of  the  segment  lengths  contiguous  to 
section  i 

Z  _  + 

*» - 2 

Thus,  in  order  to  determine  one  of  the  displacements  6  or  A  pro¬ 
ceed  as  follows: 

1.  Compute  the  values  of  the  expressions  under  the  integral 
sign  corresponding  to  each  section  situated  at  the  boundaries  of 
the  segments  forming  the  arch. 

2.  Multiply  each  of  the  values  obtained  in  this  way  by  half  the 
sum  of  the  contiguous  segment  lengths. 

3.  Calculate  the  sum  of  all  the  values  obtained  as  explained  above. 

Fig. 7. 11 

All  subsequent  computations  (solution  of  simultaneous  equations, 

construction  of  stress  diagrams,  etc.)  will  be  exactly  the  same  as 
for  any  other  statically  indeterminate  structure. 

Problem  2  presented  at  the  end  of  this  article  will  give  an  example 
of  stress  analysis  of  a  fixed  end  arch  using  the  latter  method. 

Regardless  of  the  method  of  analysis  selected  the  displacements 

8  and  A  may  he  obtained  using  the  method  of  elastic  loads  described 
in  Art.  11.8.  Recourse  to  this  method  is  strongly  advised  when  it 

is  desired  to  obtain  the  influence  lines  for  internal  stresses  induced 

in  the  arch,  for  in  this  case  it  becomes  necessary  to  construct  whole 

deflection  graphs  and  not  only  to  determine  the  deflection  of  par- 



4.11.  Approximate  Methods  of  Design  and  Analysis  of  Arches  'i87 

ticular  point?!.  The  construction  of  influence  lines  for  redundant 
arches  is  shown  in  detail  in  Problem  3  of  the  present  article. 

When  the  rise  of  the  arch  is  greater  than  one  fifth  of  its  span, 
the  calculation  of  the  deflections  and  angular  rotations  may  be 

17  l>m 

carried  out  neglecting  the  influence  of  shears  and  normal  stresses. 

This  does  not  apply  to  flat  arches  whose  rise  is  smaller  than  -j  of 

the  span.  For  these  unit  displacements  6;,-  along  the  direction  of  the 
thrust  must  be  carried  out  taking  due  account  of  the  corresponding 

unknown  Xt  —  1  as  wrell  as  the  normal  stresses  resulting  from  tho 
thrust.  However,  the  other  displacements  due  both  to  the  unit 

actions  and  to  the  applied  loads  may  be  again  calculated  neglecting 
normal  stresses  and  shears. 

Problem  i.  Using  the  first  of  the  methods  described  above  compute  the 
stresses  induced  in  tho  arch  of  Fig.  8.11a.  The  neutral  lino  of  this  arch  follows 
a  conic  parabola,  arid  the  cross-sectional  moments  of  inertia  vary  In  accordance 
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with  the  expression  Jx  =  .  The  M ,  Q  and  N  diagrams  will  he  constructed 

assuming  that  the  left  semiarch  carries  a  uniformly  distributed  load  q  =  2  Ions 
per  metre. 

Solution,  Subdivide  the  arch  span  inlo  8  equal  parts  thus  adopting  n  ~  S 
and  a  —  A  metres.  Inscribe  into  the  given  arch  a  polygonal  one  as  indicated 

in  Kig.  8.11b.  The  equation  of  a  conic  parabola  in  the  coordinate  system  rjOg. 

whose  origin  coincides  with  the  centroid  of  the  section  at  the  left-hand  support 
becomes 

4/  .  .  E  4x6  e.._24— jj_t 
q-p(i  6)1  24 x 24  ̂   5>5~  2i  * 

The  values  of  i)  at  the  boundaries  of  all  the  different  segments  are  indicated 
in  the  same  figure.  Assume  that  the  conjugate  simple  structure  is  obtained 
by  cutting  the  arch  at  the  crown  as  indicated  in  Kig.  8.11c  with  transfer  of  the 
redundant  constraints  to  tho  elastic  centre. 

Compute  tho  ordinate  ys  of  this  elastic  centre  in  the  coordinate  system  xy 

ill 

Since  J t  is  assumed  constant  for  each  side  ot  the  polygonal  arch  tho 
expression  for  y„  becomes 

i=n 

V  Ki-f(-  Vi  Sj 

where  s,  represents  the  ionglii  of  sido  i  and  —p" —  -  is  tho  ordinato  to  the  cen¬ 
tre  of  this  side.  

^ 
In  the  case  under  consideration  wo  have  where  cpj  is  tho  incli¬ 

nation  of  side  i  of  the  polygon  to  tho  horizontal  and  therefore 

si  SjCa&tft  a 

Tt~  Jc  =Je Hence 
l=»n  i“»« 

Tfj-  2  (VI-1  +  Hi)  S  (Hi-1  "t  Hi) 

or  with  due  regard  to  tho  symmetry  of  the  arch 
i=n/2 

2  ̂  (Hi-i  +  Vt)  {=n 

H.  = - 2n - =  T  2  (Hi-i+H‘) 
i“l 
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wherefrom 

„s=-i  (o  +  ̂ x2  +  -^-x2  h|-x2-l  oj  =2
.0625  metros 

The  exact  value  of  y,  for  a  parabolic  arch  whose  moments  of 
 inertia  vary 

in  accordance  with  the  Jx  —  -  J °  is  equal  to  \  f  which  in  the  present  case 

is  smaller  Ilian  the  value  obtained  above  by  6.25  cm.  This  difference 
 can  be  fur¬ 

ther  reduced  increasing  the  number  of  sides  of  the  inscribed  polygonal  a
rch. 

Fig  9  I  i  represents  the  bending  moment  diagrams  induced  in  the
  simple 

structure  by  unit  actions  applied  at  the  elastic  centre,  and  Fig  10.1
1  those 

due  to  the  actual  loads  concentrated  at  the  apices  of  the  left  half  of  the  polyg
onal 

arch.  At  both  ends  of  this  arch  (points  0  and  4)  these  loads  are  —  6
  tons, 

and  at  tho  intermediate  points  (points  1,  2  and  3)  these  loads  amoun
t  to  qa  — 

=  6  tons.  The  reaction  of  the  unknown  constraints  will  be  given  by 
A  iij 

Y •T  =  A 

033 

(3.11) 

Displacements  6  and  A  will  bo  obtained  multiplying  tlie  graphs  of  Fig.  9.11 

by  those  of  Fig.  10.1 1  using  Vereshchagin’s  method.  It  should  be  remembered 
that  the  ratio  between  tho  length  of  each  side  of  tho  polygon  and  the  moment 

of  inertia  of  the  corresponding  cross  section  remains  constant  and  oqual  to 

Sj  Sj  cos  q>j   o_ 

/  i  J-,  J  e 

The  unit  displacements  will  la;  determined  using  formulas  peculiar  to 

trapezoidal  stress  diagrams  (see  Art  8.8).  Thus,  raising  to  the  second  power 

the  Af,  graph  (Fig.  9.11o)  we  obtain 

2a  F/  63  63  21  21  ,  , .63  211 

6"  =  6ETCLV  T6'I6+  16  16  +  ~  16  16/  ̂  
/  21  21  0  ̂   •>.—  -  — ^  4.  (  2---  •  — +2  X 

+  r"i6'lB+s2'i6  16- 2  16  16j  +  l  16  16+  X 

27  27  9  27\  ,  /-  27  27  33  33  27  MV 1 

X  16*  16^"2'l6  16/  \  10  ’  16^”2'l6  16+*416  16 J  J 
2 ,157 

32  EJC 

The  values  of  6 22  and  633  will _be  obtained  in  the  same  way,  i.  e.,  raising 

to  the  second  power  the  M3  and  M3  graphs  (Fig.  9.116  and  e) 

%  =  «Jt  [(2  X 12  x  12  +  2  x  9  x  9  +  2  X  12  X  9)  + 
Oli  J  ̂ 

+  (2x9x9  +  2x6x6  +  2x9x6)  + 

1,152 

+  (2x6x6  +  2x3x3+2x6x3)  +  2x3x3]  =  -^y- 

8  = 

21 

EJ. 
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The  displacements  A)(,,  S2q  and  _A3l,  due  to  the  actual  loading  will  be 
given  by  the  product  of  the  Al{,  M2  and  M3  graphs  by  the  M„  graph 
(Fig.  10.11) 

“wr,  [( -2 *  X x  y,/l~ 2 xtex 8l~ii x81-ir.x  m)  + 

+  (_2x21x81  +  2x0x3(J_21><36+9x81)  + 

p  (ix^x#H-*xgx9+£x9+gx: 

+  (**S*’+8
*»)]-  ?'37

1 

+ 
8  EJC 

=6^7  |(2 x  12  X  144-)-2x9x81  — 12x81-f9x  144) -J- 

+  (2  x  9  x  81  +  2  X  0  X  36  +  9  x  36  +  6  X  81) -M2  X  6  x  30  -I- 

+  2  X  3  X  9  +  6  X  9+3  x  36)  +  2  X  3  X  9) 5,292 

=  EJc 

A*“  “W;  (t^  +  81  +  36  +  s)  -  -jj- 

Introducing  the’ values  of  those  displacements  in  equations  (3.11)  vi-  obtain 

Alq  7,371x32 

.fin'"  8X2,457 

tons 

X2*= 

A\  = 

+2u 

5  22 

S.13 
—  5.292 

1,152  
— 

—  4.594 

tons] 

594 

24 24.75  ton-metres 

The  M,  Q  and  jV  diagrams  may  now  1r>  obtained  applying  to  the  elastic 
centre  of  the  conjugate  structure  two  forces  Xt  =  12  tons  and  X2  ~  — 4.594 
tons  and  a  couple  X3  =  24.75  ton-metres  together  with  the  uniform  loads  dis¬ 
tributed  over  the  left  semiarch. 

The  following  formulas  may  be  used  provided  the  ordinates  pass  through 
apices  of  the  polygonal  arch: 

(a)  for  the  left  semiarch  (Fig.  11.11a) 

A1  ~  X \  (y  —  ys)J-jr»jT  |-A'j — 7 

Q—  — X,  sin  (p  +  A2 cosq  — 7xcosq> 

N  =  A'j  cos  <p+  X2  sin  q> —  qx  sin  cp 

(b)  for  the  right  semiarch  (Fig.  11.116) 

A/  =  A'|  (y-Ul)+X2z-  X3 

=  — A'j  sin  <p+A2  cos<f 

AT  =  X,  cos  (p-j-A2sin  cp 
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In  Vlit>  above  expressions  x  and  y  are  the  coordinates  of  the  neutral  line 
of  the  arch,  x  becoming  negative  to  the  left  of  the  axis  of  symmetry  (see l  ig  while  (p  is  the  angle  between  the  tangent  to  this  neotrnl  line  and 
tin.  horizontal.  The  values  of  this  angle  are  positive  for  the.  left  half  of  the 
arch  and  negative  for  the  right  one.  * 

Normal  stresses  will  he  reckoned  positive  when  they  cause  a  compression 
ol  the  arch.  For  the  bending  moments  and  shearing  forces  the  usual  sign  con¬ 
vention  given  in  Art.  1.2  will  be  maintained.  It  is  easily  seen  that  all  the 

q -2  t/m 

expressions  [or  the  stresses  induced  in  the  left  half  of  the  arch  differ  from  those 
lor  its  right  half  only  by  the  presence  of  terms  due  to  the  distributed  loads  q.  The 
values  of  the  angle  will  he  deduced  from  the  equation  of  the  neutral  line 

wherefrom 

tan  i <p  —  =  _ 2M _ ‘*£1 _ 1  5 

9  dl  I*'*  2-V  -I)  —  1  ~  j2 

*  The  stress  diagrams  must  be  constructed  for  the  real  arch  and  not  for the  imaginary  polygonal  one  adopted  solely  with  llio  view  of  simplifying  the computations. 
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The  values  of  x,  y  and  <p  corresponding  to  different  cross  sections  of  the  arch 

appear  in  Table  1.11. 

Table  1,11 

Section No. 

%  ™ 

tftJl  Cp 
* sill  <p 

COS  <p 1 
x  m 

y  m 

0 0 1 

45* 

0.707 

1  0.707 

-12 

6 

i 3 0.75 

36*52 ’ 

0.600 0.800 

-1) 

3.375 

2 ft 0.5 

26°34' 

0.447 0.894 

—  6 

1.5 

3 

1  9 
025 

14*02' 

0.2425 
0.970 

-3 

0.375 

4;  1' 

12  | 
0 

0“ 

0 1 

0  i 

O 

3'
 

15 -0.25 

—14*02' 

-0.2425 3 
0.375 

2'
 

18 -0.5 

-20*34' 

-0.447 

usi 

if 

1.5 

1 '
 

21 

-0.75 

-36*52' 

-0.600 9 3.375 

O’
 

24 

-1 

-45* 

-0.707 

0.707 
12 

r> 

The  ordinates  to  the  M,  Q  and  ;V  diagrams  together  with  all  the  correspond¬ 

ing  computations  arc  entered  into  Tables  2.11,  3.11  and  4.11. 

Table  it. II 

Ordinates  to  the  M  Diagram 

Sec¬ tion 
NO. 
1 Q 

xt 

X 
—  Q*2 To  r  the  left 

scrolarch 

Ordinal** 
to  the  M 
<i  4i  in. 

ton  “in  fir  es 

0 1 -12.00 

55. 13 

-11-4.00 
-16.87 

1 1.3125 15.75 

-9.00 

41.35 

-81.00 
0.85 

2 -0.5625 -  6.75 

-6.00 

27.56 

-36.00 
9.56 

3 
* 

-20.25 

d> 

-3.00 

13.78 

-9.00 
9.28 

4;  4' 
-2.0625 —  24.75 0 0 0 

3'
 

—  1 . 0875 
-20.25 i 

3.00 
-13.78 

— 

-9.28 

2* 

-6.75 0.00 -27.56 
— 

—9.50 

V 1.3125 
15.75 

9.00 —  41 . 35 
— 

-0.85 

o'
 

3.9375 47.25 12.00 
—55.13 

— 10.87 

The  diagrams  given  in  Fig.  12.11  have  been  constructed  using  the  data 
contained  in  the  above  tallies. 

Let  us  chock  the  M  diagram  of  Fig.  12.11  using  the  method  based  on  the 
consistency  of  deflections  (see  Art.  0.9).  This  can  be  done  multiplying  the  said 
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'  Table  3.11 

Ordinates  to  the  Q  Diagram 

Sec¬ tion 
No. 

*2 

-Xi 

sid  n> 

x) 

9* 

—  qx  cos  tp 

t or  the 
left  se¬ miarc  ii 

Ordinates 
to  the  Q 

diagram* 
tons 

0 0.707 -8.484 

0.707 

-3.248 
-24.000 IB. 968 

5.24 

l 0.000 -7.200 
1 
0 .800 

-3.675 
-18-000 

14.400 3.53 

2 0.  447 
—  5.304 

0.894 

■4.109 
-12.000 

10.728 
1.26 

3 s 0.2425 
-2.910 

I 0.970 

-4.457  | 
-6.000 

5.820 

-1.55 

4;  4'
 

0 0 

vr 

1.0 

-4.504 

0 0 

-4.59 

3' 

-  0.2125 2-910 
i 0.970 

-4.457 

— — 

—  1.55 

2'
 1  -0.14

7 

5.364 i 0.894 
—4.109  1 

_  1 

_  1 

1 .26 
r 

-0.600 7.2(H) 
0.80*7 

-3.675 

— _ 

3.53 

O'
 

0. 707 
8.484 

0.707 

-3.248  | 

—  | 

5  24 

Table  4.11 

OrcJinales  l<»  the  jV  Diagram 

Sir- Non 
Xc 

1 

Xi 
1 

cr.S  <p 

Xl 

Cl'S  ip  1 

X  2 

sin  cp 

Xf  sin  «p D 
Ord  i  no  tea 

Id  the  \ 
diagram, 

ions 

0 
0.707 

8.484 
0.707 

-3.248 
-24.000 16.968 

22.21 

i 
1 

0  800 
9.600 0,600 -2.756 -18.000 

10.800 
17.04 

2 0.894 10.728 0. 447 

-2.054 — 12.1 100 
5.364 

14. 04 
3 

If 

0.970 I  11.640 

C5 

0.2425 

-1.114 — 6.000 
1.455 

11.98 

4.Y 
1.0 0 rt 0 0 12.00 

3'
 

l*.  970  | 11.640 1 
-0.2425 1.114 

— — 

12.76 

2'
 

1 10.728 
-0.447 

2.054 — — 

r 0.8110 
9  BOO 

— 0. GOO 

2.756 
— 

-  | 

12.36 

O'
 

0.707 

|  8.484 

|  -0.707
 

3.248 — — 11.73 

ilia  gram  by,  say,  iho  unit  moment  diagram  Mz  (Fig.  9.11 6). 

’a 

jrgj-  f(2  X  12 X  l*i.87  —2 X  9  X  0.85  — 12 x  0.85  +  y  X  10.87)  — 

- (2  X  0  X  0.85  +  2 x  6x 9. 50 -b 0.50  X  9  +  0  x  0.85)  — 

—  (2  X  C  X  9.56  4-2x3  X  9.284-6  x  0.28 4-3  X  9.56)  — 

-2x3x9.281^^1.  (556.7—557.1)^0 





Redundant  Arches 



t  11.  Aiif/roximalr  MellioUs  of  Design  anil  Analysis  of  Arches  4b7 

Problem  2.  Required  lire M,  Q  and  X  diagrams  for  the  parabolic  arch  carrying 
a  horizontal  load  of  q  —  2  tons  per  sq  metre  (Fig.  13.1  i).  Compressive  stresses 
arising  in  the  arch  will  bo  accounted  for  *.  The  span  of  the  arch  l  —  311  m,  its 
rise  /  =  13  in.  At  the  crown  the  arch  is  1.2  ill  thick  and  at  the  abutments 
1.8  m  thick.  At  intermediate  sections  the  thickness  of  the  arcli  is  given  by 

rf^c  +  ik=£|,| 
where  |  s  |  is  the  horizontal  distance  of  the  cross  section  under  consideration 
to  die  crown  (Fig.  15.11).  The  width  of  the  arch  (in  the  direction  normal  to  the 
plane  of  the  drawing)  will  be  assumed  equal  to  1.0  m. 

Solution.  The  conjugate  simple  structure  with  all  the  redundant  reactions 
transferred  to  the  elastic  centre  appears  in  Fig.  M.1 1.  The  corresponding  cano¬ 
nical  equations  become 

-’fi<5n4  =  ) 

-^2^22+  An,j  ~ ’0  >  (3.11) 

A3633-T  Asij  ~  0  J 
whence 

Xi  = A'2  = 

622 

(3.11 1 

In  order  to  determine  the  displacements  6jj,  622.  Aria.  At,j,  A2(,  and  ASi|, 
subdivide  the  arch  into  twelvo  segments  having  equal  horizontal  projections 
(Fig.  15.il). 

The  ordinates  to  the  neutral  line  of  the  arch  represented  in  Fig.  15.11 
are,  computed  using  expression 

V 

1*12 
Li  3G2  18 

All  the  data  necessary  for  further  calculations  are  given  in  Table  5.11. 
The  angle  q  between  the  tangent  to  the  neutral  line  of  the  arch  and  the 
horizontal  has  been  computed  using  expression 

do  2x 
lan,^=!8=- 

X 

¥ 

For  the  right  semiarch  tan  <f  and  consequently  the  angles  if  themselves  are 
positive  and  for  the  left  semiarch  they  are  negative.  The  mean  values  of  segment 
lengths  contiguous  to  section  subdividing  the  arch  have  been  calculated  using 

♦ 
1 

*  In  this  case  f  —  0.52  (i.  0..  f  > l)  and  consequently  direct  stresses 

should  be  neglected.  In  this  problem  they  will  be  considered  solely  in  order 
to  acquaint  the  reader  with  the  corresponding  computation  techniques. 

S2-853 
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Iho  approximate  relation  st 

for  which 

COS  <pj 

with  the  exception  of  sections  0  and  6 

so  = and 

:  COS  ff0 
—  1  5  m 

s0  = 

3 

2  cos  i|6  2x0. 4472 7=0- =  3.35  in 

The  arch  thickness  at  different  cross  sections  has  been  calculated  using 
the  relation  specified  above 

1.80—1.20, 18 1*1 30 

,js 

while  the  moments  of  inertia  are  given  by  y  =  —  . 

The  coordinates  of  the  elastic  centre  with  reference  to  the  adopted  axes 
(see  Fig.  15.11)  will  be  xs  —  0  and 

ds 

Si/T 

k»  = 

4  4 
J  496.7 

91.9 
=  5.40  m 

The  values  of  the  numerator  and  the  denominator  of  the  latter  expression 
have  been  taken  from  Table  5. 11- 

Let  us  now  compute  the  unit  displacements.  Displacement  6U  will  be  ob¬ 
tained  using  the  relation 

which  takes  due  care  of  the  normal  stresses.  In  the  above  expression 

ys);  fV|  =  lc.os(p:  £  =  ld 
and  therefore 

£6„  =  2  [2(p-p6)2  4  +  2  cos*  <P-L] 

Tn  the  latter  expression  the  term  in  brackets  fs  multiplied  by  2  for  the 
summation  is  carried  alon®  half  the  arch  only.  All  calculations  relative 
to  Edii  are  entered  into  Table  6.11.  Using  tho  data  thus  obtained  we  find 

£6, ,  =  2  (2702.4  +  9.02)  =  5422.8 

Tho  displacement  622  will  be  computed  neglecting  the  influence  of  the 
normal  stresses,  consequently 

£622  4 

Since  .-l/2  =  lx,  this  expression  reduces  to 

£622  =  22x2  4
 

Tho  corresponding  calculations  aTe  entered  into  Table  7.11 

32* 
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Table  7.11 

5>m;  t  i  i  )|i 
Xo x,  ni 

X* 

X 
T 

-1 

0 0 0 10. 1 0 

l 
mm 

1) 17.3 150 

2 

311 

15.8 

569 

.? 

■  la 
81 

15.1 1223 

4 

12 
144 14. « 2102 

o 15 
225 ii  8 

2055 

a 
18 321 

0  9 

22Hti 

Total 

3041 

•.Wing  111*'  total  sliown  at  the  foot  of  llie  last  column  wo  obtain 

£7*22-  2  x  8. bit  -17,882 

Displacement  will  bo  obtained  iu  exactly  the  same  way 

Eb^  =  lZM\  -j 

wlicrc  ,W3=1,  loading  to  Eb jj— 2S-y-  . 

I  sing  the  value  of  the  total  of  Table  a  1 1  wo  got 

£A33  =  2x01.u —  188  8 

The  displacements  of  the  simple  structure  due  to  the  nijpUeil  loads  will 

bo  obtained  using  the  following  expressions 

E\iq—  XM |A7,j  -j- 

£**&,  -  ZW,M.,  ~ 

E\^  iM3Mq^c 

wbeii'  Afj  —  y  —  Ai2  =  j-;  M a  —  I;  —  _  i£ji_  _= — .,4.  and,  toiisi'- 
(jiu  ntly, 

AAj^-S  (»/-,/,)  gi-i 

ESz^-^-L 
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In  all  tlie  three  of  those  expressions  the  summation  will  be  carried  over 

the  right  semiarch  only,  the  bending  moments  in  the  left  scmiarch  remaining 
constantly  nil.  Further  calculations  are  carried  out  in  tabular  form  (see  Ta¬ 
ble  8.11). 

Table  S.U 

Sec¬ tion 
No i V B H _  6 

x»*-j 

0 0 0 10.4 
-5.40 

0 
1 3 0.5 17.3 

— 4.90 

0.25 4.3 

-21 

13 
2 6 2 15.8 

-3.40 

4 
63.2 

-215 

d 9 4.5 15.1 

-0-90 

20  25 
305.8 

-275 

4 12 S 14.6 2.60 

61 

934  4 
2129 b 

15 

12.5 
11.8 

7.10 
156.25 1813.8 

13091 

18 18 6  9 12.60 324 2235  6 28160 
40241 

To 

tal 
5387.1 

43178 82255 

Using  the  insults  of  these  calculations  we  get 

EAlq  =  —  43,178;  £A2li  =  —82,255;  fiS%t  —5387  1 

Introducing  these  values  into  expressions  (3  11)  we  obtain  the  magnitudes 
of  the  uuknuwh  redundant  reactions 

y. _ 

^17 

45,178 

A|  — 

5422.8 

y_  _ .. 

82,255 

653 
'17,882 

xJq 

5387.1 

As  — 

6sj "  183.8 

=  7.98  tons 

=29.31  ton-metres 

These  forces  are  applied  at  tlio  elastic  centre  of  the  statically  determinate 
conjugate  structure.  Together  with  the  uniform  loads  applied  to  tho  arch,  they 
constitute  the  complete  system  of  loads  permitting  the  compulation  of  all  tho 
stresses  and  reactions  (Fig.  14.11). 

The  ordinates  to  the  M,  Q  and  N  graphs  will  be  obtained  using  the  following 
equations; 

(a)  for  tlie  left  setniarch 

AA  =  A  i  i  ji  —  ys)  -|-  X%x-\-  X$ 

Q~Xi  sin  ip-b^aCQSip 
=  cos  — X%  sin  qi 

(b)  for  the  right  scmiarch 

M=x t  [y-M+Xtt- \-X3-^- 

Q  —  Xi  sin  ip-}-.^  cos  <p —  qy  sin  <p 

N  —  Xi  cos  <p —  A'2sin  <p — qy  cosip 
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It  will  bo  noted  that  the  expressions  for  the  left  semiarch  differ  from  those 
for  the  right  one  solely  by  the  absence  of  the  term  accounting  for  the  uniformly 
distributed  load  q. 

Ml  the  calculations  relative  to  the  ordinates  to  the  M,  N  and  Q  diagrams 
are  carried  out  in  Tables  9.11,  10.11  and  11.11. 

Table  9.11 

Ordinates  to  the  M  Diagram 

See- lion 

No. 

Xix 

X3 

2  w 

(tor  tlie 

rlulit Bemiarcb)
 

Onl  mates 

to  the  if dinjti.im, 
ton-metres 

0 -5.40 -42  96 
0 0 _ 

-13.67 

—  4.90 —  39.00 

-3 

- 13  80 
— 

-23.49 

a  2 
—3.40 -27.LM4 

—  6 

-27.60 
— 

-25.35 

*  j —  0.90 -7.16 

-9 

-41.40 
— 

-19-25 

*->  4 2.60 20  70 

-12 

-55.20 
— 

-5.19 

7.1" 

56. 52 

-15 

-69.00 
— 16  83 

6 12.60 100  30 

—  18 

-82.8U — 

■x> 

rc 

0 

t- 

-5  40 •  42.98 

>5* 

0 0 0 
7 

£  1
 

— i.'ji.i 
-  39.00 3 

13.80 

—0.25 

.2  2 -3. 40 -27  06 0 27.60 

-4 

f  S 
-ii.no -7.16 

0 41.40 

-20.25 

■  oFol 

t  1. 
2.60 20.70 12 55.20 

-64 

41.21 ■Si  6 7.10 56.52 

15 
69.00 —  156.25 

-1.12 

X  ti 
12.60 100.30 

18 

82.80 

-324 
-111.59 

The  diagrams  shown  in  Tig.  16.11  have  been  plotted  using  the  ordinates 
calculated  in  tho  above  tables. 

To  check  the  accuracy  of  the  M  diagram  let  us  multiply  this  diagram  by 

the  Mi.  Mi  and  Ms  graphs.  In  other  words,  wo  shall  obtain  the  values 

of  XjVjJf-y ,  2iM2M —j  and  ZM3M-y  both  for  the  left-  and  the  right-hand 

semiarches.  Remembering  that  Mi  —  y  —  y„  M2  =  x  and  Ms  =  1,  these 
expressions  simplify  and  become 

Z(y  —  yt)JV~  ;  ZxM  -j  and  SM  ~ 

The  necessary  calculations  are  entered  into  Table  12.11. 
It  will  be  observed  that  the  totals  of  the  entries  in  the  last  threo  columns 

of  Table  12.lt  differ  very  little  from  zero,  which  confirms  the  accuracy  of  tho 
diagram.  Tho  slight  discrepancies,  which  remain  below  1  per  cont,  are  due  to  the 
fact  that  wo  neglected  the  normal  stresses  whon  checking  this  diagram  whereas 
in  computing  otl  those  stresses  were  taken  into  consideration. 

Problem  3.  Required  the  influence  lines  for  the  reduntant  reactions  X,,  X2 
and  X 3  as  well  as  for  the  stresses  M Nu  and  Qk  acting  at  section  I(  of  the  arch 
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Table  lv.lt 
Ordinates  l»  the  O  Diagram 

B 

Xi  sin  y 

a-2 

-a  0 

0 0 1 4  <50 

4  I'iii 

h  2 •  0.3  If' 
-2.52 

0.949 4 . 37 — — 
1.85 

%  2
 

—0.535 
-4  42 0.832 

3  83 _ — 

—11.5(1 

f  3 

— 1».707 -5.03 

0.707 
3  25 — — 

-2.38 

£  i 

~0  h00 
—0.37 

0.800 2.70 — — 

-3.61 

Jj  «> 
-0.838 

-0.83 
0.514 

2.30 
— — 

-4.47 

fi -  0.801 
-7.11 

0.447 

2.CNI 

— — 

5.05 

— 
o 0 1 4.150 

fj 

0 

4  <50 

0 

i  - 

■c* 

■=  j 0.3 10 252 0945) 4.37 

-1 

-0,32 

15  57 

J  2 
0.505 1.42 0.832 

3.8.8 

-1 

-2.22 

6.1(3 
=  a 0  71 17 5.03 0.707 

3.25 

-9 

-  6,30 

2  >i  '2 

*  1 

0.800 0.37 
U .  ft  H) 

2.70 

-16 

12  80 

..  3  (>7 

1 
 5 

0.858 
0.83 

0.514 2.3(5 

-25 

-21.45 
-12  26 

2  6 
0. 801 7.11 O  4  47 2.00 

-30 

-32.18 
-23.01 

Table  11.11 

Ordinates  to  the  ,V  Diagram 

S<>c- tfutl 

Jyf. 

nos  q; 
A'i  cos  if> 

-x» 

sin  <p 

—  X'2  sin  tp — V  “= 
— 

— >7  fi  cos  (ji¬ 

ff  or  t.ln» 
rlictit somiarcii) 

Orilui.it  *»s 

to  lilt.* 

Uingmui, 

tons 

0 i 
7.90 

0 0 _ 7 . 96 

fca 
1 0  949 7.55 — — 

(i  00 

a 2 mm 6.63 — 

—  i 

9 , 18 

S’
 

3 ISS3 5.63 — — 6  88 
w 1 m 4.78 

—0.800 3.(38 
— — 

8.46 
25 O 0.514 

4.09 

—0.858 
3  95 — — 

8.04 
0 0.447 3.56 

-0.894 
4.11 — 7 .  (17 

_ _ —  J 
.r; 

0 i> l 7.96 1 0 0 0 0 
7.90 

j. 1 0.949 7.55 
0.316 

-1.45 

-  1 

—0.95 

5. 15 
2 0.332 <5  63 0.555 

-2.55 

-4 

-3.33 

0.75 

3 0.707 5.63 
0.707 

-3.25 
-9 

— 6 . 36 
—3.98 

-* 
■1  , 

0.600 4.78 0.800 

-3.68 

—  10 

—8.1)0 

.5 0.314 4.09 0.858 

-3.95 

-25 

—12.85 

-  12.71 

0
 
 
j
 

0.447 3.56 0.894 

-4  11 

§Hil -18.09 — 16.  ($4 
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represented  in  Fig.  #.lt  of  Pcolilcm  i.  The  abscissa  of  this  section  will  ho  taken 
equal  to  the  quarter  span  of  the  arch,  i.e.,  to  6  in.  The  construction  of  influence 

>  grotf,  r. 

mg.  m.ij 

lines  will  lie  carried  out  using  the  method  of  elastic  loads.  The  first  of  the  approx¬ 
imate  methods  described  in  the  present  article  will  he  used  throughout  and 
in  addition  the  influence  line  for  the  unknown  Xz  will  he  determined  using 
I  he  second  of  the  approximate  methods. 
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Solution.  The  coordinate'!  of  the  inscribed  polygon  apices  as  well  as  the 
ordinate  ya  of  the  elastic  centre  of  the  arch  were  calculated  in  Problem  1.  These 
coordinates  aro  given  in  Figs.  8.11  and  9.11  which  represent  equally  the  simple 
structure  used  in  this  problem  and  the  bending  moment  diagrams  induced 

Table  l'i  U 

Se
ct
io
n 
 

No
. 

oa 

fa 
1 
Si 1 

l  ««  ■*"» 

'“'O 

24 

1 2a 

•  ao 

h 

•  «K 

-  0 -5.40 0 10.4 
-56.16 

0 
-13.67 

768 t 

-142 

* 1 -4.90 

-3 

17.3 
-84.77 -51-9 -23.49 

1  991 1  219 

-406 

E  2 —3.4(1 

-C 

15  8 
-53.72 

-94.8 —25,35 
1  362 

2  403 

—401 

*  3 
-0.0) 

—  9 

15.1 
-13.59 -135  9 

-19.2'. 

262 
2  016 

-291 

•3  i 2.60 
-  12 

14.6 
37.96 

-175.2 -5  19 
-197 

009 

—  70 

-1  5 
7.10 

-  15 
11  8 83.78 

-177.0 
16. S3 1  410 

-2  079 

199 

0 12.60 
-18 

86.94 
-124.2 

46.81 

4070 
-5814 

323 

0 -5.40 o 
-56  16 

o 
-13.C7 7C8 

0 

-142 

t  J 

—4.90 3 EB 
-84-77 

51.9 

3  86 

-327 

200 

67 *2  2 -3.40 6 15.8 
-53.72 

94.8 25.85 

-1  389 

2  451 

4«W 
£ J

 

-0.90 9 15.1 
-13.59 

135.9 
43.30 

-588 

5  884 654 

-  ■} 
2.60 

12 
14.6 

87.98 175.2 41.21 
1  564 

7  220 
602 

Tl  3 7.10 

15 

11.8 83.78 177.0 
—  1 .  -42 

—119 

—251 

-17 

S  (i 12.60 

18 

6.9 86.94 124.2 
-111  59 

-9  802 
-13  959 

-770 

Total 
f-l2  195 +22  903 

j-2  253 
-12  422 -23  003 -2  245 -227 - 100 

1-8 

by  unit  actions  Xi,  X2  and  applied  along  the  redundant  constraints.  The 
simplified  expression  for  the  elastic  loads  was  given  in  Art.  12.8 

n  =  k]T'~y  (2A/a+iV/,l+1)  — e,i  Ian  P„  +  8n+i  tan  pn+t 

Neglecting  the  longitudinal  strains  of  the  arch  and  remembering  that 

the  y-  ratios  remain  constant  and  equal  to-y  ,  this  expression  is  further 

simplified  and  becomes 

'r"  =  MT  4-1/„ +  AW  (5.11) 

At  the  crown  and  at  the  abutments  .?„  =  0  and  -.-*0,  and  therefore 
the  elastic  loads  will  equal 

W0  =  -s^J-(2M0+Ml)  (6.11) 

(7.11) 
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Let  us  compute  the  ordinate  yB  of  the  elastic  centre  using  the  equation 

813  —  0.  For  this  purpose  let  us  determine  tiie  elastic  loads  corresponding  to  the 
bending  moment  diagram  induced  in  the  conjugate  simple  structure  by  a  unit 
couple  X j  —  I  (Fig  9. lie). 

Using  expressions  (5.11)  through  (7.11)  we  find 

H’®  —  6£/t^Xl+1^ 

<2 
wrc 

itWV2  =  fy3,  (1  +  4x1+!)  =  ̂  

W\ 

a 
0  EJC 

(1+2X1) 

a 
2ETc 

The  new  imaginary  structure  will  consist  of  two  semiarches  hold  fast  at  the 
elastic  centro  as  indicated  in  Fig.  17.11.  The  imaginary  bending  moment  at  the 
fixed  ends  of  these  somiarcbes  loaded  by  a  system  of  elastic  loads  parallel  to  the 

required  displacement  <5| 3  and  acting  at  points  0,  1,  ",  etc.,  must  bo  ml,  thus 
permitting  the  determination  of  y$ 

w7o(f«-0)+W',  (■/,-!)  +ir2  (-/4-|)+h3  (*— or 

^  [(s,-6)+2  (h-|)  +  2  (y,-y)  i2  (},-{)  -i-f.J-0 
wherefrom 

and 

ys  =  jg  =  2.0625  metres 

The  value  of  ys  obtained  in  this  way  coincides  exactly  with  the  one  mentioned 
in  Problem  1  though  the  two  were  calculated  by  entirely  different,  methods. 

The  simultaneous  equations  permitting  the  determination  of  the  redundant 
reactions  due  to  a  moving  load  unity  P  become 

•^1^11  +  dip  “0;  -X2622  +  ®2;)  =■  0 

-^3633  +  —  0 
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wherefrom 

or 

A'. 

6|  |i 

«77
 ; 

A  i  -  - £ni. 

6..
’ 

A  3"=  — 

V 

(S  1 1  1 The  graphs  <rl  tpi,  6pa  and  for  various  positions  of  the  load  unity  P  rou- 
sl 1 1 ii to  the  deflection  graphs  of  the  simple  structure  due  to  the  application 

of  the  ridiiudniil  reactions  X!  =  1,  Xj  —  i  and  A*  —  1,  respectively.  Divided 
liy  — 6|t .  — 628  and  — 633  the  ordinates  to  these  graphs  will  represent  the  ordi¬ 
nates  to  the  influence  lines  for  X<,  X2  and  X :t. 

Previously  we  have  agreed  to  call  this  method  of  construction  of  the  deflec¬ 
tion  graphs  induced  by  unit  loads  by  the  term  kinematic  method.  Ttie  same 
deflection  graphs  could  be  also  obtained  by  the  elastic  loads  method.  If  Hint 

were  desired,  one  should  start  by  constructing  the  jtf(,  M  ■  and  M s  graphs  duo 
to  unit  leads  Yt.  X»  and  X3  calculating  thereafter  the  corresponding  elastic 

loads  with  the  aid  “of  expressions  to. til  through  (7.111  (see  Fig.  0.11 )  The 
values  of  these  elastic  loads  multiplied  by  fCJc  are  given  in  Table  13.1 1.  TI111-. 

Table  13.11 

Values  of  Elastic  Loads  (multiplied  by  t%tr) 

Ln.id  pu in  1.  | 
Unit  torces 

X, 

^5 
*Y, 

n 

73  0 

—33 

3 16 

•> 

St 2 

U'l 
5*1 

0 te 
2 9 

2 

-21 
■  36 

0 

t« 

2 2 

-75 

— 18 

0 

ill 

2 

•J 

-46.5 

-3 

3 

16 2 2 

I  lie  elastic  load  tt'2  (at  point  5)  when  the  simplo  structure  is  loaded  by  Aj 
(see  Fig  9.1  In)  is  given  by 

■tkm' 1  (1-4xh-S)“- 

21 1  b£/c 

and  load  H\  (at  point  J)  due  to  the  application  of  forces  X2  =  1  to  the 
simple  structure  (see  Fig  9.116  and  Eg.  7.111  will  amount  to 

If  .  - __i.V/3,2^).-_(_h.|.2xO)- 
3 

2  MJe 
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In  order  to  obtain  the  deflection  diagram  6pt  we  must  apply  to  the  left-hand 
pari  of  the  imaginary  structure  the  elastic  loads  corresimndiug  to  the  unit 
action  Tj.  These  elastic  loads  must  be  parallel  to  the  displacement  in  question 

and  must  he  directed  towards  the  more  extended  fibre*  of  the  simple  struc¬ 
ture  (Fig,  IS.llai. 

Since  the  rigid  bracket  fixed  to  the  simple  structure  may  not  ho  rotated 
l>y  the  unit  load  X,,  the  algebraic  sum  of  all  the  elastic  loads  applied  to  the 
system  of  Fig.  18. tin  must  equal  aero 

rw  73  • 5  ■  69  21  75  'i65  n 
16J?/C  r  ViBJc  Uil£Jc  16  EJC  16  EJC 

This  relation  will  bn  utilized  for  a  check  on  the  accuracy  of  the  computed 
elastic,  loads. 

The  vertical  displacements  of  the  simple  structure  due  to  the  unit  action 
_V,  will  equal  the  ordinates  to  the  diagram  of  bonding  moments  induced  in  the 
imaginary  structure  by  the  elastic  loads.  Let  us  determine  the  values  of  those 
ordinates  at  different  cross  sections,  the  position  of  those  cross  sections  being 
indicated  by  the  upper  index  in  parentheses 

73. 5x3  220.5 

6P>~  16iVe  ”  lt»E/„ 

,<2)  73.5x0  +  69x3  648 
d,n=  usET^  Tii£^ 
73.5x9  +  69x6-21x3  1012.5 

0pl-  16/f/c  =tfi  E/c 

,ui  73.5  x  12  + C9  x  9  — 21  x 6 — 75 x  3  1.152 

°"l~  16  EJC  “18  £/c 
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The  6PI  diagram  appearing  in  Fig.  19.116  has  been  obtained  setting  off 
the  ordinates  calculated  as  just  described  on  the  side  of  tho  more  extended 

fibres  of  the  simple  structure  (Fig.  18.11a)  *. 

g-  'i Fig.  J9.I1 

This  diagram  shows  that  forces  Xj  =  1  move  the  neutral  line  of  the  arch 
upwards.  This  movement  will  be  reckoned  negative,  the  positive  direction 

♦ 

*  The  ordinatos  appearing  in  Fig.  19.116  are  multiplied  hy  16/?yc. 
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coinciding  as  convened  with  the  direction  of  the  unit  load  P ,  that  means  down¬ 
wards.  Consequently,  the  whole  area  of  the  diagram  will  also  be  reckoned  nega¬ 
tive. 

The  displacement  will  be  obtained  rotating  the  imaginary  loads  through 

an  angle  of  90°  until  they  become  horizontal  as  indicated  in  Fig.  18.116.  This 
being  done,  calculate  the  moment  of  these  loads  about  the  olastic  centre  and 
double  its  value,  for  the  displacement  3„  represents  the  total  change  in  the 
distance  between  the  lower  ends  of  the  brackets  along  the  direction  of  the  hori¬ 
zontal  unit  loads  X, 

,  J  73.5  {/»  16.5^  ,  69  f  27  10.51  , 

0)1  |_16£/c  {  8  8  )  +16 EJTC  {  8  8  j  + 
21  /1(1. 5  12  \  75  /16.5  3  \  46.5 

+  16 EJC  l  8  8  /  '  16£/c  [  8  8  )  '  16 EJC 

*  Tr]  -8xiW  ('3.5X  31.5  +  69  X  10.5
-21  x  4.5  ■- 

+  75x13.5  +  46.5x10.5)  =  —^- 

1  ujb  J  c 

The  value  of  (%i  obtained  above  coincides  exactly  with  the  one  computed 
in  Froblem  1  using  an  entirely  different  procedure.  Dividing  all  the  ordinates 

lo  the  6„i  graph  by  f— 6i,)  we  obtain  the  ordinates  to  the  influence  line  for 
Xt.  This  influence  line  will  show  the  variation  of  X,  when  the  unit  load  P  trav¬ 
els  along  the  arch  (Fig.  20.116). 

Following  the  same  procedure,  we  shall  find  the  displacement  Sp2.  The 
olastic  loads  will  be  applied  once  more  to  the  imaginary  structure  and  the  cor¬ 
responding  bending  moment  will  bo  determined.  In  this  case  the  extended 

fibres  of  tho  simple  structure  acted  upon  by  the  force  Xt  will  be  situated  at  the 
©xt.rados  (see  Fig.  9.116)  and  therefore  the  elastic  Loadsniust  he  directed  upwards 
(Fig.  18.11c).  Tho  values  of  the  bending  moments  induced  by  these  loads  in  the 
imaginary  structure  will  furnish  the  values  of  the  ordinates  to  the  deflection 
graph  for  the  simple  structure  under  consideration 

33  x  3  99 
»’2  -  2EJ^  ~  JET? 

(2)  33  x  6+54  X  3  300 
°»’2-  2  E/c  ~e2  EJ, 

«(3j  33x9  +  54x6  +  36x3  729 

2ET'  ^~2EJ7 
*('■) _ 33 X  12  +  54 X9+ 36 x 0  +18  X 3  1,152 

p2  2 EJC  ~  2 EJe 

Setting  off  these  ordinates  on  the  side  of  the  extended  fibres  of  tho  simple 
structure  we  obtain  the  diagram  rep resen tod  in  Fig.  19.11c.  It  will  he  observed 
that  the  diagram  thus  obtained  is  antisymmctrical.  * 

The  displacement  622  representing  tile  mutual  translation  of  tho  free  ends 
of  tho  brackets  along  the  direction  of XX,  this  displacement  must  lie  the  double of  6p2 

♦ 

5a =26$  =  2 
1,152  ̂   1,152 
2EJC  EJC 

•  All  the  ordinates  indicated  in  Fig.  19.11c  have  been  multiplied  by  2 EJC. 
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Tills  value  coincides  again  with  that  obtained  in  Problem  1.  multiplying 

Iho  bending  moment  diagrams.  The  ordinates  to  the  influence  line  for  A'*  may 
now  lie  obtained  dividing  those  to  the  6P2  graph  by  ( — Saji-  The  rom<*iK>nding 
influence  line  appears  in  Fig.  20.11c. 

Influence  line  for  X3 

Fig.  2D.11 

In  order  to  find  the  displacement  graph  6p3  the  elastic  loads  must  be  applied 

once  again  to  the  imaginary  structure  (Fig.  18. lid),  these  loads  being  directed 

as  usual  towards  the  extended  fibres,  that  means  downwards.  The  desired  displace¬ 

ments  will  be  furnished  by  the  values  of  the  bending  moments  acting  at  the 
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correspond  ins?  sections  ol  the  imaginary  structure 

x(i>  _  3  x  3  _  !*  u2)  3  x  6+G  x  3 r<3  2  EJ, 

a(2>  =  L_ 

2£7f  »■' 

6,»  3X9+0X6+0X3 

Jr 3  ' 
3  y  12- 

2 EJr 

(ixH'ixD- 

2EJr 

81 

2  EJt 

6X3  W, 

30 
2/s/, 

2/s/, 
2EJ' 

Tli esc  ordinates  must  be  set  off  above  the  abscissa  axis  tor  the  extended 

fibres  ol  the  simple  structure  are  at  the  oxtrados.  The  displacement  graph  for 
bp1l  thus  obtained  is  represented  in  Fig.  19. Ud.  * 

The  displacement  633  representing  the  mutual  angular  rotation  of  the  brackets 

(in  oilier  words,  that  of  faces  4  ami :/'  of  the  semiarches),  its  value  xvill  lie  equal 
to  the  sum  of  the  elastic  toads,  i.e  , 

21 
/  3x2 

6x3 
l  2 EJ, 

'  2 EJ,. 
EJ , 

The  same me  value  has  been  obtainei!  previously  by  the  method  of  graph  mul¬ 
tiplication.  The  ordinates  to  the  influence  tine  for  X3  (Fig.  20.118)  were  ob¬ 
tained  dividing  the  ordinates  to  the  6p3  graph  by  (— 63a). 

Once  the  influence  lines  for  nil  the  redundant  reactions  X,,  X2  and  X3  have 
been  found,  we  may  proceed  with  the  construction  of  the  influence  lines  for 
bending  moments,  shearing  forces  and  normal  stresses  at  any  cross  section 
of  the  arch. 

Let  as  construct  these  three  influence  lines  for  section  K  situated  6  metres 

to  the  right  front  the  left-hand  abutment  (section  2  of  Fig.  8.116). 
The  angle  <f2  between  the  tangent  to  the  neutral  line  of  the  arch  and  the 

horizontal  equals  for  this  section  2(i‘34\  sin  q2  =  0.447  and  costp2=  0.894 
(see  Table  1  11  of  Problem  ll.  The  lever  arm  of  the  force  .V,  with  reference 
to  section  K  equals 

33  3  9 

i/,-P2=-jg -T— jg  metre 

and  the  lever  arm  of  force  X2  with  reference  to  the  same  section  equals  G  metres. 
The  ordinates  to  the  influence  lines  for  My,  Qh  and  Ny  will  be  calculated  using 

the  following  expressions:  ** 
(a)  when  the  unit  load  P  is  between  the  left-hand  abutment  and  section 

K  or  when  it  has  shifted  to  the  right-hand  sem  iarch 

Cb,  =  — Xi  sin  (p2  +  Xi  cos  q2  —  —  AT j0.447  J-X20.894 

iVj  ~  X i  cos  q 2 -}—  X 2  sin  q^ -  A  j0 •  894 -|-  A20. 447 
when  the  unit  load  P  is  between  section  K  and  the  crown lb) 

Afk=-X1Tg~X26  +  X3-lr 
where  r  is  tho  lever  ana  of  the  unit  load  P  about  section  K  and 

<?a  =  _X,0.447+  A^O. 894  +  1  X  0.894 
-Vfe=  -X,0.894-(-A20. 447  +  1  x  0.447 

♦ 

*  The  ordinates  to  this  graph  have  been  once  again  multiplied  by  2EJC. 
**  Normal  stresses  will  he  reckoned  positive  when  they  cause  compressive 

stresses  in  the  arch,  the  usual  sign  convention  being  maintained  for  bending 
moments  and  shears.  _ 

33— f>53 
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Table  11.11 

Ordinates  to  the  it/fr  Influence  Line 

Load  point B 
-X>TT 

Xt 
-Xt  6 

x3 

B 
Ordinates 

In  til*  Mk 

influence 
lfn<\ 

in  el  res 

0 0 0 0 0 

i 

0.1795 
—0.101 —0. 0430 

0.258 
0.187 — 

O.037 0.750 0 

EM 

1.898 1.687 

-3 

■i 

0.9377 
—0.528 —0.5000 

3.000 

—6 

—0.528 

4'
 

0.9377 
—0.528 

—3.000 

— 

—0. 528 

,r 
0.8242 

—0.464 
0.3164 

—1.898 
1.687 — 

-0.675 

2'
 

0.5275 
—0.297 

0.1562 
—0.937 

0.750 
— 

— 0.484 

r 0. 1795 
—0.101 

0.0430 
—0.258 

0.187 — 

—0.172 

O' 

0 0 0 0 0 — 0 

Table  Ui.lL 

Ordinates  to  the  Q,.  Inllnence  Line 

Lead  paint 

Al 

-Xy  0.44  7 

Xt 

Xt  0.894 

0.894 Orriiiujl.es 
t'J  the influence 

lino 

0 0 w o 0 

c» 

1 0.1795 
—0.080 —0.0430 

—0.039 

— 

—0.119 

Immediately 0.5275 
—0.230 —0.1562 -0. 140 

— 

—0.376 

tn  the  left 

of  section  2 

Immediately 0.5275 
—0.236 —0. 1562 

—IJ.140 
0.894 0.518 

to  the  right 

of  section  2 
2 0.8242 

— 0.308 
— 0.3164 

— 0.283 

0.894 

0.243 

4 0.9377 
—0.419 —0.5000 

—0.447 

0.894 0.028 

1‘
 

0.9377 
—0.419 

0.5000 

<1.447 

— 
0.028 

r 0.8242 
-0.368 

0.3164 0.283 — 

—6.085 

*)• 
0.5275 —0.2.36 

0.1562 0.140 — 

— <1.096 

V 0.1795 
-0.080 

0.0430 0.030 
-  1 

—0.041 

O'
 

0 0 0 0 

“  1 

0 
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Table  16.11 

Ordinates  to  the  Sh  Influence  Line 

Load  point 

Xi 

Xi  0.894 

Xa 

X,  0.447 0.447 

Ordinates 
to  the  Nh 

Influence 
line 

0 0 0 0 0 0 

1 0.1795 0.160 
-0.0430 —0.019 

— 

0.141 Immediately 0.5275 0.471 
—0.1562 

—0.070 
— 

0.401 
to  the  left 

of  section  2 

Immediately 0.5275 0.471 
—0.1502 

—0.070 

0.447 
0.848 

to  the  right 
of  section  2 

3 0.8242 wmm 
—0.3104 

—0.141 

K  ■ 

4 0.9377 BESS —0.50i)0 

-0.223 

0.447  , 

4'
 

0.0377 RUfl 0.5000 
0.223 

—  | 

3’
 

0.82-12 
mm 0.3164 

0.141 
— 

2 ' 

0.5275 EH: 0.1562 
0.070 

— 0.541 

1' 

0.1795 0.160 0.0430 0.010 
— 

0.17ft 

O'
 

0 0 0 0 — 0 

It  will  lie  observed  that  the  expressions  obtained  for  case  (b)  differ  from 

those'  for  case  (a)  only  by  the  presence  of  a  term  accounting  for  the  uniformly 

distributed  load.  The"  ordinates  to  the  influence  lines  for  jlf*.  Qk  and  A\  will 
he  obtained  introducing  in  the  above  equations  the  values  of  AT,,  X2  and  A’., 
scaled  off  the  corresponding  influence  lines  given  in  Fig.  20.11. 

It  is  advised  to  carry  out  all  the  calculations  in  tabular  form  as  indicated 
in  Tables  14.11,  15.11  and  16.11.  The  entries  in  the  last  column  of  each  of  these 
three  lahles  have  been  used  for  the  construction  of  influence  lines  appearing 
in  Fig.  21.11. 

Using  these  influence  lines  let  ns  find  the  magnitudes  of  M\,  (4  and  A\ 
induced  by  uniformly  distributed  loads  acting  over  the  inhale  of  the  left  semiarch , 

the  intensity  of  this  loading  being  ei/ual  to  2  tons  per  metre  (see  Fig.  8.11a).  For 
Ibis  purpose  we  shall  replace  the  uniformly  distributed  loads  by  concentrated 
ones  acting  at  points  0,  1 ,  2,3  and  d  of  the  polygonal  arch.  These  concentrated 
loads  will  amount  to 

a  2x3  ,  , 

P 0  -  *4  =  ?  —  =" — 2 —  “  3  tor‘° 

lJt  =  1J2 — P3  —  !« = 2  X  3 = (i  tons 

33* 
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The  desired  values  of  Mi,,  Qt  and  A'»  will  be  obtained  multiplying  the  mag¬ 
nitudes  of  these  concentrated 

\F-1 

Fig.  21.11 

loads  by  the  corresponding  ordinates  to  the 
influence  tines,  which  are  then  summed  up 
as  indicated  helow 

A/;,  —  3  X  0+6  x  0. 344+  fi  x  1.390  +  6  X 
x  0.121  —  3  x  0.528  =  9.564  ton-metres 

<?ft=*3x0— Ox  0. 119+6  X 
-0.375-1  0.518 

2 +6.0x0.243+3x0.028- 

=  1.254  tons 

jVft  =  3  X  0+  6  X  0. 114  +  G  x 

X 0  /‘01+Q  8'‘8  +  (i x  1.043  -  3 X l.tKl  -•* 

=  14.034  tons 

These  values  are  practically  the  same 
as  those  given  in  Tables  2. 11.  3-11  and  4.11 
and  in  Fig.  12.11  of  Problem  1. 

The  influence  lines  for  the  redundant 

constraints  X\,  Xo  and  X3  permit  equally 
the  construction  of  stress  diagrams  induced 
in  the  arch  by  vertical  loads.  For  that 
purpose  the  actual  loading  will  be  replaced 
Ly  a  system  of  equivalent  concentrated  loads 
acting  at  the  apices  of  the  polygonal  arch. 

The  magnitudes  of  .Y,,  .Y2  and  X3  corres¬ 
ponding  to  each  of  tho  concentrated  loads 
will  lie  easily  found  using  tiie  said  influence 
lines.  The  diagrams  of  the  stresses  induced 
in  the  different  sections  of  tho  arch  will 
then  he  obtained  in  the  usual  way  applying 

to  tlie  conjugate  simple  structure  both 
actual  loads  and  redundant  reactions. 

Let  us  consider  an  example  of  tho  con¬ 
struction  of  the  influence  line  for  X 2  using 

the  second  of  the  approximate  methods 
described  in  tho  first  part  of  the  present 
article. 

Neglecting  compression  strains,  the  expression  for  the  elastic  loads  will 
become  in  this  case  _ ""-"•-B 77 

where 

section  n.  The 

is  the  mean  of  the  segment  lengths  contiguous  to 

alucs  of  S,  may  be  approximately  taken  equal  to 

S0=-, —   - ;  — - — ;  Y8  =  — - — ;  - 
0  2  cos  q>o  1  cos  gi  4  cos<p2  J  cosqp3 

^4  =  4-^
 — 

4  2  cos  q>4 

♦ 

*  The  same  method  was  used  in  Problem  2. 
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anil  since  J  t  — 
■yo 

Jo COS  <!>, 

S,' 

'7n~ 

consequently 

n  3  $  |  »y*j 

27T=  277;  ~JT~~ 7T=~j7  = 
The  elastic  loails  corresponding  to  the  application  of 

the  simple  structure  will  be  given  by  [see  Fig.  9. lib) 

W'fl  =j1/, 

rr,=,w 

w2=m 

U’S  =  ,W 

=  -12, 

—  9- 

3 

=  — 6- 

2  EJ, 

3 

EJC
" 

3 

EJ  c 

3 

EJ, 

EJ , 

18 

£/c 

1) 

EJ  r. 

A/, 

EJ. -  =  0- 
2/?yc 

n 

77
= 

unit 
_3_ c 

forces  A"2  to 

18 

EJ  , 

27 

The  deflections  622  will  be  obtained  applying  those  loads  to  the  imagi¬ 
nary  structure  of  Fig.  22.11  and  computing  the  bending  moments  induced 

by  these  loads 

M)_  18 x 3_  54 
p2  F.JC  ~  EJ, 

,(2)  IS  x  6  —  27  X  3  189 
,p2  EJ,  ~  EJ, 

*(3I  18x9+27x8+18  x  3  378 

p2  '  EJ,  ~  EJ, 
*(4)  18  x  12  —  27  x  9+18  x  6  —  9  x  3  594 

1,2  ~  EJ,  ~  EJ, 
Setting  off  the  bending  moment  values  thus  obtained  on  the  side  ol  the 

extended  fibres  oi  the  imaginary  structure,  we  shall  obtain  the  deflection  graph 
for  i2/,  appearing  in  Fig.  28.11. 
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The  displacement  62j  is  the  double  of  6p2.  Thus,  <522  equals  2^^-  or  -jrj~  ■ 

Tlie  influence  line  for  A'->  will  he  obtained  dividing  all  the  ordinates  to  the 

graph  by  (—622)  because  Xn  =  —  g-p.  This  influence  lino  appears  in 

Fig.  24.11. 
It  is  practically  the  same  as  the  one  obtained  by  the  first  of  the  methods 

described  in  the  present  article  and  represented  in  Fig.  20.11c. 

Fig.  2J.11 

5.11.  EFFECT  OF  SHRINKAGE  AND  TEMPERATURE  CHANGES 

ON  FIXED  END  REINFORCED  CONCRETE  ARCHES 

Temperature  changes.  Every  temperature  change  leads  to  the 

appearance  of  stresses  in  Axed  end  arches.  Let  us  establish  the  ex¬ 

pressions  permitting  to  'predict  these  stresses.  For  this  purpose  let 
us  assume  that  the  temperature  at  the  extrados  has  been  increased 

Fig.  25.11 
Fig.  2G.11 

by  t\  while  that  at  the  intrados  by  t\  (Fig.  25.1i).  Wo  shall  also 
admit  that  within  the  thickness  of  the  arch  the  temperature  varies 

linearly  and  therefore  the  increase  in  temperature  at  the  neutral 
line  (provided  the  latter  coincides  with  the  centre  line  of  the  cross 

section)  will  equal  . 

For  the  simplicity  let  us  denote  the  difference  (f,  —  f2)  by  Af 
and  half  the  sum  of  these  temperatures  by  t.  The  simultaneous 
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equations  expressing  that  the  displaeements  along  the  redundant 
constraints  transferred  to  the  elastic  centre  of  the  arch  are  nil 

(Fig.  26.11)  become  in  this  case 

^i(6u  =  0  "I 
—  Aji  =  0  z  (9.11) 

X31633  +  A3(  =  0  J 

Since  all  the  displacements  of  the  arch  caused  by  the  said  tempera¬ 
ture  change  are  symmetrical,  the  displacement  Ai2  must  also 
equal  zero  and  consequently  X2t  is  equally  nil.  Using  the  expressions 
developed  in  Art.  7.8  we  may  determine  the  deflections  due  to  a 
temperature  change  which  are  given  by 

A, 1  =  «  ( U  - 1 ,)  $  Af,  ̂   §  2?j  * *  3 

S 

or 

A,(=  —  aAt  \j  (y  —  p5)-j-  —  at  ̂  cos<jpx  ds 

As(^-aA  i$-£ 

In  these  expressions  h  represents  the  thickness  ol  the  arch,  and  a 

is  the  coefficient  of  thermal  expansion.  The  value  of  6U  (with  due 
regard  to  the  influence  of  normal  stresses)  is  given  by 

fi.t  ~  J  (if-  U'Y  -§J  +  l  COS1  <px  -gr S  $ 

while  the  value  of  633  is  provided  by  the  expression 633  =  S  TT 

Introducing  the  values  of  An,  A3*,  8„  and  633  in  equations  (9.11) 
we  obtain 

X,,= 

Ait Ait 

clM  ̂  (</  — !/,)  ~  +  «s  ̂  cos  <px  ds 

0 cAt 

ds 
X  —  _  ̂3*  -- 

^33 

ds 
IT 
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The  fixed  end  moment  due  to  a  temperature  change  can  he  com¬ 
puted  using  the  expression 

M,\t  =  X$t  +  Xtt  (/  —  j/s) 

Let  us  examine  a  parabolic  arch  whose  neutral  line  follows 

a  curve  given  by  y  =  x1  and  whose  cross-sectional  moments  of 

inertia  and  thickness  vary  in  accordance  with* 

J  —  .  fo  _  hr cosipx  ’  eosq>x 

In  these  expressions  Jc  and  hc  represent  respectively  the  moment 
of  inertia  and  the  thickness  of  the  arch  at  the  crown  section.  Forces 

Xit  and  Ar3(  will  be  given  in  that  case  by  the  following  expressions** 

-^CLAttJc 

^  co s2  (p*  ~ 
where  p  =  - 

ytt-i/,)2 

b 

(10.11) 

The  first  of  the  expressions  (10.11)  indicates  that  the  thrust  due 
to  a  temperature  change  increases  together  with  the  rigidity  of  the 
arch  and  with  the  reduction  of  its  rise.  On  the  contrary,  a  reduction 

in  the  cross-sectional  dimensions  and  the  use  of  the  materials  with 
a  lower  modulus  of  elasticity  will  reduce  the  stresses  caused  by 
temperature  changes. 

Shrinkage.  Stresses  set  up  in  a  reinforced  concrete  arch  by  the 
shrinkage  of  concrete  can  be  calculated  in  the  same  way  as  those, 
due  to  a  temperature  change.  Indeed  if  a  were  the  coefficient  of 

thermal  expansion  of  concrete,  at  would  represent  the  strain  per 
unit  length  caused  by  a  change  iu  temperature  equal  to  t  C. 

♦ 

*  For  a  rectangular  arch  of  constant  depth  these  two  expressions  are  contra¬ 

dictory,  the  first  leading  to  A=  3  —  c  ~  .  Nevertheless  the  error  introduced  by 
|  COS  ty* 

the  assumption  that  h  equals  -p3  °  is  negligible,  especially  in  the  ease  of  flat arches. 

**fl  will  he  remembered  that  lor  this  type  of  arches  yt=~- . 
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The  shrinkage  of  concrete  leads  to  a  shortening  of  all  linear  di¬ 
mensions  by  approximately  0.025  per  cent.  If  we  admit  that  the 

coefficient  of  thermal  expansion  of  concrete  is  equal  to  0.00001, 
the  shrinkage  may  be  regarded  as  equivalent  to  a  drop  in  temperature 

of  about  25  °C.  In  actual  design  practice  this  is  usually  reduced  to 
10  or  f  5  C,  for  in  reality  the  arches  are  cast  section  by  section  and 
therefore  only  a  certain  fraction  of  the  total  shrinkage  must  be 
taken  into  consideration.  Thus,  the  stresses  set  up  by  shrinkage 
in  a  fixed  end  arch  may  be  computed  in  exactly  the  same  way  as 

the  stresses  due  to  a  drop  in  temperature  from  10  to  15°C. 
It  is  worth  mentioning  that  there  exist  means  and  ways  of  com¬ 

pensating  at  least  partially  the  shrinkage  effect  through  artificial 
variation  of  internal  stresses, 

6.11.  DIRECT  COMPUTATION  OF  PARABOLIC  FIXED  END 
ARCHES 

When  the  neutral  line  of  an  arch  follows  a  conic  parabola  and 

its  cross-sectional  moments  of  inertia  vary  in  accordance  with 

Jx  —  - ' i c—  .  where  JQ  is  the  moment  of  inertia  at  the  crown,  all 
COo  '(•j; 

the  coefficients  to  the  unknowns  and  all  the  free  terms  of  the  si¬ 

multaneous  equations  can  be  determined  by  direct  computation. 
Hence,  for  this  particular  case  it  becomes  possible  to  obtain  mathe¬ 
matical  relations  between  the  redundant  reactions  acting  at  the 
elastic  centre  of  the  arch  and  tho  applied  loads. 

Let  us  find  these  relations  assuming  that  a  vertical  load  unity  /■* 
acts  a  distance  a  from  the  left-hand  abutment  (Fig.  27.11o). 
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.(.lie  canonical  equations  relating  to  the  conjugate  simple  struc¬ ture  of  Fig.  27.116  become 

X161,-)-6,p  =  0 

Aofiga-f-Sjp  =  0 
v-,6,s  +  83p  =  0 

wherefrom 

X-i  — 

A,= 

ni» 

62  P 

.ha 

633  ) 
(11.11) 

I  he  displacements  8iP,  62p  and  63p  will  be  calculated  neglecting 
the  effect  of  normal  stresses,  that  moans,  using  the  expression 

a 

0 

where  Mp  =  bending  moment  induced  in  the  simple  structure  by the  load  unity  P 

il/,  =  bending  moment  duo  lo_the  _unit  reaction  Xt.  Sub¬ 
stituting  the  values  of  Mp,  Mu  ds  and  EJX  in  the 

expression  for  8lp  and  remembering  that  for  this  particular  type 
of  arches  the  elastic  centre  ordinate  ys  equals  ~  we  obtain 

a 

- 1  <*-“>[4 -1)*] 

(2t-i-4) 

dx 

TT 
'AEJ  c 

since  y  =  -^-(l  —  x)x. 

Denoting  by  rj  the  ratio  ~  we  obtain  finally 

Sip  — 

n1 

AEJC 

*1*  (h2  —  2r|  1) 
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The  value  of  8,,  is  given  by 
i 

o 

i 
A  pi 45  '  E.JC 

Introducing  6lp  and  5H  in  expression  (11.11)  for  Xj 
immediately 

=  +-j-X-jT]*(>1*-2ti+1) 

wo  obtain 

(12.11) 

This  expression  can  be  conveniently  used  for  the  construction 
of  Ihe  influence  line  for  Xi-  The  ordinates  to  this  line  for  the  left 
semiarch  will  he  obtained  varying  t]  from  0  to  0.5.  For  the  right 
serniarch  they  will  be  symmetrical  to  those  already  found. 

Next  let  us  determine  the  value  of  displacement  82p 
a  a 

82p=  §  M2Mp-gj^=  +  §  (f  —  (d~x) o  o 

dx 

EJr 

where  rj  represents  as  previously 

The  value  of  822  is  obtained  from 

the  -f 

5”“2S"!-ET“2S(t-*) 

ratio. 

s  dx EJC 

hence 

P 
1 2EJC 

- 121‘(t-t)  03.11) 
Using  the  latter  expression  we  may  construct  the  influence  line 

for  X2  varying  again  tj  from  0  to  0.5.  The  ordinates  to  the  same  line 

for  0.5  ̂   i]  <;  1  will  be  equal  in  value  hut  opposite  in  sign  for  the 

right-hand  part  of  the  influence  line  for  X2  is  antisymmetrical  with 
reference  to  its  left-hand  part. 
Now  determine  8gp 
i  i 

6 *p=\m3Mv-~  = 0 

a 55 

2EJ  c 

As  for  633  it  equals 
l 

l 

c 
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which  leads  to 

*3 

This  equation  permits  the  construction  of  the  X3  influence  line 

for  the  left-hand  semiarch.  This  influence  line  will  be  symmetrical 
with  reference  to  the  vertical  passing  through  the  crown. 
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moment  Mc  acting  at  the  crown  section.  The  ordinates  to  these 
influence  lines  have  been  found  using  the  above  equations  for  the 
redundant  reactions  applied  at  the  elastic  centre. 

These  influence  lines  (Fig.  28.11)  may  be  used  for  the  design  of 
all  fixed  end  arches  whose  centre  line  follows  a  conic  parabola  and 

whose  cross-sectional  moments  of  inertia  vary  in  accordance  with 
the  relation  specified  at  the  beginning  of  this  article.  These  influence 

lines  permit  the  determination  of  stresses  acting  at  any  cross  section 

of  the  arch  as  long  as  the  loads  remain  vertical.  The  following  pro¬ 
cedure  should  be  adopted  for  these  computations. 

First  determine  the  values  of  F„,  H  and  Ma  for  the  given  system 
of  loads  multiplying  each  of  the  latter  by  the  corresponding  ordinate 
to  the  appropriate  influence  line.  For  uniformly  distributed  loads, 
their  intensity  will  be  multiplied  by  the  areas  bounded  by  the 
segments  of  the  influence  lines.  The  values  of  Va%  1[  and  will 
be  then  applied  to  the  left  end  of  the  arch  liberated  previously 
from  all  the  existing  constraints.  Thereafter  the  stresses  at  any 

section  will  be  easily  computed  assuming  that  the  arch  is  a  stati¬ 
cally  determinate  curved  beam  built  in  at  its  right  end  and  acted 
upon  both  by  the  applied  loads  and  by  the  redundant  reactions 
determined  as  explained  previously  and  applied  to  the  left  end. 

Thus,  for  instance,  if  the  fixed  end  arch  wore  acted  upon  by  two 

concentrated  loads  P j  and  P2  (Fig.  29.11)  the  bending  moment 
in  any  arbitrary  section  K  will  be  given  by 

Mk  =  Vax h~Ilyh  +  Ma  —  Pt  (xk  —  dj) 

Problem.  A  parabolic  arch  (Fig.  30.11a)  is  acted  upon  by  two  vertical  loads 

Pt  =  10  tons  and  P2  =  20  tons  as  well  as  by  a  uniform  load  of  two  tons  per 
metre  distributed  over  the  quarter  span  situated  immediately  to  the  left  of  the 
crown.  Required:  (1)  the  thrust  H.  the  vertical  reaction  Va  and  the  fixed  end 
moment  Af0;  (2)  the  bending. moment,  the  shear  and  the  normal  stress  acting 
at  the  crown  section.  The  neutral  line  of  the  arch  follows  the  equation 

y=r^-(l-x)x  =  0.2  (10-*)* 

l2 
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and  tlie  cross-sectional  moments  ot  inertia  aro  given  by 

/*  =  
- 

COS  If* 

Solution.  Start  by  constructing  the  influence  lino  for  the  thrust  H.  For  this 
purpose  multiply  all  the  ordinates  to  the  influence  line  of  Fig.  2S.11  by  tho 

q=lt/m 

_  .  .  383S3S3W<5<S'- 

Influence  line  for  fixed  end  moment  Ma an aei 

<  >siC3  causes  ty  C3  cy  cs 

Fig  30.11 

—  ratio 

which  in  this  particular 

a  separaling  these 
ordinates  h„  and  hn 

ordinates  remains 
will  be*  given  by 

case  equals  2  for  l  —  10  metres  and 
/  =  5  metres.  The  influence  lino 
for  the  thrust  H  obtained  as  just 
explained  is  shown  in  Fig.  30.116. 

Tho  influence  line  for  M„  will 
be  obtained  by  multiplying  all  tho 
ordinates  to  the  appropriate  in¬ 
fluence  line  of  Fig.  28-11  by  the 

span  length  1.  The  completed 
influence  lino  is  shown  in 
Fig.  30.11c. 

The  ordinates  to  the  influence 

line  for  Va  in  the  event  of  a  para¬ 
bolic  areii  are  independent  of  the 

-j  ratio  and  therefore  tho  influence 
line  given  in  Fig.  28.11  may  bo 
used  without  any  alterations. 

Let  us  determine  now  tho  thrust 
duo  to  tho  loads  indicated  in 

Fig.  30.11/i.  Its  value  will  be 
equal  to  the  sum  of  tho  product  of 
each  concentrated  load  by  tbt*  cor¬ 
responding  influence  line  ordinate 

with  the  product  of  the  area  hound¬ 
ed  by  the  influence  line  over 
that  portion  of  Ihc  arch  carrying 
the  distributed  load  by  the  inten¬ 
sity  of  the  latter.  The  area  men¬ 
tioned  may  be  calculated  appro¬ 
ximately  replacing  curvilinear 

segments  of  the  influence  line  bet¬ 
ween  two  neighbouring  ordinates 

by  straight  lines.  If  the  distance 
constant,  the  area  bounded  by  two 

=  (■  hn-t-1  +  h/i+3  +  -  •  • 

Hence  the  thrust  II  will  equal 

I!  =  />, 0.1020-^7^.1220+  q  3310+0. 3880+ 

+  0. 4320+0. 4590 0.5  =  6.3364  Ions 
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The  magnitude  of  the  vertical  reaction  Va  will  be  obtained  in  exactly  the 
same  way 

Fo  =  P10.896+/'20.061+9  t-0. 784+0. 718+ 

—  0.048  +  0. STo  +  ̂-^-j  0.5  =  13.577  tons 

As  for  the  bonding  moment-  Ma  it  will  amount  to 

Mu =/‘i  (-0. 640)  +  7>2C >.215  +  9  (— — 0.308  —  0.184 + 
(i  W\ 

+0. 000  +  0.174-] — -- — j  0.5=  — 2.58C  ton-metros 

This  being  done,  liberate  the  loft  end  of  tte  arch  from  all  constraints 
and  replace  the  latter  by  tho  reactive  forces  jusL  found  (Fig.  31.11).  The 
bending  moment  acting  at  the  crown  section  will  then  equal 

M -B,-h  (fij-lf-r- 
=•  — 2.586+13.577  x  5  —  6.3364  x  5 — 10x8 — — 2.633  ton-metres 

The  normal  stress  acting  across  the  same  section  will  be  obtained  projecting 
all  the  forces  to  tho  left  of  this  cross  section  on  the  horizontal:  Nk  =  //  =■ 
==  (1.3364  tons  (compression). 

Tho  shear  will  be  given  by  tho  vertical  projection  of  the  same  forces 
l  9  x  to 

(>„=  Va  -1>,  -q  -i-  =  13 .577  - 10  - 1 . 423  tons 

In  actual  practice  the  design  of  redundant  arches  for  bridge  con¬ 
struction  and  elsewhere  is  frequently  carried  out  with  the  aid  of 

special  tables.  Such  tables  have  been  prepared  for  widely  varying 

geometrical  parameters  of  arches  such  as  their  —  ratio,  the  law 

governing  the  variation  of  their  cross-sectional  dimensions,  etc;. 
The  use  of  such  tables  reduces  very  considerably  the  time  required 

for  compulation  work  and  thereby  eliminates  in  a  large  measure 
the  risk  of  errors  always  present  when  calculations  are  long  and 
laborious. 
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7.11.  TWO-HlN'GED  ARCHES 

In  the  case  of  two-hinged  arches  the  stress  analysis  is  usually 
carried  out  adopting  for  simple  statically  determinate  structure 

the  curved  bar  shown  in  Fig.  32.11. The  equation  expressing  that 
the  horizontal  displacement  along  the  direction  of  X,  is  nil  becomes 

•^1^11  +  Ajp  =  0 

For  flat  arches  the  values  of  8(1  and  AtJ,  will  be  calculated 
with  due  consideration  to  the  effect  of  normal  stresses,  i.o.,  using 
the  expressions 

0  0 

9  $ 

A,*  -  S  l  MtMp  -g— 2?  F.ATpii 0  0 

In  rase  direct  integration  of  these  expressions  becomes  too  com¬ 
plicated  resort  should  be  made  to  numerical  methods  or  to  the 
method  of  elastic  loads. 

Fig.  32.  11  Fig.  33.  11 

Cross-sectional  moments  of  inertia  in  two-hinged  arches  remain 
constant  or  vary  in  accordance  with 

Jx  =  Jc  cos  <p* 

where  Je  is  the  moment  of  inertia  at  the  crown  section  (Fig.  33.11). 

Alternatively  the  cross-sectional  areas  of  two-hinged  arches  may 
vary  following  the  expression 

Fx  =  Fecos<px 

where  Fc  is  again  the  cross-sectional  area  at  the  crown 
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REDUNDANT  STRUCTURES 

1.12.  USE  OF  SYMMETRY 

When  analyzing  the  stresses  arising  in  structures  with  a  large 
number  oi  redundant  constraints  one  is  usually  called  upon  to 

solve  a  number  of  simultaneous  equations  equal  to  the  structure's 
degree  of  redundancy,  each  of  these  equations  containing  the  same 
number  of  unknowns. 

Let  us  investigate,  for  instance,  the  frame  appearing  in  Fig.  1.12 
which  consists  of  two  closed  contours  and  consequently  is  redundant 
to  the  sixth  degree.  If  all  the  computations  pertaining  to  this  frame 
were  carried  out,  adopting  as  conjugate  statically  determinate 
structure  the  one  given  in  Fig.  2.12,  it  would  be  necessary  to  form 
and  to  solve  a  system  of  six  simultaneous  equations  wuth  six 
unknowns  each 

Xjfin  4" -^2^12  +^3^13+^4^14  =0 

■^1^21  -F-^aSas  4"  ̂3^23  T  -^4^24  +-^5^25  +-^6^26  +  -^2p  =  0 

-^1^31  4"  ̂2^32  4"  ̂3^33  4~  -^4^34  4" -^5^35  4"  ̂0^38  4*  Aap=  0 

^1641 4-^43  4*  ̂3^43  4*  X  4AU  4-  Jf6645  -f  A'6648  4-  A4p  =  0  1 

-^1^51 4"  ̂2^52  4"  A3663  +  A  4654  +  X5fi55  4*  ̂sp  =  0  /  (1.12) 

<Y|®01  4-  -^2^82  +^3^83  4”  ̂4^64  4“  •‘^■5^85  4“  -^8^60  4~  ̂ 6p  =  0  ' 

The  solution  of  such  a  system  of  equations  would  be  extremely 

laborious  and  would  require  a  lot  of  time.  The  work  can  be  simpli¬ 
fied  very  considerably  due  to  the  symmetry  of  the  structure.  It  should 

be  remembered  that  in  a  symmetrical  structure  not  only  the  arrange¬ 

ment  of  its  members  but  also  their  cross-sectional  rigidities  are  symme¬ 
trical  about  a  certain  axis.  The  simplification  is  based  on  the  pos¬ 
sibility  of  finding  a  conjugate  statically  determinate  structure  for 

which  the  Mt  diagram  for  each  redundant  reaction  Xt  —  1  will 
be  either  symmetrical  or  antisymmetrical. 

Thus,  for  the  frame  under  consideration  (see  Fig.  1.12)  one  could 
adopt  for  simple  structure  the  one  appearing  in  Fig.  3.12a.  In  this 

34—853 
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case  the  M 2,  M3,  and  M9  diagrams  due  to  symmetrical  uuit 

forces  Xz,  X3,  X3  and  A'a  would  be  themselves  symmetrical 
(Fig.  3.12c,  d,  /  and  g)  while  the  Mt  and  the  diagrams  induced 

by  an tisym metrical  unit  forces  Xt  and  X,t  would  be  also  antisyrn- 
metrical  (Fig.  3.126  and  e). 

it  is  well  known  that  the  product  of  a  symmetrical  graph  by 
antisymmctrica!  Mie  is  always  nil.  Thus,  for  instance,  if  one  were 

to  multiply  the  graph  (Fig.  3.126)  by  the  Mz  graph  (Fig.  3.12c) 

Simple  structure 

Fig.  1-12  Fig.  2.12 

the  product  pertaining  to  the  left-hand  half  frame  would  equal 
2ih  l  

1 

+26  yy  =  +  hH  while  that  pertaining  to  the  right-hand 'half 

frame  would  amount  to  —2 h^^——hH.  Consequently,  the 
displacement  61S  equal  to  the  algebraic  sum  of  these  two  amounts 
will  be  nil.  For  the  same  reason  all  the  other  secondary  displace¬ 
ments  whose  values  are  obtained  multiplying  symmetrical  graphs 
by  antisymmetrical  ones  will  also  reduce  to  zero. 

For  the  frame  under  consideration  such  will  be  the  case  for  dis¬ 
placements  6j2,  6(3,  615,  6(6,  62i>  624,  635,  634,  642i  643*  645,  648,  fi51, 
°5*>  °oi  an<l  ̂  64*  It  follows  that  system  of  simultaneous  equations 
would  become 

^i^ji  +  A\614  +  Alp  =  0 

A  2622  +  A  3603  +  -^5623  -f-Xgdja  -(-  A2/,  =  0 

.Y26;t2  -f-  A3633  -)-  Y5635  -|-  X863e  -f-  A3p  =  0 

XiSui  +Y4644-f-  Aip—  0 
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8^52  “t" -^3^53  "4" -Xs®!j5  "(■  “H  A5 p  —  0 

X2532  +  ̂3^83  ~\~  AgOgs  “l-  A  0&i)8  -(-  Agp  =  0 

and  would  consequently  fall  into  two  independent  systems 
X.Sj, 

-(- A48J4  -f-  Ajj,  — 

■0  \ 

(2.12) 

XAt 
—  A’4644  +  A4p  = 

=  0  J 

A  2622 +  Xa623 +  X5825  4-  Ag62g +  ̂2/1 

=  0 

+  X3&33 d-  A'r,635  +  Xet>3a 

-j  Asi< 

=  0 

(3.12) 

A'a&ss 

;  +  X3653 
+  Xebtf, +  Asp 

=  0 

X^r?  *f- Ar36s3  +  A5635  +  --  Agp  —  0 

The  first  of  these  systems  contains  two  equations  with  two  anti- 

symmetrical  unknowns  and  the  second  four  equations  with  four  sym¬ 
metrical  unknowns. 

.?<  structure 

*  if>  '  <s> 

Pig.  3.12 

Thus,  the  choice  of  an  adequate  simple  structure  of  symmetrical  pattern 
has  resulted  in  the  replacement  of  a  system  of  six  simultaneous  equations 
containing  six  unknowns  each  by  two  independent  systems,  the  first 

comprising  two  equations  with  two  unknowns  and  the  second  four  equa- 

34* 
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tions  with  four  unknowns.  This  simplifies  enormously  the  computations, 

enhancing  at  the  same  time  very  considerably  the  precision  of  the  re¬ 
sults  obtained.  An  additional  reduction  of  computation  work  has 

been  obtained  due  to  the  fact  that  all  the  displacements  can  be  cal¬ 
culated  for  one  half  of  the  conjugate  simple  structure  only.  The 

total  displacement  will  be  the  double  of  that  for  the  half-frame. 

(F> V 

lJ> 

Fig.  4.12 

If  the  symmetrical  frame  contains  a  central  column,  the  displace¬ 

ment'  due  to  the  redundant  antisymmetrical  reactions  can  he  com¬ 
puted  multiplying  at  first  the  diagrams  relative  to  one  half  of  the 
frame  (without  the  central  column);  whereafter  the  product  obtained 

should  be  doubled  and  increased  by  the  product  of  graph  multipli¬ 
cation  pertaining  to  the  central  column. 

Another  example  of  a  symmetrical  frame  is  afforded  by  the  frame 
shown  in  Pig  4.12«.  It  is  easily  seen  that  this  frame  is  redundant 
to  the  third  degree.  Fig.  4.12b  represents  one  of  the  conjugate  simple 
structures  which  could  be  adopted  in  the  present  case.  This  structure 
is  not  symmetrical  for  the  lower  ends  of  the  extreme  columns  have 

different  supports.  It  follows  that  the  redundant  reactions  AT],  Xs 
and  X3  themselves  will  be  also  nonsym metrical.  Nevertheless  the 
diagrams  of  the  bending  moments  induced  in  this  simple  structure 
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by  unit  reactions  Xj  and  X 2  (Fig.  4.12c  and  d)  will  be  symmetrical 

while  the  diagram  of  the  bending  moment  due  to  Xa  —  1  (Fig.  4.12e) 
will  be  antisy in  metrical. 

Consequently,  for  the  given  simple  structures  the  simultaneous 
equations  will  again  fall  into  two  different  independent  groups 

X  )6(i  -i-X26)2  +  A|j,  =  0 

Xi62j  *f"  X2822  “I"  A2p  =  0  and  X3633  *1“  A3J,  —  0 
just  as  though  all  the  unknowns  were  symmetrical  or  antisy m metrical. 

2.12.  GROUPING  OF  THE  UNKNOWNS 

If  the  structure  which  is  boing  analyzed  consists  of  several  spans 
it;  becomes  impossible  to  transfer  the  points  of  application  of  ail 

the  redundant  reactions  to  the  axis  of  symmetry  (Fig.  5.12a). 
However,  symmetrical  and  antisymmetrical  bending  moment  diagrams 
may  still  be  obtained  if  the  unknowns  representing  a  single  force  or 

couple  are  replaced  by  unknowns  representing  whole  groups  of  forces. 
Let  us  examine,  for  example,  the  six  times  redundant  frame  appear¬ 
ing  in  Fig.  5.12a.  Should  we  adopt  for  conjugate  simple  structure 
the  one  appearing  in  Fig.  5.12b  we  would  have  to  solve  six  simulta¬ 
neous  equations  with  six  nonsymmotrical  unknowns  Xlt  X2,  X3, 

X4,  X5  and  X6  given  below 

Xfiit  +  ̂2^12  +  X36l3  +  A"46t4-r  As8|s  4- 4-  AiP  —  0 
X  ,621  -|-  X  3832  4-  A  3833 -f-  A  4624  +  X5623  -|-  Agfijg  -|-  Ajp  =0 

Aj631  ~|- Aa83a-i- A3633-F  A4634  +  A5635  +  A'e638  +  A3p  =  0 
Xj841  4-  A2642  4~  X3843  +  A4644  -j-  X5845  +  A36t5  -|-  A;p  =  0 

A 1651  4-  X2652  +  A3653  -j-  X4654  +  X  5855  -f-  X€659  -f-  A3p  —  0 

Ai69l  +  X26B2  -j-  A  3633  -)-  A  (834  -j-  X^fi^  4-  X68BB  -j-  A9p  =  0 

In  these  equations  none  of  the  coeffficients  6  would  normally  equal 
zero. 

O11  tho  other  hand,  if  the  groups  of  unknown  forces  Zu  Z2 ,  Z3. 
Z4,  Z5  and  Z0  shown  in  Fig.  5.12c  were  adopted  as  the  unknowns, 
a  very  large  number  of  secondary  displacements  in  the  simultaneous 

equations  (4.12)  would  reduce  to  zero,  for  these  displacements  (coef¬ 
ficients)  would  result  from  the  multiplication  of  symmetrical  graphs 

by  antisymmetrical  ones.  Here  the  unknown  Z|  represents  two  ho¬ 
rizontal  forces  X!  and  X4  equal  in  value  and  opposite  in  sign,  the 

unknown  Z2 — two  horizontal  forces  equal  both  in  value  and  in  sign, 
Z3 — two  vertical  forces  of  equal  amount,  both  directed  upwards, 
Z4 — two  vertical  forces  equal  in  amount  and  opposite  in  direction, 
Zs — two  couples  equal  in  amount  and  opposite  in  direction,  and 
Z6 — two  couples  of  the  same  magnitude  and  acting  in  the  same  di- 
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rection.  The  bending  moment  diagrams  due  to  the  above  groups  of 
unit  forces  are  given  in  Fig.  6.12.  It  is  readily  observed  that  the 

Mi,  M 3  and  Ms  diagrams  are  symmetrical  while  the  Mz,  Mg  and 
Mt  diagrams  are  autisymmetrical. 
Comparing  the  two  simple  structures  appearing  in  Fig.  5.126 

and  c  we  realize  that  the  following  relations  exist  between  the  un¬ 
knowns  X  and  Z* 

X1  =  Z1-|-ZJ;  Xg  =  Zt —  Z2 

A'a  =  Z3-kZ4;  Xs  —  Z3 — Z4 
X^  —  Zi-j-Zg;  Xg  —  Zg — Zg 

The  above  relations  may  be  rewritten  as  follows 

Grouping  the  unknowns  as  indicated  above  permits  the  replace¬ 
ment  of  a  single  system  formed  by  six  simultaneous  equations  (4.12) 
by  two  independent  ones  (5.12)  and  (6.12),  the  first  containing  only 
symmetrical  unknowns  and  the  second  the  antisym metrical  ones. 

(a)  The  first  system 

%t  (6u)  +  Z3  (fil3)  -f-  Z5  (6W)  +  ( A1P)  =  0  'J 
(631)  +  Z3  (639)4-25  (635)  -f(Asp)  =  0  ?  (5.12) 

(651)  + Z3  (653)  +  Z5  (655) -f  (Ajp)  =  0  J 
(b)  The  second  system 

Z3  (S32)  +  Z4  (6S4)  -j-Zg(fi2g) + (Aap)  =  0  1 

(64j)  +  Z4  (S44)  +  Z6  (64g)  +  (A4p)  =  0  / 

(6gs)  +  Z4  (6^)  +  Zg  (66g)  (Agp)  =  0  J 
It  is  clear  that  in  the  above  expressions  the  coefficients  (Slft)  and 

the  free  terms  (Ai;,)  represent  the  displacements  induced  by  and 
along  the  aforesaid  groups  of  unknown  forces. 

We  have  thus  succeeded  in  reducing  a  system  of  six  equations 
with  six  unknowns  to  two  independent  systems  of  three  equations 
with  three  unknowns.  The  work  required  to  solve  the  latter  systems 

will  be  less  important  than  that  needed  for  the  solution  of  the  ori¬ 
ginal  one.  Hereafter  we  shall  denote  hy  the  sign  X  all  the  unknowns 

♦ 

•The  construction  of  stress  diagrams  does  not  require  the  determination  of 
the  unknowns  belonging  to  the  X  group. 
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regardless  of  whether  they  represent  single  forces  or  whole  groups 
of  forces.  We  shall  equally  omit  the  parentheses  introduced  into 
equations  (5.12)  and  (6.12)  in  order  to  distinguish  the  displacements 
due  to  groups  of  forces  from  those  due  to  a  single  action. 

The  determination  of  displacements  arising  in  a  statically  deter¬ 
minate  structure  under  the  action  of  groups  of  forces  is  no  more  com¬ 
plicated  than  that  of  the  displacements  producod  by  single  actions. 
These  displacements  will  be  computed  as  usual,  multiplying  dia¬ 
grams  pertaining  to  one  half  of  the  structure  and  doubling  the 
result  obtained.  If  the  frame  contains  a  central  column,  graphs  per¬ 
taining  to  one  half-frame  (excluding  the  central  column)  will  be 
first  multiplied  one  by  the  other,  the  product  will  then  be  doubled, 
and  the  result  so  obtained  will  be  added  to  the  product  of  graphs 
for  the  central  column. 

3.12.  SYMMETRICA],  AND  ANTISYMMETRICAL  LOADING 

If  the  system  of  loads  acting  on  a  structure  is  cither  symmetrical 
or  antisymmetrical  all  the  computations  are  further  simplified, 
because  in  this  case  it  becomes  possible  to  find  a  conjugate  simple 
structure  for  which  the  bending  moment  diagrams  due  both  to  the 
unit  actions  and  to  the  actual  loading  become  either  symmetrical 
or  antisymmetrical.  As  a  result,  a  number  of  free  terms  of  the  si¬ 
multaneous  equations  together  with  some  coefficients  to  the 
unknowns  will  reduce  to  zero. 

Let  us  examine  the  frame  of  Fig.  7.12a.  This  frame  is  redundant 

to  the  sixth  degree  and  is  acted  upon  by  a  system  of  symmetrical 
loads.  A  symmetrical  statically  determinate  simple  structure  with 
symmetrical  and  antisymmetrical  unknowns  may  be  obtained  cut¬ 
ting  in  two  the  upper  crossbar  and  eliminating  three  constraints 
at  the  supports  as  indicated  in  Fig.  7.12b.  The  redundant  reactions, 

which  cannot  he  transferred  to  the  axis  of  symmetry,  such  as 
the  horizontal  components  of  the  left-  and  of  the  right-hand 
column  reactions  will  be  replaced  by  two  groups  of  forces  X 4 
and  X 5. 

The  bending  moment  diagrams  for  the  conjugate  structure  due 
both  to  the  unit  actions  following  the  direction  of  the  unknowns 
and  to  the  actual  loads  are  shown  in  Fig.  7.12c,  d ,  e,  f,  g,  h  and  i. 
All  the  unknowns  being  either  symmetrical  (Xit  X2,  X3  and 
Xt)  or  antisymmetrical  (X5  and  X6),  the  simultaneous  equations 
will  form  two  independent  systems  given  hereunder 

X  i  i  +  Y26]2  -f  X36i3  A'4614  -(-  AIp  =0 
^  -j--Y862i  -j- AV*as-|-  X^^  +  A^p  =  0 
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•Xj63i  +  -^'3632  +  X3633  +  4-  Asp  —  0 
•^1^41  +  -^2^42  +  ̂3^43  ~T  ̂ 4^44  +  &ip  ~  0 

X£Ss  4-  Xe6m  +  A5p  =  0  1 

^5^65  +  ̂ 0608+  Agp  =  0  j 

In  the  last  of  the  two  systems  the  displacements  A,p  and  A6P 

are  both  nil,  their  value  being  obtained  multiplying  antisymmo- 

Fig.  7.12 

trical  graphs  AIS  and  iV/c  by  the  symmetrical  graph  Mv  due  to  the 

applied  loads  (Fig.  7.1 2£).  Consequently,  these  two  equations  be¬ come 

•^5655 +^11®  58 —  0 

^5^65  *t~  -^6^68  “  0 
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which,  indicates  that  both  the  antisymmotrical  unknowns  X 5  and 

Xa  are  also  nil.  Were  the  frame  of  Fig.  7.12a  acted  upon  by  a  sy¬ 
stem  of  antisym metrical  loads  it  would  be  the  symmetrical  unknowns 
that  would  become  nil. 

Generalizing  the  above  we  may  formulate  the  two  following  rules: 
1.  When  a  symmetrical  structure  is  acted  upon  by  a  symmetrical 

system  of  loads  only  those  of  the  unknowns  which  represent  the  symme¬ 
trical  redundant  reactions  remain  different  from  zero,  while  all  the 
unknowns  representing  antisymmetrical  reactions  become  nil. 

2.  When  a  symmetrical  structure  is  acted  upon  by  an  antisymmetrical 

system  of  loads,  only  those  of  the  unknowns  which  represent  the  anti¬ 
symmetrical  redundant  reactions  remain  different  from  zero,  while 
all  the  unknowns  representing  symmetrical  unknowns  become  nil. 

4.12.  LOAD  TRANSFORMATION 

The  twTo  rules  formulated  above  are  applicable  to  any  symmetrical 
structure  regardless  of  the  actual  distribution  of  loading,  for  the 
simple  reason  that  any  system  of  loads  can  be  easily  replaced  by  an 

equivalent  combination  of  two  separate  systems,  one  of  which  is 
symmetrical  and  the  other  antisymmetrical. 

Indeed,  lot  us  consider  the  symmetrical  structure  of  Fig.  8.12 

acted  upon  by  one  concentrated  load  P  and  the  uniformly  distrib¬ 
uted  load  of  q  kg  per  unit  length,  both  are  nonsymmetrical.  The 

two  loads  may  be  replaced  by  two  groups  of  components  appearing 
in  Fig.  9.12a  and  b,  the  first  of  those  groups  being  symmetrical  and 
the  second  antisymmetrical.  It  is  clearly  seen  that  the  superposition 
of  these  two  systems  of  loads  leads  to  a  loading  absolutely  identical 
to  the  original  one  shown  in  Fig.  8.12. 

Wo  have  seen  in  the  preceding  article  that  when  a  symmetrical 
.structure  is  acted  upon  by  symmetrical  loads  alone  the  symmetrical 
unknowns  remain  different  from  zero.  Consequently,  for  the  simple 
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Xu  X2  and  X3  must  be  calculated.  The  corresponding  equations 
become 

Xjfijj  "4"  ̂-2^18  4“  ̂ 3^13+  A(p  =  0 

^1621 -1-  A  2822  A'3823  -j-  Asp  —  0 
^i®si  “l-  A  2633  -j-  X3833  +  A  3p  =  0 

For  the  same  reason  the  system  of  loads  appearing  in  Fig.  9.12b 

applied  to  the  simple  structure  of  Fig.  10.12b  will  provide  three 

Fig.  10.12 

antisymmetrical  unknowns  X 4,  X$  and  X8,  all  the  other  unknowns 
being  nil. 

Consequently,  these  equations  become 

X4844  +X5845  +  Xs646  4*  A*p  =  0 

X4854  4"  ̂5®8S  4"  X88s6  4*  Asp  =  0 

X4S84  4-  X  58135  4*  X68e6  4-  AoP  =  0 

It  should  be  observed,  however,  that  in  certain  cases  the  replace¬ 

ment  of  loads  by  their  symmetrical  and  antisymmetrical  compo¬ 

nents  may  complicate  the  computations  instead  of  simplifying  them 

and  consequently  the  application  of  this  procedure  cannot  be  re¬ 
commended  unconditionally. 
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Fig.  11.12a  represents  a  symmetrical  portal  frame  loaded  by  one 

nonsymmetrical  force  P.  If  we  adopt  for  simple  statically  deter¬ 
minate  structure  the  one  shown  in  Fig.  11.12b,  the  simultaneous 

equations  will  fall  into  two  independent  systems,  one  containing 

a  single  antisymmetrical  unknown  Xt  and  the  other  two  symmetri¬ 
cal  unknowns  Xt  and  X3. 

Nevertheless,  it  is  much  easier  to  construct  one  diagram  of  the 

bending  moments  due  to  the  single  load  P  (Fig.  11.12c)  then  two 
bending  moment  diagrams  due  to  its  symmetrica]  (Fig.  11.12(1) 
and  antisymmetrical  (Fig.  11.12c)  components.  However,  in  the 

first  case  the  displacements  A2p  and  A3p  will  be  computed  multip¬ 
lying  the  bending  moment  graphs  pertaining  to  both  columns  while 

the  use  of  diagrams  of  the  symmetrical  and  antisymmetrical  com¬ 
ponents  will  permit  tho  multiplication  of  bending  moment  graphs 

for  one  of  the  columns  only.  On  the  other  hand,  the  Mp  and  the 

Mp  diagrams  are  somewhat  complicated  in  outline  and  for  multip¬ 
lication  purposes  they  must  be  subdivided  into  two  portions,  one 
rectangular  and  the  other  parabolic,  which  would  be  unnecessary 
were  the  original  loading  retained. 

On  the  whole,  in  this  particular  case  the  replacement  of  the  load  P 

by  its  symmetrical  and  antisymmetrical  components  will  make  the 
calculations  rather  more  complicated  instead  of  simplifying  them. 

Let  us  now  investigate  the  framo  represented  in  Fig  12.12a  loaded 
by  one  horizontal  force  P.  The  degree  of  redundancy  of  this  frame 
is  equal  to  six. 

Fig.  12.12b  and  c  shows  the  same  structure  loaded  by  the  symme¬ 
trical  and  the  antisymmetrical  components  of  force  P  The  sym¬ 
metrical  components  will  cause  no  displacement  of  the  top  point 
of  the  central  column  and  consequently  we  may  admit  that  this 

point  is  held  fast  as  shown  in  Fig.  12.12d.  Hence  tho  structure  given 
in  the  latter  figure  can  bo  adopted  as  conjugate  simple  structure  for 
the  case  under  consideration.  The  bending  moments  induced  in 
this  structure  by  the  symmetrical  components  of  load  P  will  remain 
nil  throughout  and  therefore  tho  displacements  A  produced  by 
these  components  as  well  as  all  the  symmetrical  unknowns  must  be 

equally  nil.  The  same  will  apply  of  course  to  the  antisymmetrical 
unknowns. 

It  follows  that  all  the  frame  members  will  be  acted  upon  sololy  by 

bending  moments  induced  by  tho  antisymmetrical  components  of 

load  P  shown  in  Fig.  12. 12c. * 
For  the  latter  system  of  loads  we  may  adopt  the  simple  statically 

determinate  structure  represented  in  Fig.  12.12e  with  unknowns 

♦ 

“Strains  due  to  direct  stresses  are  neglected  as  usual. 
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formed  by  the  groups  of  forces  Xit  Xz  and  X3.  Thus,  for  the  frame 
of  Fig.  12.12  the  transformation  of  the  applied  loads  into  their 

Fig.  12.12 

symmetrical  and  antisymmetrical  components  leads  to  the  reduc¬ 
tion  of  the  number  of  the  unknowns  from  six  to  three.  The  resulting 
simplification  of  all  the  computations  is  therefore  quite  considerable. 

5.12.  ACCURACY  CONTROL  OF  ALL  THE  TERMS 

ENTERING  THE  SIMULTANEOUS  EQUATIONS 

It  will  bo  remembered  that  the  coefficients  to  the  unknowns  and 

the  free  terms  of  the  shnultaneuos  equations  represent  displace¬ 
ments  induced  in  the  simple  statically  determinate  structure  by 
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unit  forces  acting  along  the  direction  of  the  unknown  reactions,  as 
well  as  those  due  to  the  actual  loads.  These  displacements  are  usually 

obtained  through  the  multiplication  of  the  corresponding  bending 
moment  diagrams.  Errors  which  occur  while  carrying  out  these 

operations  influonce  further  calculations  and  therefore  render  er¬ 
roneous  the  values  of  the  redundant  reactions  finally  obtained. 

Errors  in  the  displacement  values  can  be  usually  detected  using 
Iho  procedure  described  hereunder.  Suppose  that  for  the  analysis 

of  a  structure  redundant  to  the  nth  degree  reactions  or  groups  of 
reactions  Xit  X2,  .  .  Xtl  .  .  Xn  have  been  adopted  as  the 
unknowns. 

Let  us  apply  to  the  simple  statically  determinate  structure  all 
the  unit  forces  corresponding  to  these  reactions  and  let  us  construct 

the  diagram  of  the  resulting  bonding  moment.  We  shall  call  this 
diagram  the  summary  unit  bending  moment  diagram  designating  its 

ordinates  by  Ms.  In  any  cross  section  the  ordinate  Ma  will  thus  equal 

the  algebraic  sum  of  all  the  ordinates  M  1(  M2,  .  .  Mt,  .  .  .,  Mn. 

If  we  multiply  successively  the  Ms  graph  area  by  the  unit  bond¬ 

ing  moment  diagrams  Mi,  M2,  etc.,  each  of  the  products  thus 
obtained  will  be  equal  to  the  algebraic  sum  of  all  the  coefficients 
to  the  unknowns  of  the  corresponding  equation  because 

i=n 

2  =  +  812  +  . .  •  +  dm  =  2  ̂  M \M j  ~j- <=.i 

+  2$^iMs^j+  ...+2  l  AMr.-fr- 

=  2  5  Mt  (Ml +®,+  . . .  +  Mn)  -  2  J  MiM, -jjj-  -  K 
For  the  same  reason  we  may  write 

d*i  d-d22-l-523+  •  •  •  -f-dan  -=d2< 

It  follws  that  the  algebraic  sum  of  all  the  coefficients  to  the- 
unknowns  contained  in  equation  i  must  be  equal  to  6;s  where 

5 (8.12) 

Hence  the  values  of  all  the  unit  displacements  forming  the  coef¬ 

ficients  to  the  unknowns  of  the  first  of  the  simultaneous  equations 
can  be  checked  comparing  their  sum  with  the  value  of  6U 

i~n 

1=1 (9.12) 
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The  algebraic  sums  of  the  coefficients  to  the  unknowns  of  all 

the  other  simultaneous  equations  may  be  checked  in  exactly  the 
same  way. 

The  above  procedure  permits  us  to  verify  the  coefficients  to  the 

unknowns  of  each  equation  separately.  Lot  us  now  sum  up  all  the 

values  of  Su,  6U,  .  .  .,  6ns  denoting  this  sum  by  26.  In  that  case 

26  =  6k  +  62s  -T  63s  +■  •  -  •  + 

But  since 

6U  =  2 

6„,  =  2  $ 

we  find  that 

26  =  2  §Mjtf,^+2§M5F2-g-+... 

. . .  +2  ̂  MsA/,i-^-  =  2  ̂   Mf\-  • . .  -W^n )~eT~ 

=2  JF;-|j  =  6„ 
Consequently 

6„-2  (10.12) 

and 

26  =  6„  (11.12) 

The  last  expression  permits  a  simultaneous  cheek  on  the  accuracy 

of  all  the  coefficients  to  the  unknowns  contained  in  all  the  equa¬ 

tions  of  the  given  system.  This  check  will  be  carried  out  as  follows: 

(a)  Find  the  algebraic  suin  of  all  the  coefficients  to  the  unknowns 

(unit  displacements)  contained  in  all  the  equations  of  the  given 

syste  m 

26  =  (6U  -j-  62j  -|  6j|S-|-  • . .  -f-  6,i„)  H"  2  (6j2  -r  6,3  x  •  •  • 

.  .  .  X-  6j/(  “1-  62a  624  -f-  ...  -p  6 2n  4-  634  x  *  •  •  +  §n- 1 ,  n ) 

in  the  above  expression  the  first  in  parentheses  contains  all  the 

principal  displacements,  i.e.,  those  situated  on  the  main  diagonal 

and  the  other  term  all  the  secondary  displacements  situated  on  both 

sides  of  this  diagonal  (i.e.,  on  secondary  diagonals). 
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(b)  Using  the  method  of  diagram  multiplication  find  the  values  of 

(c)  Compare  the  two  values  obtained  as  described  above. 
In  a  number  of  cases  the  following  inequality  may  help  in 

finding  the  erroneous  coefficients  to  the  unknowns 

fit  i  X  fifth  &  6?* 

The  control  of  the  free  terms  of  the  canonical  equations  will 
he  carried  out  in  a  similar  way: 

(a)  First  compute  the  value  of 

A,P  =  Z^MtMp^r  (12.12) 

where  Mp  represents  the  bending  moments  induced  in  the  conju¬ 
gate  simple  structure  by  the  actual  loads. 

(b)  Check  whether 

=  A|P  +  Ajp  +  . ..  -f-Anp  =  A,p  (13.12) 

In  general  it  is  quite  sufficient  to  verify  simultaneously  the  coef¬ 
ficients  to  the  unknowns  of  the  whole  system  of  equations.  If  this 
check  reveals  an  error,  it  is  recommended  to  verify  these  coefficients 
equation  by  equation  as  described  at  the  beginning  of  the  present article. 

6.12.  ABRIDGED  SOLUTION  OF  CANONICAL  EQUATIONS 

Hereunder  we  shall  describe  very  briefly  the  abridged  method 
of  solving  simultaneous  canonical  equations  which  was  proposed 
by  Gauss.  In  this  method  the  unknowns  are  eliminated  one  by  one 
using  a  set  of  certain  coefficients.  All  the  operations  are  carried 
out  in  tabular  form  and  checked  constantly.* 

Let  us  consider  four  canonical  equations  (1),  (2),  (3)  and  (4)  with 
four  unknowns.** 

It  will  be  remembered  that  each  pair  of  coefficients  to  the  un¬ 
knowns  symmetrical  about  the  main  diagonal  are  equal  to  one  anoth¬ 
er  as  stipulated  by  the  theorem  of  reciprocal  displacements.  The 
free  terms  have  been  transferred  to  the  right-hand  part  of  the  equa¬ 
tions  and  are  denoted  by  Kx,  K2,  etc.  The  solution  of  this  system 

♦ 

*In  this  book  we  shall  not  consider  tho  “unabridged”  method  of  solving canonical  equations,  the  latter  being  seldomly  used  in  stress  analysis  of  redun¬ dant  structures. 

♦♦The  first  of  these  four  equations  will  be  designated  by  a  Roman  figure. 
38—853 
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of  canonical  equations  will  be  carried  out  as  indicated  in  Table  1.12. 
All  tlie  entries  in  column  1  can  be  made  off  hand.  The  number  of 

Secondary  diagonals 

xAn  *  /An  *  *  *Au,  -  Ai  (O 
>'  s'  / 

*  /An + * Ar>  *  A  2  m 
''  s'  >- 

fAli  +  /Asi  f  ̂ A<u*  =  Kj  (31 '  s  s'  .< 

J(&i  +  A A^i + /Aw*  *A^-  ̂  
Secondary  diagonals 

% 

columns  and  lines  of  the  table  is  directly  dependent  on  the  number 

of  simultaneous  equations.  Thus,  for  instance,  if  our  system  con¬ 
tained  five  equations  instead  of  four  we  should  have  nine  columns 
instead  of  the  eight  contained  in  Table  1.12.  These  nine  columns 
would  be  under  the  following  headings:  Equation  No.;  X3\ 

X3;  Xi,  X3;  multipliers  a(*;  S,  and  K.  Similarly  instead  of  13  lines 
of  Table  1.12  we  would  have  19,  these  lines  being  designated  by 

(I);  (2);  (I)  -a12;  (II);{3);  (I)-a13;  (II)a23;  (III);  (4);  (I) -a,*;  (II)  a24; 
(III) -a34;  (IV):  (5);  (I)-aJ5;  (II).a2S;  (III) -a36;  (IV)-a45;  (V). 

Having  prepared  the  table,  enter  the  coefficients  and  the  values 
of  K  taken  directly  from  the  simultaneous  equations  into  lines 

(I),  (2),  (3)  and  (4).  No  entries  are  made  at  this  stage  in  the  column 
for  the  multipliers  ctj*.  Column  S  will  be  filled  in  with  the  values 
of  st,  s2,  s3,  .  .  sn  which  represent 

si  =  5n-}-8la-)-6i3-l*  .. .  +  8ln 

=  8ai  -j-  622  -f-  Sjj  -j-  . . .  -+■  6*n,  etc. 

Further  operations  are  carried  out  in  the  following  sequence: 

(a)  Compute,  the  values  of  oI2,  ctJ3,  and  au,  using  the  expressions 

indicated  in  the  corresponding  lines  under  the  heading  "multi¬ 

pliers  ath". 
(b)  Fill  line  (I)-aJ2  with  tho  values  of  the  products  obtained 
by  the  multiplication  of  all  the  entries  of  line  (I)  by  ai2. 

(c)  Calculate  the  values  of  6'2,  5'3,  etc.,  given  in  lino  (II)  adding 
two  by  two  the  entries  contained  in  line  (2)  with  those  of  line  (I) 

No  operations  are  carried  out  in  columns  Xi  and  "multipliers  ct;*". 
(d)  Proceeding  in  the  same  way  determine  the  values  a23,  “24. 

etc.,  using  expressions  contained  in  the  column  “multipliers  On". 
Gradually  the  whole  of  the  table  will  be  filled  in  that  way.  Whe¬ 

never  it  is  known  beforehand  that  the  value  of  an  entry  equals  zero, 

this  entry  is  replaced  by  a  dot.  Such  is  the  case  of  numerous  entries 
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in  lines  (II),  (III)  and  (IV).  Each  of  the  linos  marked  with  a  Roman 
figure  reprcsentsone  of  the  equations  to  bo  solved.  Thus,  for  instance, 
line  (III)  represents  the  equation 

•V3H33  +  X  4f>.lt  =  K3 

When  all  the  operations  arc  carried  out  correctly  the  sum  of  all 

the  coefficients  to  the  unknowns  of  each  equation  will  equal  the 
entry  in  the  same  line  in  column  S.  Thus,  for  instance,  for  equation 

(111)  it  must  be  found  that 

S’ss  +  6j4  =  A'" This  control  should  be  carried  out  each  time  the  corresponding  line 

has  been  completely  filled  in. 

The  last  of  the  equations  (in  our  case  equation  (IV) I  will  contain 

only  one  unknown  yielding  the  value  of  X4.  Equation  (IT I)  con¬ 
taining  two  unknowns  X3  and  X4  will  be  easily  solved  leading 
thereafter  to  the  solution  of  equations  (II)  and  (1)  thus  providing 
the  values  of  the  unknowns  X3,  X2  and  X|  in  succession.  The  final 
results  are  checked  by  the  introduction  of  all  the  unknowns  thus 
found  into  the  original  system  of  simultaneous  equations. 

To  illustrate  the  above  let  us  use  the  method  just  described  for 
the  solution  of  the  following  equations 

2X,-X2  +  3XS— X4  =  5  (1)  Si  —2 — 1  -f-3  —  1  =3 

—  Xt -r 3X2— 2X„— 5Xt  =  —  21  (2)  St=  —  1  +3— 2—  5=  —  5 

3Xt — 2X2 — 5Xj +  4Xt  =  0  (3)  S3  =  3— 2— 5+4  =  0 

— X,— 5X2  +  4X3+X*  =  5  (4)  S^  —  — 1  —  5  +  4+1  =  —  1 

All  the  coefficients  to  the  unknowns  of  these  equations  satisfy 
the  principle  of  reciprocal  displacements.  The  abbreviated  solution 
of  this  system  of  simultaneous  equations  is  contained  In  Table  2.12. 

Waving  filled  in  this  table,  proceed  as  indicated  above  with  the 
solution  of  the  equations  contained  in  lines  (I),  (II),  (ill)  and  (IV) 
starting  with  the  last  ono 

575  v  2,300  . - - iiO-’ 
X4  =  4 

96  v  .  44  . 

'lo'X3+lo"Xl: 

112  +  176 

2.5X,=  - 18.5 +  0.5x3  + 5. 5x4;  Xa  =  2 

2X,  =  5  +  2— 3x3  +  4;  X,  =  l 

To  verify  all  the  operations  enter  the  values  of  the  unknowns  into 

the  original  equations. 
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Table  1.12  shows  that  an  alternation  in  the  values  of  the  free 

terms  will  be  reflected  only  in  the  entries  of  the  last  column  K. 
For  this  reason  the  method  just  described  becomes  particularly 

well  fit  for  the  stress  analysis  of  redundant  structures  when  these 
are  called  upon  to  carry  different  loads. 

7.12.  SEVERAL  PROBLEMS  IN  STRESS  ANALYSIS  OF 

REDUNDANT  FRAMES 

Problem  1.  Construct  and  chock  the  .V,  Q  and  N  diagrams  for  the  double¬ 
span  symmetrical  frame  shown  in  Fig.  13.12. 

Solution.  The  frame  is  three  times  statically  indeterminate.  Fig.  14.12 

shows  one  of  the  simple  structures  which  could  be  adopted  for  the  solution 
of  the  problem.  However,  that  would  involve  the  simultaneous  solution 
of  three  equations  with  threo  unknowns. 

Tiie  problem  will  bo  considerably  simplified  if  the  unknowns  are  grouped 
as  indicated  in  Fig.  15.12.  In  the  latter  case  the  canonical  equations  become 

■1  +  Atp  =  0 

X 1651  -+■  X  2622 -f- A2p  =  0 

-i'3633  +  A3p  =  ° 

The  unit  bending  moment  diagrams  Mu  M 2  and  M 3  corresponding  to  the 
case  under  consideration  are  given  in  Fig.  10.12a,  b  and  c  while  the  diagram 
due  to  the  applied  load  is  presented  in  Fig.  17.12. 

Multiplying  the  appropriate  graphs  one  by  the  other  we  shall  obtain  the 
values  both  of  the  coefficients  to  the  unknowns  and  of  the  free  terms  of  the 

above  equations.  It  should  not  bo  forgotten  that  the  moments  of  inertia  of  the 

columns  are  only  half  as  great  as  those  of  the  crossbeams 

fi„=2  + 

5a3 

3  EJi 

,  a  2a 
°12  =  T, - o~ 2E7,  4HJ 1 

.  ,  n  «  2 i22  =  2T-T-T- 
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a3 

2 BJi  12  B/, 

..  t  a  2  1  1  \  .  „  a  2  n_  1  ,  «s 

633=2  (<lT'Tfl'B77~r0’<1’a  uc77l+2aT'T-2a-EJ\=3li77 
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i  ho  displacements  thus  computed  will  be  chcckoil  using  the  “summary” 
unit  bending  moment  diagram  lfs  due  to  the  simultaneous  application  of  all the  unit  forcos  acting  along  the  unknowns  (Fig.  18.12). 

\Pa 

JLUk-
M- 

\Pa 

2 

l  0 

"
1
 

7/? 

Fig.  17.12 Fig.  18.12 

The  value  of  bas  is  obtained  raising  to  the  second  power  the  Ma  diagram: 

s  v  f  77j  da  r  a  a  2  o  .  a  /  5  5 
6‘« *=  x  TJ *=  Lt ' T •  T- T+T  (2-2- fl -f  a  + 

*|-  2  •  2«  •  2a  +  2  •-!-  « •  2  a  )  1  ~~  +  2 ■  2  a .  4  -  -f- .  -?±_  =  JlfL 2  2 FJt  T  2  3  EJt  4  fJi 

Checking  that  condition  (11.12)  is  satisfied  we  find 

21a3  5as  a3  3 a3  a 3 

4 FJi  =  3 EJt  "•‘12I7;4  T77  +  2”42D7  0r 
2la3  21a3 
4  EJt  4^77 

It  follows  that  all  the  unit  displacements  are”correct 

**  “uu'w«  *•  ”■ 

i7_-2£jr[T''“'X'T.T’T  + 

+Tr  (2'i"  r-  t  +2"f  T+T  r*  •  T+T t)  + 

+T*-r(44*+»]-ffir 
Check  whether  condition  (13.12)  is  also  satisfied 

A  4„  =  ZA 35  Fa3  3  Pa3  H  Pa3  Pa3  35Pa3 

l'J2AV,  16£/„  192tf/,  +16£T1  or  “192*77 

....  Ufa3  ,  Pa3  35J»a3  35/>a3 

llJ2AV,  16*7,  192£/,  16£Vj  or  “  192A/J  1U2*/, 
This  indicates  that  the  displacements  due  to  the  applied  loads  are  also  cor- 

rect.  We  may  now  introduce  tho  values  ol  the  cooffieionts  to  the  unknowns  and 
ol  the  free  terms  into  our  system  of  canonical  equations.  Multiplying  the  first 
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two  of  these  equations  Ly  and  the  last  one  by  we  obtain 

320  +  4SX2  —36P  =  0 

48AT,  +  16X2— 11P=0 

48ATs-i-/>  =  0 

Tiie  solution  of  llieso  three  equations  leads  to 

The  construction  of  tho  resulting  bending  moment  diagram  for  the  given 

redundant  structure  will  be  carriod  out  in  the  following  sequence.  First,  deter¬ 
mine  the  bending  moments  induced  in  the  simple  structure  by  the  redundant 

Pig.  19.12 Pig.  20.12 

reactions  X,,  X2  and  X3  obtained  above.  For  this  purpose  multiply  all  tho 

ordinates  to  the  unit  bending  moment  graphs  Mt,  M2  and  by  tho  respective 
magnitudes  of  those  reactions.  The  three  diagrams  thus  obtained  are  represented 
in  Figs.  19.12,  20.12  and  21.12. 

The  ordinates  to  the  resulting  bending  moment  diagram  can  now  be  obtained 

summing  up  the  ordinates  to  these  three  diagrams  with  those  to  the  Mp  diagram 
given  previously  in  Fig.  17.12.  (In  Fig.  13.12  we  have  marked  by  an  asterisk 
those  of  the  ends  of  the  columns  which  are  considered  as  being  tho  left-hand 
ones  for  tho  construction  of  bending  momont  diagrams.) 

3  Pa 
7  Pa 3  Pa  4 

CD 

'  176 

44 

48  ̂
 

8  ~  : '  =  _ 
.  3Pa  _Ln  Pa  a 

5  Pa 

-oC  — 

176  1 

48  1 

132 

3  Pa 7  Pa 

Pa 
7  Pa 

176 22 

48 
 " 

h  4 

66 

3  Pa 
7  Pa Pa Pa 

1  — 
17Pa 

176 
22 

'  48  ' V  - 

264 

A/CG  =  0+0+-g-+0=_|*- 

=A1  fi.-—  — +°t— -:-o=- 
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In  all  the  above  expressions  M  da  denotes  the  bending  moment  at  cross 
section  B  ol  member  BA ,  Mac  denotes  the  moment  at  cross  section  B  of  member liC  and  so  forth. 

The  diagram  of  the  resulting  bending  moments  plotted  as  explained  above 
is  represented  in  Fig.  22.12.  In  order  to  check  the  accuracy  of  this  diagram 
let  us  compute  the  mutual  displacement  A/?(j  of  points  F  and  G  (see  Fig.  13.12). 
This  displacement  must  be  necessarily  nil  for  both  points  are  held  fast  by  the 
supports  of  the  frame. 

In  order  to  lind  the  said  displacement  wo  shall  eliminate  all  threo  constraints 
at  the  lower  end  of  the  right-hand  column,  transforming  thereby  the  right  half 
of  the  structure  into  a  statically  determinate  polygonal  beam  shown 
m  Fig.  23.12.  Let  us  now  apply  two  unit  forces  acting  along  the  directions 

of  the  desired  displacement.  The  bending  moment  diagram  duo  to  these  forces 
is  shown  in  this  liguro.  Multiplying  this  diagram  by  tlio  diagram  oi  the  resulting 
bending  moments  given  in  Fig.  22.12  wo  obtain 

•AfC „  a  Pa  2  1  ,  _  _  l  17  Pa  1  P«  |\ 

'  2  '  264  '  3  '  EJ,  '  a'a  [  264  '  2  264  ‘  2  J 
„  1  _  a  2  Pa  1  Pa^  (  \  ,  17 

2 EJi  '  2  ’  3  '  24  '  EJi  ~  264£T,  \  3  4 
4 

=  0 

It  will  be  remembered  that  the  product  of  the  resulting  bending  moment 
graph  of  Fig.  22.12  by  the  unit  diagrams  given  in  Fig.  16.12  must  be  also  nil. 

Lei  us  proceed  now  with  the  determination  of  the  shearing  forces 

Qau  ~Qba  — 

M  pa — M  AB 

—  5  Pa 

132 

—  0 

—  5  P 

132 

<?nc  =  0cn=(-7^+^f-) 

n  n  (  Pa  a.  i7Pa Qdu  =  Qed  = 

Qp.f  —  Qpe*=  ̂ "T  = 

1  57  P 

o/2  *W 

l  Tor 

a/2  132 

1  3  P a  ~  44 

P 

264 

Qdg  =  Qgd  — 

Pa 

24 a 
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The  signs  of  the  shearing  forces  can  be  checked  remembering  that  the  shear 

is  reckoned  positive  when  the  axis  of  the  element  must  be  rotated  clockwise 

through  an  angle  smaller  than  90°  in  order  to  come  in  coincidence  with  the 

tangent  to  the  bending  moment  diagram  at  the  section  under  consideration. 

Fig.  23.12 

57P 

The  magnitudes  of  the  shearing  forces  Q  obtained  above  have  led  to  the 
construction  of  the  diagram  shown  in  Fig.  24.12. 

The  values  of  the  normal  forces  will  be  derived  from  tho  equilibrium 

of  joints  11,  D  and  E  isolated  in  succession  (Fig.  25.12a,  b  and  c).  In  these 

Fig.  25.  12 

computations  unknown  normal  stresses  will  be  always  reckoned  positive, 

i.O..  causing  the  extension  of  the  corresponding  member.  The  values  of  shearing 

forces  are  taken  directly  from  the  shear  diagram  of  Fig.  24.12.  The  equilibrium 
equations  become; 

Joint  B  (Fig.  25.12a) 

2Y=  ~Nba - i32-  =  <> 
wherofroro 

fHP 
Nba= - J32"  (compression) 

ZX  =  ~-  +  Nbd=0  therefore  — ^-(compression) 

Joint  D  (Fig.  25.126) 

2Y  =  — iVoc  — 
75  P 

132 

3  P 

44 

0 
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wherefrom 

ZX-- 

Ndc  =  — 
—  DB~\~^DE  — 

7 P 

11 

P 

24 
 = 

(compression) 

=  0  but  since  ,VDB  =  Nn() 

we  finally  havo 

„  P  5  P  P  ,  x  .  . 

NaE'm~X—\ST~SX'  (extens,on) 
Joint  E  (Fig.  25.12c) 

3jP  jp 

2Y  =  — Nep  —  0  wherefrom  NEp  =  -^~  (extension) 

p  p 

Y,X——NKd- I — 2H4"  =  ̂   therefore  ^ed  =  -^-  (extension) 

Since  Ned  —  Noe  the  latter  result  may  be  regarded  as  confirming  the 
accuracy  of  previous  computations.  The  diagram  of  the  normal  stresses  given 
in  Fig.  20.12  has  been  constructed  using  tho  data  just  obtained. 

SP 

m 
 ■ 

_p 

®  /a* 
m 

pea
 

n 
© — 

- 

— ■ - 
1. 

Lj 

57P 
m 

TP 

// 3P 

44 
Fig.  26.12 

Lot  us  check  tho  accuracy  of  tho  M ,  Q  and  N  diagrams  using  the  method 
based  on  equilibrium  considerations.  Isolating  the  upper  half  of  the  frame 
wo  must  find  that  tho  actual  loads  applied  to  that  part  of  the  structure  are 
balanced  exactly  by  tho  stresses  acting  at  the  cuts,  i.e.,  at  midheight  of  tho 
columns  (Fig.  27.12).  The  values  of  thoso  stresses  will  be  scaled  off  tho  corre¬ 
sponding  diagrams  (see  Figs.  22.12,  24.12  and  20.12).  Indeed  we  find  that 

<lo-M+i>-° 

57P  7  P  3  p  p 

^=-7>+-i3r-<--Tr--44-“i32-(-132  +  57  +  8/*-fl>=0 f>p 

,  P 

.JL\. i-4-P— - 
132 24 

264  ) 2  +  2 

IP 

,  3  P 

.  5  Pa  .  Pa Pa 

11 

+  44 

264  +  48 

528 
 ~~ 

■= -j2g- ( —  1 0  + 11  —  l -I- 264  —  33t> + 72  —  1  ° -f  1 1  —  I )  «=.  i ) 

Hence  all  the  equilibrium  requirements  are  satisfied. 
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The  M ,  Q  and  N  diagrams  could  be  obtained  using  a  somewhat  different 
procedure.  Indeed  we  could  apply  to  the  conjugate  statically  determinate structure  the  redundant  reactions 

y  _  3P  .  v  lp  ,  v  P  ' 
A2==1T  an<!  *3=  “18 

together  with  the  actual  loads  as  shown  in  Fig.  28.1 2a  and  6.  Thereafter  we  could 
calculate  the  values  of  the  reactions  developed  at  the  supports  of  the  latter 
structure  under  tho  simultaneous  action  of  all  the  forces  mentioned  above. 

Fig.  28.12 

This  diagrams  of  the  bending  moments,  shearing  forces  and  normal  stresses 
obtained  in  that  way  for  tho  simple  statically  determinate  structure  would 
coincide  exactly  with  the  corresponding  resulting  stress  diagrams  for  the  given 
redundant,  structure. 

Problem  2.  Required  the  complete  stress  analysis  for  the  two-story  frame 
of  a  factory  building  loaded  unsyumietrically  along  the  top  crossbeam.  The 
different  regidilies  of  all  the  frame  members  are  indicated  in  Fig.  29.12. 

Fig.  29.12 

Solution.  The  conjugate  simple  structure  will  be  obtained  sectioning  both 
crossbeams  at  midspan  (Fig.  29.126).  Tho  bonding  moment  diagrams  duo 
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lo  unknown  unit  forces  are  given  in  Fig.  30.12.  The  diagram  of  the  bending 
moments  induced  in  tho  same  simple  structure  by  the  actual  loading  is  giver* 

in  Fig.  31.12.  Owing  to  the  proper  choice  of  the  simple  structure  all  the  follow¬ 
ing  secondary  displacements  reduce  to  zero 

^12»  6)5,  633,  82;,  6261  ̂ 35*  64s  an(l  ^58 

In  this  case  the  system  of  simultaneous  equations  will  fall  into  two  sepo rate- 
groups,  the  first  containing  four  unknowns  out  of  tho  six  and  the  seeond  two 
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unknowns  only: 
(a)  the  first  group 

Ari6ii  +  ̂36i3  +  Jr46i4  +  A'5618=  — Aip 

•^l^si  4" -2^33  -~-X  4634+ A'flSgo™  — A  yp 
A^l6«|  4“ ■^3643  +  -^ 4^44+  ̂ 6^46=  — A4p 

ATi6oi4- A  =  — A  bp 

(b)  the  second  group 

^2^22  +  ̂5^25  =  —  A2p 

■^2652+ -^5655=  —  A5p 

All  the  displacements  will  be  calculated  assuming  that  £/  — 1  ton  sq  in 

fin  =  A£i-X  |_x4x^+-|-(2x4*+2xl0*+2x4xi0)i-- 3M.7 

at3=-^-  X 1 X  4 + 6  x  ̂4^  X 1 X  \=  58 

6X6 

(4+tx6)t=U4 
42 

6ie--=^4r^XCxlX-§- 

633  =  6xlXlX-2-+4XlXlX2  +  6xlxlxl< 

*34  =  -^-  X  \  X  2  =  18 

.17 

630-.1x6x-s-x2  =  6 

6*4  = 

6x6 

xttx6xt=72 
,  _  6X6  1  ,R 

64a —  2 —  X  *2*  X  2  — 18 

698  =  6x  1  X  1  X  -^-+6  X  1  XI  X-^-X  2  =  7.5 

a22  =  iilX-|-X3x-i-X2+4x3x  3x2  +  6x3x3xl  =  135 

62i  =  3x6x3x-^-x2  =  54 

*55  =  — ^X  -|-X3x-^-X24-6x3x3x  -|-X2  =  58.5 

Aip  = 

9X3 

4  X  4  x  9  6(104-4)  X  9 
2X1 2x2 

=  —261 

A,p  =  — A— x  X  3 -4  X  9  X  3- - 199.12 



560 Analysis  of  Highly  Redundant  Structure a 

3xOXl  4x9x1  6x9x1  ft7e. 

- 3y"2 - i - 2 - -=-67-5 

—  ~~ 

6x6x9 

- 2x2  " 

a.,— !*!»!--« 

In  order  to  check  the  values  of  those  displacements  construct  the  summary 

unit  bending  moment  diagram  Ms  duo  to  the  simultaneous  action  of  all  the 
unit  reactions  shown  in  Fig.  32.12.  The  value  of  6sa  will  bo  obtained  raising 

to  the  second  power  the  Ma  diagram  while  the  value  of  ASP  multiplying  the 

M,  diagram  by  the  Afp  one 

6„  =  S  -  — y  (2  X  4*  +  2  -  2*  -  4  x  2  X  2)  + 

+ ~F~rr  (2x  /‘8  +  2X8» 4- 4X  8X2)  4-Tr^r  (2x12* +2X24*+ 12x24x2)  + 

+  1j|T(2X4*  +  2X2*-4X2x2M-g— -(2x2*+2x2i-2x2x2)4- 

+  mx!  
xl2=132/i-7 

►  - — _  ds 

1  M‘MP~EJ (t+i-X3)--‘^-(4+8)- 

•  {12 +  24)  =  —716.62 

Condition  (11.12)  requires  that  6ea  =  Sfi.  Indeed 

1324.7  =  354.7+ 17  +  72  +  7.5+ 135  +  58.5  +  2  (58+ 144  +  42  + 

+  18  +  6  +  18+54)  or  1324.7  =  1324.7 

Condition  (13.12)  requires  that  Asp  =  2A.  Indeed 

— 7 1 6.62  =  —  261  — 199. 12  -  67.5  —  81  —  81  -  27  =  —  716.62 

Both  of  these  conditions  being  satisfied,  we  may  be  sure  that  no  error  has 
been  committed  in  calculating  the  unit  displacements.  Substituting  the  values 
of  those  displacements  in  the  two  groups  of  simultaneous  equations,  we  obtain 

354.7*!  +  58*3  +  144*4+42*a  =  +  261 

58*i  +  17X3+ 18*t +  6*e+  —  67.5 

144*1  +  18*3  +  72*4+18*6+  =81.0 

42*,  +  6*3+18*4+7.5*6=  +27.0 

135*2+54*3=  + 199-12 

54*2+58.5Xj=  +81.0 
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The  solution  of  those  equations  (omitted  hero)  loads  to  the  following values  of  tile  redundant  reactions 

*,= +0.607  ton  A/(  — — 0.002  ton 

X2 -.=  +  1.400  tons  A5=+ 0.037  ton 

X-s**  +2.753  toil-metres  = — 0.340  toil-metre 

Applying  all  the  forces  to  the  simple  statically  determinate  structure  and 
calculating  the  bending  moments  induced  both  by  the  reactions  just  obtained 
and  the  actual  loads  wo  find 

47  58  =  +1-460  X  3  +2.753  — 9=  — 1.87  toil-metres 

4/gS  =  —1.400  x  3  +  2.753= — 1.63  ton-metres 

A/a4  =  +0.037  x  3  —  0.340=  -0.23  ton-metre 

M kZ~  — 0.037  x  3  —  0.340=  —0.45  ton-inetrc 

A/*;  =  —0.607  x  4  +  1.460  x  3  +  2.753— <1  =  -J-0.56  ton-metre 

37 4C  =  +0.007  x  4  — 1.460  X  3  —  2.753=  +0.80  ton-metre 

37.31  =  +0.607  X  4  + 1.460  x  3  +  2.753  +  0.037  X  3— 0.340  — 

—  9  =  +  0.33  ton-metre 

3/«=  +0.607  x  4  — 1.460  x  3  +  2.753  —  0.037  x  3  -  0.1340=  +0.36  ton-metre 

A/i3= +0.C07X10  +  1. 460x3  +  2.753  — 0.692x6  + 

+  0.037  x  3  — 0.340  —  9=  — 0.18  ton-metre 

3/24=  +0.607  X  10—  1 .460  X  3  +  2.753  —0.692  x  6— 
—  0.037  x  3  —  0.340  =  — 0.16  ton-metre 

The  samo  bending  moments  could  he  obtained  as  follows:  first  multiply 
the  unit  bending  moment  graphs  of  Fig.  30.12  by  tho  corresponding  values 

36— ar.a 
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of  the  unknowns.  Thus,  all  the  ordinates  to  the  diagram  induced  Ity  Xj  =  1 
(see  Fig.  30.12a)  should  be  multiplied  by  +0.607,  the  ordinates  to  the  graph 

induced  by  X2  =  1  (Fig.  30.126)  by  +1.460,  and  so  forth.  This  will  give  the 
bending  moment  diagrams  shown  in  Fig.  33.12a,  6,  c,  d,  e  and  /*.  This 
being  done,  add  up  the  ordinates  to  all  of  these  diagrams  together  with  thoso 
to  the  diagram  due  to  the  actual  loads  (see  Fig.  31.12).  The  resulting  ordinates 
will  represent  the  ordinates  to  the  bonding  moment  diagram  corresponding 
to  the  given  redundant  structure.  It  will  be  readily  observed  that  the  bending 
moments  at  the  joints  are  the  same  as  determined  previously 

—  4.38+  2. 75  —  9=  — 1.87  ton-metres 

A/34  =  -+  0. 1 1  —  0.34  = — 0.23  ton-metre 

A/35  =  +2.43+4.38  +  2.75  —  9=  +0.56  ton-metre 

Af3i—  +2.43  +  4.38  +  2.75  +  0.11—  0.34  —  9=  +0.33  ton-metre 

Ai i3—  +6.07  +  4.38+2.75—4.15+0.11 — 0.34 — 9=  —0.18  ton-metre 
and  so  forth.  The  resulting  bonding  moment  diagram  for  the  frame  under 
consideration  is  given  in  Fig.  33.12g. 

Problem  3.  Required  the  complete  analysis  of  a  double-span  symmetrical 
frame  loaded  with  one  horizontal  force  (Fig.  34.12a). 

Solution.  The  frame  under  consideration  is  redundant  in  the  third  degree. 
The  simple  statically  determinate  structure  adopted  is  represented  in  Fig.  34.126. 
Tho  bonding  momont  diagrams  induced  by  unit  reactions  will  bo  constructed 
for  the  following  groups  of  unknowns: 

X,  consisting  of  two  horizontal  antisymmotrical  forces, 
X 2  consisting  of  ono  vertical  roaction  at  tho  central  support, 
X 3  consisting  of  two  symmetrical  horizontal  forces. 
Tho  corresponding  unit  bending  moment  diagrams  are  shown  in  Fig.  35.12. 

Let  us  resolve  tho  force  acting  on  tho  frame  also  in  two  groups  of  components, 
one  symmetrical  and  the  othor  antisymmotrical  as  indicated  in  Fig.  36.12a 
and  6.  The  bending  moment  diagrams  due  to  these  components  are  also  given 
in  the  same  figure. 

The  displacements  A  induced  by  the  actual  loads  will  be  obtained  multi¬ 
plying  tho  bonding  moment  graph  due  to  antisymmetrical  unit  forces  Xi 
(Fig.  35.12a)  by  the  graph  of  Fig.  36.126  due  to  the  antisymmetrical  component 
of  tho  actual  load.  The  same  operation  will  be  repeated  with  the  graphs  due 

to  tho  symmetrical  unknowns  Xg  —  1  and  X)  =  1  on  one  hand,  and  the  graph 
due  to  the  symmetrical  components  of  force  P  given  in  Fig.  36.12a,  on  the 
other.  It  is  obvious  that  both  secondary  displacements  612  and  6l3  will  reduce 

♦ 

*  It  is  not  advisable  to  change  the  scales  of  the  unit  diagrams  instead 
of  constructing  new  ones,  this  procedure  constituting  a  source  of  frequent  errors. 
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to  zero.  Consequently,  the  three  simultaneous  equations  become 

•'Mu -f  Aip =0 

-4-  X 3^23  "1“  A2p  “  0 

A  2&J2  4*  -X3633+  A.jp  ~  0 

Let  us  calculate  all  the  displacements  assuming  that  EJ  —  1  ton  sq  m 

«„-»X  10«ysx»+2x  ■0.«X3*9.5+2X 

7.5  X  7.5X5  ,  10.5x21  X  14  , 

X - 272 - + - 271 - 

622  =  2  X 

10.44  X  5  X  -y  X  5 
=  +58 

633  =  2  X  ^  -  +  2  x  i0^2Xxy9-5+2x75X2^X5  =+709-6 

6;a  --  2  X  ■  9~ -  +<65.3 

.  „w  10.44x15.75x9.5  ,10.5x31.5x  14  ,  .,oor  0 

At,,  =  2  X - 273 - +  271  “  "r  J‘ 

.  ...  10.44X5X3 
A’p=2X - 273 - =  f52'2 

.  n..  10.44x4.5x9.5 

4jp“2x - 2x"2 - "■  +148.77 

Substituting  these  values  into  the  above  system  of  equations  wo  obtain 

2253.1Xt=—  2835.9 

58X2  +  195.3^3=  -52.2 
165.3X2+709.BX3=  —148.77 

The  solution  of  these  equations  yields 

-=  +52.2 

=  +148.77 

X, - 1.259;  A*2=—  0.900=  — 0.9;  X3  =  0 
The  bonding  moments  at  different  cross  sections  of  the  structure  will  be 

M 45  =  -1- 1 .259  x  7.5  =  +  9.44  ton-metres 

,VM  =  + 1.259  x  10.5+0.9  X  5—4.5  —  15.75=  —2.53  ton-metres 

/W,fl  =  — 1.259 X  10.5-t- 0.9  X  5  —  4.5  +  15.75=  +2.53  ton-metres 

65  =—1.259  x  7.5=  —9.44  ton-metres 

M w  =  —  1 .259  x  21  +  31 .5  =  +  5.06  ton-metres 

The  sanie  bending  moments  could  be  obtained  using  the  procedure  adopted 

in  the  previous  problem,  that  is  multiplying  the  ordinates  to  the  unit  graphs 

by  the  magnitudes  of  the  appropriate  unknowns  *  and  then  summing  up  all 
♦ 

*  This  means  that  the  ordinates  to  the  M,  diagram  will  be  multiplied 

by  (—1.259)  and  those  to  the  M2  diagram  by  ( — 0.9). 
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these  ordinates  together  with  tlio  ordinates  to  the  diagram  due  to  the  actual 
loading. 

The  resulting  handing  moment  diagram  is  given  in  Fig.  3712. 
Certain  simplifications  could  bo  introduced  in  the  above  computations 

on  the  following  grounds.  When  the  given  structure  of  Fig.  34.12 a  is  acted 
upon  hy  two  symmetrical  horizontal  forces  as  shown  in  Fig.  36.12a  alone  the 
inclined  members  will  work  in  direct  compression,  all  other  members  remaining 

idle.  * 
For  this  reason  the  bending  moment  diagram  due  to  tiro  single  load  will 

he  exactly  tire  same  as  the  one  produced  by  tho  application  of  its  antisymmetries! 
components.  It  follows  that  the  horizontal  reactions  at  the  supports  of  tho  two 

outside  columns  must  he  equal  both  in  value  and  in  direction,  which  means 

that  X  3  =  0.  l’rovrously  we  have  arrived  at  the  same  conclusion  at  the  outcome 
of  rather  laborious  calculations. 

The  symmetrical  components  of  force  P  will  provoke  no  bending  at  joint  .5. 

However,  we  have  found  previously  that  the  bending  moments  in  the  adjacent 
cross  sections  of  the  inclined  members  duo  to  the  nntisyminctrical  components 

equal  —4.5  ton-metres  (Fig.  36.12u).  These  moments  must  he  balanced  hy  the 
moments  induced  by  the  redundant  reactions.  Of  these  only  X»  and  X„  can 
give  rise  to  bending  in  the  inclined  members  immediately  to  the  left  and  to  the 
right  of  joint  5.  Consequently,  tho  bending  moments  induced  hy  both  of  these 

reactions  at  the.  cross  sections  just  mentioned  must  equal  4.5  ton-metres.  And 
since  X3  =  II  we  may  write  that  — 5X2  —  -j-  4.5  wherefrom —4  5 

JT2  =  — jp—  =  — 0.0  ton 

In  tho  above  equation  the  coefficient  ( — 5)  to  the  unknown  X2  represents 
the  value  of  tho  bending  moment  at  the  cross  section  under  consideration  due 
to  a  unit  load  following  the  direction  of  X2  (see  Fig.  35.125).  Thus,  out  of  ihreo 

*  This  is  easily  proved  by  the  introduction  of  imaginary  hinges  at  joints 
4  and  6  and  by  the  elimination  of  the  horizontal  constraint  at  joint  2.  The 

application  of  the  symmetrical  components  will  produce  no  bending  in  any 
member  of  the  latter  structure.  Therefore,  all  the  freo  terms  of  the  canonical 
equations  become  nil,  which  requires  that  all  the  reactions  of  the  redundant 
constraints  should  be  equally  nil. 
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unknowns  two  may  bo  determined  off  band  leaving  only  one  unknown  Xs.  This 
will  require  tile  computation  of  two  displacements  6i,  and  Alp  and  the  solution 
of  one  equation  with  ono  unknown.  The  abovo  example  shows  that  in  certain 
cases  quite  complicated  problems  can  be  solved  very  simply. 

Problem  4.  Required  the  stress  diagrams  for  both  vortical  and  horizontal 

members  of  a  three-span  highway  bridge  schematically  represented  in  Fig.  38.1 2a 
carrying  on  the  first  two  spans  a  uniformly  distributed  load  of  throe  tons  per 
metre. 

Solution.  The  simple  statically  determinate  structure  to  be  adopted  is  indi¬ 
cated  in  Fig.  38.126.  Tho  bending  moment  diagrams  duo  to  unit  reactions  are 

Fig.  40.12 

given  in  Fig.  39.12.  The  diagrams  duo  to  the  symmetrical  and  antisymmetrical 

components  of  the  actual  loads  are  represented  in  Fig.  40.12  *.  An  examination 
of  the  above-mentioned  bending  moment  diagrams  loads  immediately  to  the 
conclusion  that 

6 13  —  ̂ 15  =  $23  —  $25  =  =  &45  “  0 
♦ 

*  Tho  replacement  of  the  actual  loading  by  its  symmetrical  and  antisyin- 
metrical  components  will  entail  in  the  present  case  hardly  any  simplification 
at  all. 
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Consequently,  the  five  simultaneous  equations  will  subdivide  into  two 
independent  systems,  one  containing  two  equations  and  the  other  three. 

The  first  system  will  contain  only  unknowns  with  symmetrical  diagrams 

'^1^11  +  -^ 2^12  +  ̂ 4^14—  — Alp 

X 1+1  X 2622  +  X4624  =  •—  &2 p 

-“f  1*41  +  ̂2*42  +  -“f  4®  44  =  —  A4p 

and  tho  second  only  tho  anlisymmetTieal  ones 

•^3633  +  >^5*35  —  —  A3  p 

-y3®53+-X5&55=  — A5j) 

Let  us  proceed  with  the  calculation  of  all  the  displacements  assuming 

that  EJy  —  1  ton  sq  m 

*  ,  9x9x6  ,  16x9x9 
6n=~r2x  j--a  ■  + - 7> - +W8 

n  9x9x1  ,  16x9x1 

a«"  +2 x  TxT3  - d - “  t9° 
.  16x9x12  „„ 

*14  = - - - =  —432 

*  ,„,JXlXl  ,  16X1X1  , 
*22=  +2  X   j-jr - 1 -  ■  j - =+10 

X  16x1x12  ta 

*24= - - =  —16 

,  ,  „w  12X12X8  ,16x12x12  ,  „„ 

3  44  =  +  2  X - ^ - + - 7i - =t900 

x  ,  „  9x1x1  108Xlx 2/3 

*33- +2  X  l5  +2—2x4 - + 13333 

a _ 0  x  3  *-1  x  3  — _ 16 
*35-  2X  2x4 

,  .12X12X8  8X12X8  ,  ™ 

•w  t2X'  2X3_ +2X  2xd  +57 

X  ,  (16  x  108  — 2/3  X  16  X  96)  9  ,  ,  Ktll 
p  *  ~\ - 7 - —  ~r 

a,„-+  ..HxJ^-Mxl6xM1l  _  +  ,.„ 

A„-+2xt^fi!5.+14l 

x  ..x  12x108x8  ,  2x2/3x12x27x6 
A*p=-2X - 5T73 - H - 5 - 

(16x108—2/3x16x9(1)12  _ 
\ 

,  _  12X108X8  ,  „„  2/3X12X27X6  8x108x8 
ASp=-2X - s-  +2  X - - 3 - — 2x  2*4 - 4'32° 
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Introducing  these  values  in  the  equations  given  above  we  obtain 

048X,  +  90X,  —  432*4  =  — '  .584 

!IO*i +  16*2—48*4=  —176 

_  ',32*,  —48*2+  960*4=  +4,704 

13.333X3—16*5= -144 

—  1  (>A'3  +  576*5  =  +  4,320 

Dividing  all  the  terms  ot  the  first  equation  by  18,  of  the  second  by  2, 
of  the  third  by  48,  of  the  fourth  by  8/3  and  of  the  fifth  Iby  16,  we  find 

36*i+5Xj— 24*4=  —88 

45X4+8X2-24X4=  —  8« 

-  9*  j  —  X-j  +  20*4  =  +08 

5*3 -0X6=—  54 

-*3+36Xs  =  270 

The  solution  of  thoso  equations  yields 

*,  =  +2.145  tons 

*2= — 6.435  ton-metres 

*3=  —1.862  ton-metres 

*4  =  +  5.543  tons 

Xs=  — 7.448  tons 

In  order  to  find  the  ordinates  to  the  diagram  of  the  resulting  bending  moments 

acting  along  the  members  of  the  redundant  structure  we  may  now  add  the  ordi¬ 
nates  to  the  unit  graphs  multiplied  by  the  value  of  the  corresponding  unknown 

to  those  of  the  bending  moment  diagram  due  to  the  actual  loading.  This  result¬ 
ing  bending  moment  diagram  is  represented  in  Fig.  41.12. 

As  for  the  shearing  forces,  immediately  to  the  right  of  tho  left  abutment 
we  have 

=  ̂ -=12.99  tons 
2 

12 
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In  the  deck  member  to  the  left  of  joint  4  wo  find 

3  X 12  60.11 =  —23.01  tons 

end  to  the  right  of  the  same  joint 

.  3x16,71.12-37.59 1 26.10  tons 

Continuing  in  the  same  way  wo  shall  obtain  all  the  data  necessary  for  the 
construction  of  the  shear  diagram  represented  in  Fig.  42. 12a.  This  diagram 

Fig.  42.12 

will  permit  the  construction  of  tho  diagram  for  normal  stresses  given  in 
Fig.  42.125. 

In  order  to  find  the  position  of  tho  maximum  bending  momenta  let  us  deter- 

12.99 

mine  tho  points  whore  shearing  forces  reduce  to  zero:  Xx  —  g'- —  =  4.33  me¬ 

tres  and  X2  = =  8.70  metres  (Fig.  42.12a). 

The  bending  moments  at  those  cross  sections  will  amount  to 

for  the  span  H-4\ 

4.332 

..  •  rx  .  .  /  nn  o  A  .  .  r  CIO  4  O  I  ....  .w . 

f  =  12.99  x  4.33  —  3.0  X  ■ -  =  28.12  ton-metres 

for  the  span  f-o 

8  702 

Mmax =  —71.12  -1-26.10  X  8.70— 3.0  =  42.41  ton-metres 

The  reactions  at  tho  supports  aro  as  follows 

At  =+49.11  tons;  A%=  +  23.81  tons 

A*  =  •+- 12.99  tons;  A$=  —1.91  tons 
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The  values  of  reactions  A3  and  Ag  may  be  easily  checked  remembering 
that 

+i  =  X4  +  Xs  =  +5.543+  7.448  =  +12.99  tons 

+,  =  .Y4  — X5=  +5.543  -  7.448-=  —1.91  tons 

Problem  5.  Roquired  Iho  bending  moment  diagrams  for  all  tho  members 
of  the  frame  given  in  Fig.  43.12.  This  frame  is  redundant  to  the  sixth  degree 
and  tho  flexural  rigidity  of  all  its  members  is  the  same. 

Solution.  Lot  ns  adopt  the  simple  statically  determinate  structure  shown 

in  Fig.  44.12  and  let  us  subdivide  all  the  unknowns  in  two  groups,  tho  first 

Fig.  43.12  Pig.  44.12 

containing  only  the  antisymmetrical  ones  Xj,  X2  and  Xs,  and  tho  second 
containing  all  the  symmetrica]  ones  X4)  Xs  and  Xe.  Since  tho  system  of  loads 
acting  on  the  frame  is  antisymraetrical  itself  only  the  antisymmetricaf  unknowns 
will  differ  from  zero  (see  Art.  3.12).  It  follows  that  the  given  problem  can  bo 
solved  using  one  system  of  threo  simultaneous  equations  with  three  unknowns only 

+-^26  « +  ̂ 3^13+  Atp=0 

Xjfigl  +  X2622  +  X3823  +  &2;j  =0 

^1^31  +  X'2632  +  X3633  +  &3p  =  0 
In  order  to  obtain  the  values  of  all  the  free  terms  and  the  coefficients  to  tho 

unknowns  we  must  construct  the  bending  moment  diagrams  duo  both  to  the 
antisymmetrical  unknowns  and  to  the  actual  loads  applied  to  the  conjugate 
simple  structure  (Fig.  45.12).  The  multiplication  of  the  graphs  will  bo  carried 

out  using  Vereshchagin's  mothod,  all  the  bending  moment  diagrams  being 
bounded  by  straight  linos.  We  shall  also  assume  that  EJ  =  1  ton  sq  m.  Hence 

611  =  2  X  — h  -|-(2x55  +  2x82  +  2x5x8)2  + 
,  16x8x2  w  JC 

+  '  2x3  ~Xl6, 
622  =  A|1X-|.X  4x2+8x8x8  =  565.3 
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633  =  tx5xlx  4  +  2x3x2  =  52 

612,=  _iL£JL(2x  4x8+5  X4)-^^X8=  -652 

6,3=  I.5x-ij-x2  +  lx5x  6.5  x  2  +  — =218 

633  =  — X  1 X  2 — 8  X  8x  2  =  -148 

The  displacements  induced  in  the  simple  structure  by  the  actual  loads 
will  lie  obtained  in  a  similar  way 

A„,  =  2x  5/6  (2x8x12+5x12)  +  8/6(2x10  x  24-16  x  72) - 92 

A2j)  =  —1^5 x  -3-  X  4  X  2  +  8 X  8  X  HLz^l=  1 .370 

^3d  X 1  X  2  —  2  X  8  X  24=  — 324 

The  above  values  may  be  checked  using  the  summary  bonding  moment 

diagram  due  to  the  simultaneous  application  of  all  the  unit  reactions  given 

Fig.  45.12 

in  big.  46.12.  Let  us  see  whether  condition  (11.12)  is  fulfilled 

26  =  6,, +  632  +  633+2  (6,2+6,3+623) 

26  =  1,196  +505.3  +  52  +  2  (— 652+  218— 148) =649.3 
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At  the  same  time 

fiM=2^;^--^-t2xl2  +  2x62H-2x1x0)  |- 

-I- (2  X  0*4-2  X  5*4-2  X  6  X  5) +8/6  (2  X  10*  — 

+  2x6*— 2xGx10)=64!).3=26 

Consequently,  all  the  coefficients  to  the  unknowns  arc  correct.  Check 

in  the  same  way  the  displacements  due  to  the  applied  loads  using  expres- 

Fig.  40.12 

sion  (13.12) 

J  A  —  Alp  4-  &2p  4*  A3 p  =  —  924-1,370  —  324  =  9 BO 

Asp  =  2  J  M.M  p  JL.  =  2*5.  (2  X  5  X  1 2  4-  G  X  12)  + 

4-8/6  (2  x  10 x  244-2  X  6  x  72  — 10 x  72 — 6  x24)  =  960  =  2A 

Having  made  sure  that  all  the  operations  carried  out  thus  far  are  correct, 
wo  may  introduce  the  values  of  the  displacements  into  the  system  of  [our 
simultaneous  equations 

1,198*, —652*2+218*3=92 

—  652*,  -)-  5C5.3*2—  148*3  =  1,376 

218*,  — 148*2  4-  52*3 = 324 

Upon  simplification  these  equations  become 

598*,  —  326*24- 109*3  -=  46 

—  326*,  4-  283*2  —  74  *3  «=  688 

1 09*,  —  74*2  4-  26*3  =  1 62 

Their  solution  will  he  carriod  out  in  tabular  form  using  the  abbreviated method  as  indicated  hereunder. 
Solving  equation  (III)  wo  obtain 

4.1*3  =  61,4;  *3  =  14.97  ton-metres 

Thereafter  from  equation  (II) 

100*2— 15  X  14,97=  -663; *2=  — 4.237  tons 
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Table  3.12 

Equation 
No. 

*i x2 
x3 

Multipliers  ai)t 
s K 

(I) 598 

—326 

109 ccj2  —  0.546 
a)3=  —0. 182 

381 46 

(2) 
(*)'a!2 

283 
—  177 

-74 

59 

— 1 17 

208 

—688 

25 

(ID 100 

—15 

a-2'j  —  0 . 141 
91 

—663 

nn  . 

■ 

20 

—19.8 -2.1 

1 

Cl 

—69.5 

12.7 

162 

—8.4 

—93 

(HD 
• 4. 1 

4.2 

61.4 

anti  finally  from  aquation  (11 

598*!  + 326  X  4.237  +  109  X  14.97  =  46;  X,  =  —4.961  tons 

In  order  to  make  sure  that  the  roots  of  the  equations  are  correct  let  us 
introduce  them  into  one  of  the  simultaneous  equations,  say,  the  third  one* 

—  4.961  x  109  +  4.237  X  74+ 14.97  X  26— 162  =  0.009  0 

It  remains  now  to  multiply  the  ordinates  to  each  of  the  unit,  bending  moment 
graphs  by  the  magnitude  of  the  corresponding  redundant  reaction  as  shown. 

in  Fig.  47.12,  arid  to  add  all  of  these  ordinates  together  with  those  to  the  bend¬ 
ing  moment  diagram  due  to  the  applied  loads  (see  Fig.  45.12).  The  ordinates- 

♦ 
*  It  is  more  advisable  to  substitute  these  roots  into  all  of  the  simultaneous 

equations. 
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situated  to  tho  right  and  below  the  corresponding  members  will  he  reckoned positive 

Af12  =  —14.97 

A/2t  =  _  14.97  +  24.80  =  0.83 

A/32=  — 14.97  — 16.05  +  36.69 — 12.00=  —4.23 

MSi  =  29.94+  33.90  —  79.38  -f  24 .00  =.  8. 40 

M  t3  =  29.94+33.90—72.00  =  —8.1(1 

The  ordinates  to  tho  resulting  bending  moment 
on  the  side  of  the  more  extended  fibres  (Fig.  48.12). 

diagram  will  he  plotted 

Upon  completion  of  this  diagram  it  is  necessary  to  check  the  accuracy 
thereof'. 

(1)  Check  the  equilibrium  of  joint  3  (Fig.  49.12) 

T.M3  =  —4.23  —  4.23  +8.40  =0 

(2)  Check  whether  the  algebraic  sum  of  graph  areas  along  a  closed  contour 
equals  zero.  This  is  carried  out  bearing  in  mind  that  the  rigidity  of  all  elements 
of  contour  1-2-3-4  remains  constant  and  reckoning  positive  the  parts  of  the areas  situated  outside  of  tho  contour 

14.97—9.835 X5  + 4.23-9.835 

2 
X5-f 

8.46  —  8.104 
X  8  =  0.009  ̂   0 

8.12.  STATICALLY  INDETERMINATE  TRUSSES 

By  statically  indeterminate  trusses  we  mean  such  geometrically 
stable  hinge-connected  framed  structures  for  which  neither  the 
stresses,  nor  the  reactions  can  be  found  without  the  knowledge  of the  deflections  sustained. 

Bach  statically  indeterminate  truss  (as  well  as  any  other  redun¬ 
dant  structure)  may  be  transformed  into  a  simple  statically  deter¬ 
minate  one  by  the  elimination  of  tho  redundant  constraints  pro- 
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vided  such  constraints  are  not  indispensable)  from  the  viewpoint 

of  the  stability  of  that  structure. 

The  number  of  eliminated  constraints  will  always  represent  the 

degree  of  redundancy  of  the  truss  under  consideration.  Redundant 

trusses  may  be  statically  indeterminate  both  internally  and  ex¬ 

ternally  just  as  the  framed  structures  with  rigid  joints  studied  in 

previous  articles.  Jn  the  first  case  the  constraints  at  the  supports 

fig.  50.12 

arc  in  such  a  number  that  their  reactions  may  not  bo  deduced  from 
statical  considerations  alone,  while  in  llio  second  case  the  redundant 
constraints  are  inherent  to  the  truss  itself. 

Tig.  50.12  represents  a  truss  redundant  in  the  first  degree  for 

which  only  the  reactions  at  the  supports  are  statically  indetermi¬ 
nate.  This  truss  may  be  considered  as  externally  redundant  if  one 

Fig.  51.12 

of  the  vertical  supporting  bars  is  regarded  as  forming  the  redundant 
constraint.  If  on  the  contrary  it  were  assumed  that  this  redundant 
constraint  is  constituted  by  one  of  the  lower  chord  members,  the 

truss  will  become  internally  redundant.  Fig.  51.12  represents  anoth¬ 
er  statically  indeterminate  truss  which  is  externally  statically 
determinate  but  internally  redundant  to  the  eighth  degree. 

As  already  stated  in  Art.  1.9,  one  of  the  most  essential  peculiar¬ 
ities  of  redundant  structures  resides  in  that  the  stresses  developed 

in  their  members  depend  on  the  cross-sectional  dimensions  and 
lengths  of  these  members.  When  different  materials  are  used,  the 
stress  distribution  becomes  also  a  function  of  the  moduli  of  elas¬ 
ticity  of  these  materials.  In  addition,  redundant  structures  are 

subjected  to  secondary  stresses  due  to  erection  defects,  movement 

of  supports,  temperature  strains,  etc".,  which  makes  them  less  de- 
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sirable  than  statically  determinate  ones,  as  the  latter  are  absolutely 
unaffected  by  all  the  above  mentioned  factors. 
On  the  other  hand,  statically  indeterminate  trusses  are  endowed 

equally  with  certain  advantages.  Thus,  continuous  trusses  provide 
belter  roiling  conditions  for  trains  passing  over  railway  bridges  for 
their  elastic  line  will  present  no  peaks  at  the  supports  such  as  exist 
necessarily  in  the  elastic  lines  of  a  series  of  statically  determinate 

trusses.  Accordingly,  trains  passing  over  these  supports  will  feel 
no  shocks  or  bumps.  In  addition,  a  continuous  truss  will  always 
require  less  material  for  its  construction  than  a  series  of  statically 
determinate  trusses  covering  the  same  span. 

Continuous  trusses  are  also  simpler  to  build  than  the  statically 
determinate  ones,  for  the  elimination  of  redundant  constraints  re¬ 

quires  the  introduction  of  special  hinges  which  are  usually  rather 
complicated. 

The  stress  analysis  of  redundant  structures  becomes  more  and 

more  complicated  with  the  increase  in  the  number  of  redundant 
constraints. 

In  Art.  1.9  it  was  shown  that  the  stresses  or  reactions  developed 
by  the  necessary  constraints  can  always  be  determined  on  the  basis 

of  equilibrium  consideration,  while  those  of  the  redundant  con¬ 
straints  can  be  computed  only  if  the  deflections  of  the  structure  are 

known.  It  follows  that  cross-sectional  areas  of  the  necessary  members 
of  redundant  trusses  may  be  selected  in  exactly  the  same  way  as 
for  the  statically  determinate  ones,  the  stresses  in  these  members 

being  independent  of  their  rigidity.  As  for  the  redundant  members, 
their  cross  sections  must  be  chosen  in  such  a  way  that  the  unit  stresses 

developed  therein  should  be  as  close  as  possible  to  the  permissible 
ones  for  that  particular  material. 

In  order  to  arrive  at  this  result  the  following  procedure  may  be 
recommended:  eliminate  in  the  first  instance  all  the  redundant 

members  of  the  truss  converting  it  into  a  statically  determinate 

system  which  will  be  thereafter  regarded  as  constituting  the  con¬ 

jugate  simple  structure.  The  cross-sectional  dimensions  for  alt  the 
members  of  the  latter  structure  will  then  be  computed  in  the  usual 
way.  If  the  truss  is  subjected  to  moving  loads,  influence  lines  will 
he  used. 

The  cross-sectional  dimensions  of  the  necessary  members  having 
been  found,  choose  more  or  less  arbitrarily  the  cross-sectional  di¬ 
mensions  of  all  the  redundant  members  of  the  truss  and  then 

recalculate  all  the  stresses  using  any  of  the  methods  peculiar  to 
redundant  structures.  If  the  unit  stresses  thus  obtained  differ 

substantially  from  the  allowable  ones,  the  cross-sectional  areas 
must  be  corrected  accordingly  and  the  structure  should  be  recal¬ 
culated  again. 

37— 853 
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Approximate  values  of  stresses  developed  in  members  of  stati¬ 

cally  indeterminate  trusses  may  be  obtained  comparing  these  trus¬ 
ses  with  solid  web  beams  covering  the  same  number  of  spans  and 

supporting  the  same  loads. 

Thus,  the  continuous  truss  shown  in  Fig.  52.12  could  be  replaced 

in  the  first  instance  by  a  solid  web  continuous  beam  resting  on  four 

supports  for  which  the  bending  moment  and  shear  diagrams  could 

be  easily  obtained  using  one  of  the  methods  described  in  Chapter  10. 

Thereafter  the  stresses  developed  in  both  chords  could  be  obtained 

dividing  the  corresponding  ordinates  to  the  bending  moment  dia¬ 

gram  by  the  lover  arm  of  the  stress  under  consideration  about  the 

appropriate  joint.  The  stresses  existing  in  the  verticals  and  diago¬ 
nals  will  he  obtained  in  a  similar  way  using  the  shear  diagram. 

A  similar  procedure  can  be  used  for  estimating  stresses  developed 
in  redundant  trussed  arches. 

The  accuracy  of  stresses  acting  in  members  of  redundant  trusses 

is  controlled  in  the  same  way  as  in  the  case  of  redundant  structures 

with  rigid  joints  such  as  portal  and  building  frames,  etc.  One  must 

make  sure  that  all  the  joints  and  portions  of  the  truss  are  in  equilibrium 

and  that  the  deflections  of  the  system  are  consistent  with  the  sti¬ 

pulations  of  the  problem.  Thus,  for  instance,  all  the  deflections  at 

the.  supports  must  be  found  nil. 

Problem.  Determine  the  stresses  in  all  the  members  of  a  one  timo  statically 

indeterminate  truss  represented  in  Fig.  53.12.  The  truss  carries  live  concen¬ 

trated  loads  of  ten  tons  each.  All  tho  members  of  this  truss  are  of  the  same  cross 
section. 
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Solution.  If  we  assume  that  the  vertical  at  midspan  constitutes  the  redundant 

member,  we  may  adopt  as  conjugate  simple  structure  the  one  shown  in  Fig  54. 12. 

T 

The  unknown  X,  will  represent  the  stress  developed  in  the  aforesaid  vertical. 
In  this  case  the  canonical  equation  becomes 

Air. 

Xtfin -(-Ain  =  0  wherefrom  Xt  = — - — 

°it 

Both  deflections  £ i,  and  Alp  will  ho  determined  using  two  Ma\wet)-Cremonn 
diagrams,  one  of  which  will  lie  constructed  for  the  actual  loads  and  lilt;  other 

Fig.  55.12 Fig.  56  J 2 

for  the  unit  load  Xt  =  1  (Figs.  55.12  and  56.12,  respectively!.  The  values 
of  these  deflections  are  given  by 

*u 

yJV}S 

F.F and 

AYV’ 

BF 

where  S  represents  the  length  of  each  member. 
All  the  computations  wall  he  carried  out  in  tabular  form  as  indicated  here¬ 

under  (see  Table  4.12).  Summing  up  all  tho  entries  of  columns  5  and  (I,  we  obtain 

AF6i,  =  2404.12;  BFAip=  —  15BilO.O 
It  follows  that 

Stresses  in  all 

expression 

*i=  + 
15696.0 
2404.12 =  6.53 tons 

the  other  members  can  bo  'determined  easily  using  tho 

N  i  =  XiAfj 

37* 
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The  values  of  Mf  obtained  in  this  way  should  be  entered  into  column  7  of  Tai>- 
1«  4.12.  Adding  the  magnitude  of  these  stresses  to  those  induced  in  the  simple 
structure  by  the  actual  loads  (the  values  of  these  stresses  are  given  in  column  3) 
we  shall  obtain  the  total  stresses  developed  in  all  the  members  of  tho  redundant 
truss.  These  stresses  are  represented  in  column  8. 

In  the  case  of  stresses  due  to  temperature  changes  the  canonical  equation 
for  a  one  time  statically  indeterminate  structure  will  become 

Xi6ii  +  A|/=0  where  Ak  — a2A|t»9 

where  a  —  coefficient  of  thermal  expansion 
t  —  temperature  change  in  degrees. 

Let  ns  study  also  the  stresses  induced  in  all  tho  members  of  the  snnin  truss 
by  an  erection  defect.  Assume  that  the  vortical  nut  has  been  made  a  units  longer 

(or  shorter)  than  required,  which  is  equivalent  to  a  thermal  expansion  or  con¬ 
traction  of  tliis  vertical  equalling  a  =  a.  tS .  while  the  values  of  thermal  expan¬ 
sion  or  contraction  for  all  other  truss  memhers  remain  nil.  In  this  case  tho  above 
equation  becomes 

■X  fdif  -4-  An  =  0 

A|*  =  aiVitS  —  Nta 

whore  -V|  is  the  stress  induced  in  the  same  vertical  inn  by  a  unit  force  Xt. 
Stress  analysis  for  trusses  of  a  higher  degree  of  redundancy  can  he  carried 

out  in  exactly  the  same  way.  Ttesovt  can  be  made  to  the  grouping  of  unknowns 
and  to  the  replacement  of  the  applied  loads  by  equivalent  symmetrical  and 
antisyminetrical  systems  as  described  in  the  preceding  article. 

An  example  of  influence  line  construction  for  a  one  time  statically 
indeterminate  truss  has  been  given  in  Art.  9.9. 

9.12.  COMPUTATION  OF  STATICALLY  INDETERMINATE 
STRUCTURES  WITH  THE  AID  OF  SIMPLER 
STRUCTURES  REDUNDANT  TO  A  LOWER  DEGREE 

Simultaneous  solution  of  several  equations  with  several  unknowns 

may  he  avoided  if  the  conjugate  structure  used  is  one  degree  lower 
in  redundancy  than  the  one  analyzed. 

The  stress  computation  of  a  structure  redundant  in  the  nth  degree 
will  reduce  to  Lho  solution  of  a  single  equation  with  one  unknown  if 

the  conjugate  simple  structure  itself  possesses  (re  —  1)  redundant 
constraints.  This  single  equation 

Afp  -0 will  show  that  tho  displacement  of  the  (re  —  1)  times  statically 
indeterminate  conjugate  structure  along  the  direction  of  the  ad¬ 
ditional  constraint  whose,  reaction  equals  X,  is  nil. 

In  the  above  expression  and  A|,,  represent  the  deflections  of 

the  (re  —  1)  times  statically  indeterminate  structure  along  the  di¬ 
rection  of  this  constraint  caused  by  the  unit  reaction  X,  and  by 
the  applied  loads,  respectively. 
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Were  we  to  adopt  as  simple  conjugate  structure  the  one  obtained 
through  the  elimination  of  two  redundant  constraints,  the  simul¬ 
taneous  equations  will  become 

•^1^21  "h  ̂2^22  "h* &2p  =  0 

where  6U,  6JS,  621l  622,  Aip  and  A2p  are  the  dollcctiona  of  the  (n  —  2) 
times  statically  indeterminate  conjugate  structure  due  to  the  unit 
forces  AT,  and  Xz  and  to  the  applied  loads.  The  displacements  6 
and  A  of  this  conjugate  structure  will  be  easily  obtained  if  the  dia¬ 
grams  of  stresses  (those  for  the  bending  moments  in  the  case  of  fra¬ 

mes  with  rigid  joints  or  those  for  normal  stresses  in  hinge-connectcd 
structures)  induced  in  this  structure  by  unit  loads  acting  along  the 
directions  of  the  unknowns  and  by  the  applied  loads  are  readily 
available.  Such  diagrams  (or  formulas  permitting  their  construc¬ 
tion)  can  be  found  very  frequently  in  special  engineering  handbooks, 

in  which  case  the  amount  of  computation  work  may  be  reduced  very 
considerably.  However,  if  the  stress  diagrams  pertaining  to  the 
structure  adopted  as  a  conjugate  one  are  nonavailable,  the  procedure 
described  becomes  useless. 

Problem.  Construct  the  bending  moment  diagram  for  a  framed  structure 
redundant  in  the  fourth  degree  given  in  Fig.  57.12  using  the  stress  diagrams 

available  for  the  knee  frame  of  Fig.  58.12.  All  the  members  of  the  frame  have 
the  same  rigidity  throughout. 

Solution.  Adopt  the  three  times  statically  indeterminate  system  shown 

in  Fig.  59.12  as  a  conjugate  simple  structure.  This  system  is  derived  from  the 

given  one  hy  elimination  of  the  light-hand  support.  The  equation  expressing 
that  point  d  remains  in  place  becomes 

■^i^n  + A|P  =  0 

The  displacement  6a  will  be  obtained  constructing  the  bending  moment 
diagram  induced  in  the  conjugate  structure  by  the  unit  load  XV  The  cantilever 
cd  of  this  structure  is  statically  determinate  and  the  diagram  of  bending  moments 
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Displacement  A,p  will  bo  found  multiplying  the  diagram  or  Fig.  5S.12« 
by  tho  diagram  givon  in  Fig.  60.12 

A1;,  =  [i/12  (  -2  X  ̂  X  i/4-2 x  ̂  X  i/8  r 

+^Xi/84^Xi/4-2x^Xi/8+2x^X 

The  samo  result  could  be  achieved  using  tho  diagrams  ot  Figs.  58.12a 

and  61.12 

Alp 

(_Pl  PI  \  l  l  _  Pl'J 
V  16  32  J  2  '  EJ~  64 EJ 

or  else  those  or  Figs.  60.12  and  62.12  (see  Art.  7.9) 

A,p  =4  X  i-  X  { (i/8  X  1/3-1/4  X  2/3)  -ggL 
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The  introduction  of  the  values  of  6It  and  into  the  equation  given 
above  yields 

„  Alp  P13.UEJ  3  „ 

'  6(1  ”88 

The  resuitiiig  bending  moment  diagram  for  the  given  redundant  structure- 
will  bo  ohtainod  as  usually  multiplying  all  the  ordinates  to  the  Mt  diagram 

Pig.  01  12 

by  the  magnitude  of  lire  unknown  X,  just  found  equal  to  ~  P  (Pig.  63.!2> OC7 

and  theieaCter  adding  these  ordinates  to  those  of  the  Mp  diagram  of  Pig.  o8.12«. 
The  final  diagram  is  shown  in  Fig.  64.12. 

10.12.  INFLUENCE  LINE  MODELS  FOR  CONTINUOUS  BEAMS 

If  the  influence  line  for  a  continuous  beam  redundant  to  the  nib 

degree  were  constructed  using  as  conjugate  structure  another  con¬ 
tinuous  beam  (n — 1)  times  statically  indeterminate,  the  reaction  of  nth 
constraint  due  to  the  load  unity  P  could  be  derived  from  the  equation 

whence 
A'  i6ii4-Aip=0 

X 

Replacing  blp by  we  may  write 

X,=  - 

*pi 
6u 

It  will  be  remembered  that  6pl  given  in  the  above  equation  rep¬ 
resents  the  ordinate  to  the  deflection  line  for  a  (n  —  1)  times  sta¬ 
tically  indeterminate  continuous  beam  due  to  the  application  of 
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a  load  unity  acting  along  the  direction  of  ATt,  while  5lf  may  be  re¬ 
garded  as  the  scale  factor  permitting  the  conversion  of  the  deflection 
line  to  Lhe  influence  lino.  This  method  of  influence  line  construction 
we  have  named  the  kinematic  method.  It  furnishes  an  easy  means 

Fig.  65.  12 

of  determining  the  shape  of  the  influence  lines  for  continuous  beams, 

this  shape  being  exactly  the  same  as  that  of  the  deflection  line  6p) 
which  can  be  obtained  at  very  little  cost. 

Fig.  65.12  shows  the  shape  of  the  influence  lines  for  support  reac¬ 
tions,  for  bending  moments  and  shearing  stresses  pertaining  to  a 
continuous  beam  resting  on  five  supports.  The  shape  of  these 
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influence  lines  has  been  determined  practically  without  any  com¬ 

putations  using  the  deflection  linos  due  to  unit  forces  applied  along 
the  eliminated  redundant  reactions.  Thus,  the  influence  line  for  the 

left-end  support  reaction  will  ho  exactly  of  the  same  shape  as  the 
deflection  line  of  the  continuous  beam  redundant  in  the  second  degree 
(Fig.  65.12fc)  acted  upon  by  a  load  unity  Xt. 

This  kinematic  method  provides  very  rapidly  the  shape  of  the 
influence  lines  which  may  be  used  as  models  when  determining 
those  portions  of  continuous  beams  which  should  be  loaded  in  order 
to  obtain  the  extreme  values  of  the  stresses  under  consideration. 
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SLOPE  AND  DEFLECTIONS. 

COMBINED  AND  MIXED  METHODS 

M3.  CHOICE  OF  UNKNOWNS 

In  the  method  of  forces  previously  described  the  unknowns  rep¬ 
resented  the  reactions  (forces  or  moments)  developed  by  the  redun¬ 
dant  constraints.  When  theso  unknowns  were  determined  all  the 

stresses  at  any  cross  section  of  any  member  of  the  structure  could 

bo  easily  calculated  whereaftor  the  deflections  and  angular  rota¬ 
tions  could  he  obtained  in  the  usual  way.  Thus,  in  the  above  method 
we  started,  with  Ike  compulation  of  stresses  and  reactions  proceeding 
thereafter  to  the  determination  of  the  rotations  and  deflections. 

The  same  problem  could  be  tackled  in  the  inverse  order,  that  is 

first  determining  by  any  method  available  the.  displacements  and.  pro¬ 
ceeding  thereafter  with  the  computation  of  the  corresponding  stresses. 

This  sequence  of  operations  is  adopted  in  tho  method  of  stress  ana¬ 
lysis  usually  called  the  slope  and  deflections  method  which  we  are 
going  to  study  in  this  chapter. 

The  unknowns  of  this  method  will  represent  the  angles  of  twist 
and  deflections  induced  by  bending  moments,  while  tho  strains 

and  displacements  due  to  normal  and  shearing  forces  will  be  neglect¬ 

ed.  No  additional  error  will  be  introduced  thereby  in  the  compu¬ 
tation  of  rigid  joint  systems  for  in  the  method  of  forces  we  had  equal¬ 
ly  neglected  the  influence  of  direct  and  shearing  stresses.  It  will 
be  also  assumed  that  the  difference  in  length  between  the  original 
member  and  the  chord  of  its  elastic  line  is  practically  nonexistent 
which  means  that  the  distance  over  which  the  ends  of  a  deflected 

member  are  drawn  together  is  completely  neglected. 

We  shall  begin  our  study  by  establishing  those  of  the  displace¬ 
ments  of  a  member  which  must  be  known  in  order  to  find  the  stresses 

acting  at  one  of  its  cross  sections.  For  this  purpose  let  as  study 

a  rectilinear  bar  AB  (Fig.  1.13a)  isolated  from  any  redundant  struc¬ 
ture.  The  stresses  existing  in  this  structure  including  bar  AB  itself 

will  cause  this  bar  to  deflect  and  to  lake  up  a  new  position  A'B' 
as  shown  in  Fig.  1.13a.  The  movement  of  the  bar  AB  to  its  new 

position  may  be  regarded  as  consisting  of  the  following  independent 
displacements: 
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1 .  A  translation  of  all  the  points  of  Llie  bar  over  the  same  distance 

A A  (Fig.  1.136).  During  this  translation  the  bar  remains  straight 

and  parallel  to  itself.  The  bending  moments  and  the  shears  at  all 
the  cross  sections  of  the  bar  remain  nil. 

2.  The  deflection  of  one  of  the  fixed  ends  of  the  bar  along  a  direc¬ 
tion  normal  to  its  axis  (say,  of  the  end  B)  over  a  distance  A  ;)A. 
The  elastic  line  of  the  bar  and  the  corresponding  bending  moment 

curve  are  represented  in  Fig.  1.13c. 

3.  A  rotation  of  the  end  A  of  the  bar  through  an  angle  <pA.  The 
elastic  line  and  the  corresponding  bonding  moment  curve  are  given 
in  Fig.  1.13d. 

4.  A  rotation  of  the  end  B  of  the  bar  through  an  angle  <pB 

(Fig.  1.13c). 
5.  The  deflection  of  the  axis  of  the  fixed  end  bar  under  the  in¬ 

fluence  of  the  loads  applied  between  points  >1  and  B  (Fig.  1.13/). 
The  elastic  line  of  the  bar  AB  resulting  from  a  translation  Aa, 

from  a  deflection  of  the  end  B  about  the  end  A  over  a  distance  A  BA, 

from  the  rotation  of  the  end  sections  through  angles  q>A  and  <p  B  and 
from  the  deflection  due  to  the  loads  directly  applied,  will  coincide 

exactly  with  the  elastic  line  A'B'  (Fig.  1.13a).  Thus,  if  we  arrive 
by  any  means  to  determine  the  magnitudes  of  A  BA,  cpA  and  <p  u 
we  can  thereafter  easily  find  the  values  of  M  and  Q  acting  at  any 
cross  section  of  that  particular  bar,  for  the  translation  Aa  is  not 
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connected  with  any  stresses  in  the  bar  under  consideration.  Con¬ 

sequently,  for  each  Independent  member  of  the  structure  we  may 
adopt  as  unknowns  the  deflection  A  BA  and  the  angular  rotations 
or  angles  of  twist  tf.A  and  cp£. 

In  framed  structures  with  rigid  joints  (portal  frames,  building 
frames,  etc.)  the  deflections  and  angles  of  twist,  at  the  end  faces  of 

all  the  members  meeting  at  the  same  joint  will  always  be  exactly 
the  same.  Consequently,  when  the  method  under  consideration  is 

applied  to  framed  structures  with  rigid  joints  the  unknowns  will  always 
represent  the  deflections  and  angles  of  twist  of  various  joints. 

2.13.  DETERMINATION  OF  THE  NUMBER  OF  UNKNOWNS 

In  the  analysis  of  a  redundant  structure  by  the  slope  and  deflec¬ 
tions  method  one  must  determine  in  the  very  first  place  the  number 
of  unknowns. 

In  the  preceding  article  it  was  shown  that  the  unknowns  will 

represent  the  angles  of  twist  and  the  deflections  of  the  joints  of 
this  structure.  It  follows  that  the  total  number  n  of  unknowns  will 

be  equal  to  the  number  of  unknown  deflections  n,t  and  angles  of 
twist  nt 

n  =»  m  +  nt 

The  number  of  unknown  angles  of  twist  is  always  equal  to  the  number 
of  the  rigid  joints  of  the  structure  and  therefore  the  determination 

of  «,  reduces  to  a  simple  counting  up  of  these  joints.* 
A  joint  is  deemed  rigid  if  at  least  two  members  meeting  at.  this 

joint  are  rigidly  connected  to  one  another.  Examples  of  such  joints 
are  afforded  by  joints  2,  2,  3  and  4  of  Fig.  4.13«,  by  joints  2  and  2 
of  Fig.  4.13/,  and  by  joint  2  of  Fig.  4.13g.  If  a  joint  is  constituted 
by  the  meeting  of  several  groups  of  members  where  all  the  members 
of  one  group  are  rigidly  connected  together  but  all  the  separate 

groups  are  hinge-connected  between  themselves,  such  a  joint  will 
he  regarded  as  equivalent  to  several  joints  the  number  of  which 
is  equal  to  the  number  of  groups. 

Thus,  for  instance,  joint  2  of  Fig.  4.13fe  will  be  reckoned  equal 
to  two  rigid  joints,  while  joint  2  of  Fig.  4.13t  equal  to  three  rigid 
joints. 

Let  ns  determine  now  the  number  of  independent  joint  deflections. 
In  Art.  1.13  we  have  mentioned  that  the  deformations  of  rigid 
structures  caused  by  direct  and  shearing  stresses  may  be  neglected 

♦ 

‘Those  of  the  joints  whose  angles  of  twist  are  known  beforehand  such  as. 
for  instance,  tlie  fixed  end  joints,  if  they  are  held  absolutely  fast,  should  not 
be  included. 



2.13*  Determination  of  the  Number  of  Unknowns 

591 

and  that  the  difference  in  length  between  a  straight  bar  and  the 

chord  connecting  the  ends  of  its  elastic  line  may  he  regarded  as 
nonexistent.  Bearing  this  in  mind,  let  us  replace  in  imagination  all 

the  rigid  joints  of  the  given  redundant  structure  with  hinges.  The 
different  joints  of  the  latter  system  will  not  be  able  to  move 

independently  for  the  displacement  of  one  of  them  may  entail  the 
displacement  of  a  certain  number  of  other  joints.  What  we  must 
find  is  the  number  of  deflections  which  may  occur  independently. 

It  is  known  that  the  number  of  such  deflections  in  a  hinge-con- 
nccled  structure  is  always  equal  to  the  number  of  additional  bars 
which  should  be  introduced  to  make  the  structure  geometrically 

f - -f 
/ 

(d) 

Fig.  2.  13 

stable.  It  follows  that  the  number  of  independent  joint  deflections 

is  equal  to  the  degree  of  instability  of  the  system  obtained  by  the  intro¬ 
duction  of  hinges  at  all  the  rigid  joints  and  supports  of  the  original 
structure. 

As  an  example,  let  usexamine  the  portal  frame  shown  in  Fig.  2.13a. 
This  frame  contains  Lwo  rigid  joints  B  and  C  and  consequently 

nt  —  2.  The  number  of  independent  joint  deflections  nj  will  be  ob¬ 
tained  replacing  all  rigid  joints  and  fixed  supports  by  hinges  as 
indicated  in  Fig.  2.13b.  The  system  thus  obtained  is  unstable  hut 

it  will  suffice  to  introduce  a  single  additional  bar  to  ensure  its  ri¬ 
gidity.  Lei  it  be  an  additional  horizontal  supporting  bar  CE  as 
in  Fig.  2.13c  or  a  diagonal  AC  as  in  Fig.  2.13d.  The  dotted  lines 

of  Fig.  2.13b  show  the  possible  displacements  of  the  sides  of  a  hinge- 
connected  quardranglc.  It  is  obvious  that  the  joint  B  will  move 
over  the  same  distance  as  joint  C  and  therefore  these  two  deflections 

cannot  be  regarded  as  independent.  Thus,  in  the  case  under  con¬ 
sideration  the  number  of  independent  joint  deflections  equals  one 

(«d  =  1).  The  total  number  of  unknown  twists  and  deflections  will 
equal 

n  =  nt  -f-  n&  =  2  -|-  1=3 

As  another  example,  let  us  investigate  the  more  complicate  frame 

of  Fig.  3.13a  where  the  number  of  rigid  joints  totals  six  (nt  —  6). 
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The  hinge-connected  counterpart  of  this  frame  would  he  variable 
in  the  third  degree  for  its  conversion  into  a  stable  structure  would 

Fig,  3.  13 

require  the  introduction  of  at  least  three  additional  bars  (Fig.  3.13b). 
When  these  are  present,  joint  7  is  connected  to  the  ground  by  means 
of  two  concurrent  bars  rendering  this  connection  stable.  The  same 

Fig.  1. 13 

■applies  to  joints  5  and  6  and  since  joints  2 ,  3  and  4  are  also  connect¬ 
ed  by  at  least  two  concurrent  bars  to  those  just  mentioned,  all 
the  system  will  be  stable.  It  follows  that  the  number  of  independent 

deflections  ntl  will  equal  3  and  therefore  the  total  number  of  un¬ 
knowns  for  this  structure  becomes 

n  =  6  4-  3  =  9 
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In  Table  1.13  we  present  the  number  of  unknown  deflections  and 

angles  of  twist  for  each  of  the  redundant  structures  of  Pig.  4.13 
together  with  their  degree  of  redundancy. 

Table  1.13 

Structure 
Degree  of 

Number  of  uriknoftu 
displacements 

dan  cy 

Total 

rt \ 2 

♦i 

A \ \ 3 7 

• u 5 2 7 
d 

15 
7 2 

',i 

e o 1 0 1 

i 2 2 0 2 

R 5 1 0 t 
h 

It 
3 0 3 

*•  ! 
0 3 0 3 

3.13.  THE  CONJUGATE  SYSTEM  OF  RED  UNDAM  REAMS 

The  conjugate  redundant  system  utilized  in  the  method  of  slope 
and  deflections  always  consists  of  a  number  of  single-span  redundant 
beams.  These  separate  beams  are  obtained  by  the  introduction  of 
additional  constraints  into  the  given  structure.  Let  us  compare  the 
simple  statically  determinate  structure  used  in  the  method  of 

forces  with  the  conjugate  redundant  system  utilized  in  the  slope and  deflectiojis  method. 

A  good  example  is  afforded  by  the  rectangular  portal  frame  re¬ 
dundant  in  the  second  degree  given  in  Fig.  3.13a.  The  simple  struc¬ 
ture  of  the  method  of  forces  could  be  derived  from  the  above  pas¬ 
sing  a  section  through  joint  2,  which  would  be  equivalent  to  the 
elimination  of  two  constraints.  The  simple  structure  would  thus 
consist  of  a  knee  frame  and  a  straight  beam  both  lixed  at  their  lower 
ends  (Fig.  3.136)  and  both  statically  determinate.  As  for  the 
conjugate  redundant  system,  this  would  be  obtained  by  the 
introduction  of  two  additional  constraints  into  the  given  structure — 
one  opposing  the  rotation  of  joint  1  and  the  other  preventing  the 
translation  of  joints  ?  and  2  (Fig.  6.13).  The  system  thus  obtained 
will  be  redundanl  to  the  fourlh  degree. 

Thus: 

(a)  the  conjugate  simple  structure  utilized  in  the  method  of 
forces  is  derived  from  the  original  one  by  the  elimination  of  redun- 
38  853 
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dant  constraints,  whereas  the  redundant  system  pertaining  to  the 

slope  and  deflections  method— by  tho  introduction  of  additional 
constraints; 

(b)  the  conjugate  structure  used  in  the  method  of  forces  is  always 

redundant  to  a  lower  degree  than  the  given  structure  whereas  the 

conjugate  system  used  in  the  slope  and  deflections  method  is  always 
of  a  higher  degree  of  redundancy. 

It  should  be  noted  that  the  constraints  introduced  in  order  to  prevent 

the  rotation  of  rigid  joints  differ  in  certain  respects  from  the  sum  of  con¬ 

straints  providing  fixed  or  built-in  ends .  Indeed,  the  additional  con¬ 

straints  should  prevent  only  the  twist  or  rotation  of  tho  joint  without 

man 4  ,au& 

Xt 

2  /, 

*  la)  4U  4 Ay  (k) 

J  ig.  5  13 

dnr, 

Fig,  ft. 13 

interfering  in  any  way  with  its  linear  translation.  Hence,  the  only 

reactions  these  constraints  are  capable  of  developing  consist  of  mo¬ 

ments  applied  at  the  joints. 
As  for  the  constraints  preventing  the  deflection  of  joints,  these 

can  be  obtained  in  different  ways.  One  could,  for  instance,  intro¬ 

duce  diagonals  0-2  or  1-3  of  Fig.  7.13a  and  b,  or  a  horizontal  sup¬ 

porting  bar  at  joint  2  as  in  Fig.  7.13c  or  alternatively  an  inclined 

brace  at  joinl  /  (Fig.  7.13d). 

The  constraint  introduced  in  the  shape  of  diagonal  1-3  (Fig.  7.136) 

will  not  impede  the  displacement  of  joint  3  which  is  held  fast  in 

any  way.  This  diagonal  will  prevent  solely  the  deflection  of  joint  1 

along  the  direction  of  the  line  passing  through  this  joint  and  joint  3. 

From  this  view-point  the  constraint  provided  by  an  inclined  brace 

of  Fig.  7.13d  is  equivalent  to  the  above  diagonal.  It  is  always 

preferable  to  introduce  additional  constraints  opposing  the  deflection 

of  joints  in  the  shape  of  supports  connecting  these  joints  to  the  ground. 

The  introduction  of  additional  bars  connecting  different  joints 

of  the  structure  between  themselves  should  he  avoided  as  much 

as  possible. 

Tf  the  given  structure  consists  of  vertical  and  horizontal  members 

preference  should  be  given  to  additional  supports  themselves  either 
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horizontal  or  vertical.  The  introduction  of  inclined  bars  is  liable 
to  cause  certain  complications  in  subsequent  computations. 
In  order  to  obtain  the  conjugate  redundant  system  the  additional 

constraints  introduced  must  prevent  the  rotation  oj  all  the  rigid  joints 
as  well  as  all  the  independent  deflections  of  these  joints. 

Let  us  examine  the  two-storied  frame  of  Fig.  8.13a.  This  frame 
is  redundant  to  the  sixth  degree  and  therefore  the  number  of  un¬ 
knowns  in  the  method  of  forces  would  also  equal  six.  In  the  method 

under  consideration  the  number  of  unknown  displacements  will 
also  equal  six  and  will  consist  of  four  angles  of  twist  and  of  two 
deflections.  The  conjugate  system  of  redundant  beams  will  be  obtai¬ 
ned  by  the  introduction  of  four  constraints  precluding  angular  ro¬ 
tations  of  four  joints  as  well  as  of  two  additional  horizontal  supports 
preventing  all  the  independent  deflections  (Fig.  8.136). 

Let  us  investigate  in  detail  all  the  elements  forming  the  latter 
system.  As  stated  above,  all  of  its  members  constitute  single-span 
statically  indeterminate  beam.  For  this  reason  let  us  take  up  in 
tbo  first  place  the  construction  of  bending  moment  diagrams  for 

a  single-span  beam  of  constant  rigidity  having  one  fixed  and  one 
freely  supported  end  (Fig.  9.13a).  Using  tho  well-known  method 
of  forces,  we  may  construct  the  diagrams  for  various  types  of 
external  actions.  The  reactions  directed  upwards  and  the  moments 
acting  clockwise  will  he  reckoned  positive.  The  simple  structure 
corresponding  to  this  beam  will  be  formed  by  a  simple  cantilever 
shown  in  Fig.  9.136.  The  reaction  of  the  roller  support  at  B  will 
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constitute  the  single  unknown  Xi  of  the  equation 

X,i„  +  V=0  (1.13) 

The  value  of  coefficient  will  be  given  by  the  second  power 

of  the  Mi  graph  (Fig.  9.13c).  The  external  forces  will  have  no 
effect  on  this  coefficient  which  will  amount  t.o 

The  free  term  of  the  equation  will  be  calculated  for  different  types 

of  loading" 
(a)  The  beam  is  uniformly  loaded  over  the  whole  of  its  length 

(Fig.  10.1 3a) .  The  value  of  will  Ihen  he  obtained  multiplying 

Fin  9.13  Fig.  10.13 

the  Mq  graph  (Fig.  10.13b)  by  the  Mt  diagram  (Fig.  9.13c). 

\  _  ii#/  1, _ ill 
-  EJ'  »  2  4  SEJ 

Introducing  this  value  into  expression  (1.13)  we  find  immediately 

Xi  =  HB  =  ~ql 
wherefrom  reaction  at  point  A  becomes 

RA  =  ql-RB  =  jql 

Tito  fixed  end  moment  at  A  will  be  obtained  summing  up  Lite 

moments  induced  at  that  section  belli  by  the  applied  loads  and 

by  the  force  .Y, 
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(b)  The  Omni  carries  one  concentrated  load  P  acting  at  any 
arbitrary  point  (Fig.  11.13).  Displacement  A,p  will  lx>  equal  to  the 
product  of  the  Mp  graph  Jjy  the  Af,  graph 

A 

U'  =
 

/»«*!*  /  2 

2k f  1  [  3 

Since  ul-\-vl=l  whence  v  —  1  —  a 

,  PM* 
- q[3j~  (3 —  u) 

Introducing  this  value  into  equation  (1.13)  we  obtain 
V  n  /Q 

a  i  —  RIt  =  — (3 — u) 

The  reaction  at  point  4  becomes 

Ra  “J* — Rb  =  ̂  (3 — v1) 

and  the  fixed  end  moment 

M/m  —  — PuI-y^j-  (3 — u)  =  — —  a2) 

(c)  The  fixed  end  of  the  beam  is  deflected  in  the  direction  normal  to 
its  axis  over  a  length  A  (Fig.  12,13).  This  movement  will  induce  no 

p 

vl _ Ji 

‘  M 

bending  moments  in  the  conjugate  simple  beam  but  the  displace¬ 
ment  along  the  direction  of  ATt  will  become 

An\  =  A 

3  EJ 

From  equation  (1.13) 
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which  permits  the  immediate  determination  of  the  reactions 
developed  by  all  the  other  constraints 

R  Y  ZEJ  . ob  =  Ai  =  — pr  a 

Aa- 

-x. 

3 EJ  . 

=  lrA 

Mad  — 

■AEJ  . 

W  
^ 

(d)  The  fixed  end  of  the  beam  is  rotated  through  an  angle  q> 
(Fig.  13.13).  In  that  case  the  displacement  at  the  right  extremity 

3aAtEJ 

Z  h 
Fig.  IS. 13 

Fig.  11.13 

of  Ihe  conjugate  simple  beam  along  the  direction  of  Xi  becomes 

A,„=  —  ?  I 

in  which  case  expression  (1.13)  yields 

v  3  EJ 
Xi  =  -jT<P 

leading  to  the  following  valuos  of  the  reactions  at  the  supports 
and  of  the  fixed  end  moment 

n  v  3  EJ Rv  =  Xj  =  —  <p; D  V  ZEJ Ra=  —  X,= - p-<p 

_  r  3 EJ 
M. IB  —  —f-  <p 

(e)  A  difference  in  temperature  A,  =  tx  —  tz  is  introduced  bet¬ 

ween  the  upper  and  lower  fibres  of  the  beam  (Fig.  14.13).  The  de¬ 
flection  along  the  direction  of  Xi  of  the  simple  structure  becomes 
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in  that  case 

aAt  Q  _  e (At  Z2 h  ™  71  T 

where  h  is  the  depth  of  the  beam. 
Solving  equation  (1.13)  we  find 

v  3ctii  lEJ 

wherefrom 

Rb  = 

Aa  = 

Me 

2  hi 
3a4  lEJ 

2  hi 

3aA  lEJ 
2  hi 

3  a&tEJ 

•lh 

Let  us  study  next  a  beam  with  both  ends  built  in  (Fig.  15.13a). 
As  a  simple  conjugate  structure  we  shall  adopt  two  cantilever  beams 

Fig.  15.13 Fig.  in  IS 

of  Fig.  15.135  obtained  by  cutting  the  given  beam  at  midspan. 
The  diagrams  induced  in  the  latter  system  by  unit  actions  are  rep¬ 
resented  in  Fig.  15.13c,  d  and  /.  It  will  be  immediately  observed 
that  the  direct  stress  X3  will  remain  nil  as  long  as  the  loads  remain 
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vertical.  The  same  will  apply  to  the  case  when  the  fixed  ends  are 

shifted  vertically  or  sustain  angular  rotations.  This  becomes  quite 

clear  if  we  take  up  the  equation 

X]f>3i  d”  A  5632  I"  X3633  +  ̂ 3m  =  ̂  

in  which  both  coefficients  to  the  unknowns  63t  and  632  as  wol I  as 

the  free  term  AJrtl  must  reduce  to  zero,  for  the  hooding  moment  M3 

remains  constantly  nil  itself. 

The  unknowns  Xj  and  X2  will 
he  found  from  the  equations 

A.  A*  -J-  Ajm  =  II 
A' 0622  -f-  A 2m, : 

The  coefficients  to  the  unknowns 

in  these  two  equations  are  given  by 
l  i  i  2  1  t _ P__ 

"a"  2  ‘  2  ‘  3  '  2  '  liJ  —  1 2EJ 

„  -•  - 

=  M 

»=o  J 
(2.13) 

8h  =  2- 6m=1  -l-i-gj-h 

As  for  the  free  terms  their  values 

will  depend  on  loading  conditions 
some  of  which  are  considered  below. 

(a)  Both  built-in  ends  are  shifted 
a  distance  A  normally  to  the  axis 

of  the  beam  { Fig.  16.13).  The  deflec¬ tions  sustained  by  the  conjugate 

simple  structure  along  the  unknown 
reactions  become 

Aia  =  A;  A2a  —  0 

l 

Fig.  17.13 

Introducing  these  values  into  equation  (2.13)  and  solving  the 
latter  we  obtain 

v  •  12  EJ  A 
A^i  —  li  A 

;  X2=0 
whence 

12 EJ  . 
l\a  —  A  i  l3  a, 

o _ X  _ 

—  - ^1  —  p 

6 EJ  ... 

Mau  — - si. 
Ajr  6  EJ  * Mi ia  —  ^ 

(b)  The  fixed  end  at  A  Is  rotated  through  an  angle  <j>  (Fig.  17.13). 

In  this  case  the  deflections  of  the  simple  statically  determinate  beam 
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along  the  redundant  reactions  become 

A  lip—  '  //2<pJ  Agq,  =  (p 

Solving  once  again  equations  (2.13)  we  obtain 

y  _  SM 
A 1  —  <P  > 

v  E-J 
A  2  = - y  (P 

Consequently,  the  reactions  at  the  support  and  the  fixed  end 
moments  become 

Rll  —  - 75T  <P 

7?  v  G£/  „ 
”a  =  —  A  j - jy~  <p 

,r  4 EJ  . 
A/uiJ  —  — r-  <P> 

—  j—  If 

The  above  data  together  with  some  additional  values  of  support 
reactions  and  fixed  end  moments  corresponding  to  a  number  of  other 
loading  conditions  are  presented  in  Table  2.13.  This  table  will  be 

of  great  help  for  the  stress  analysis  of  portal  and  building  frames 
by  the  slope  and  deflections  method.  The  analysis  of  a  beam  with 

both  built-in  ends  subjected  to  other  systems  of  loading  is  deemed 
unnecessary. 

13.  CANONICAL  EQUATIONS  PECULIAU  TO  THE  SLOPE  AND 
DEFLECTIONS  METHOD 

First  let  us  clarify  the  general  principles  permitting  to  form  the 
necessary  equations  from  which  the  angles  of  twist  and  the  deflec¬ 
tions  of  the  rigid  joints  may  be  derived.  For  this  purpose  let  us 
compare  the  given  structure  with  the  conjugate  system  of  redundant 
beams  (Fig.  18.13).  It  is  obvious  that  the  sole  difference  between 
the  two  systems  resides  in  the  presence  of  additional  constraints 

in  the  latter,  theso  additional  constraints  opposing  the  rotation 
and  the  dolleclion  of  joints.  The  existence  of  these  constraints  leads 
to  tho  appearance  of  reactive  moments  and  forces  which  will  become 

necessarily  nil  when  each  of  the  fixed  joints  will  be  rotated  through 
an  angle  equal  to  the  real  angle  of  twist  and  when  the  deflections 

of  all  the  joints  will  become  equal  to  those  sustained  by  the  same 
joints  of  the  original  structure. 

When  this  condition  is  satisfied,  all  the  deformations  and  stresses 
set  up  in  the  conjugate  system  of  redundant  beams  will  become 

exactly  the  same  as  tho  stresses  and  deformations  of  the  given 
structure. 
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The  equations  of  the  slope  and  deflections  method  negate  the  exis¬ 

tence  of  reactive  moments  and  forces  developed  by  the  imaginary 
constraints  of  the  conjugate  system  of  redundant  beams  just  as  the  equa¬ 
tions  of  the  method  of  forces  express  that  the  displacements  of  the  con¬ 
jugate  simple  structure  along  the  redundant  reactions  remain  nil. 

In  the  most  general  form  these  equations  may  he  written  as 
follows 

7?,=  0  7?2  0  7*3  =  0 

where  7?i,  II lls,  ole.,  are  the  reactive  moments  and  forces  devel¬ 

oped  by  the  additional  constraints  of  the  conjugate  system  of  redun¬ 
dant  beams  due  both  to  the  actual  loads  and  to  the  twists  and  de¬ 

flections  sustained  by  the  joints.  The  indices  of  these  reactions  must. 

Fig.  IS. 13 

always  correspond  to  the  indices  of  tho  unknowns.  As  for  the  number 

■of  equations,  it  will  be  equal  to  the  number  of  additional  constraints 
or,  in  other  words,  to  the  number  of  unknown  rotations  arid  deflec¬ 
tions.  > 

It  is  worth  mentioning  that  the  equations  used  in  the  slope  and 
deflections  method  are  equations  of  equilibrium  as  compared  to  the 
equations  of  the  method  of  forces  which  were  kinematic  equations 
showing  the  existence  of  certain  relations  between  the  displace¬ 
ments  of  various  parts  of  the  structure. 

Let  us  examine  in  detail  the  first  equation  of  tho  slope  and  de¬ 
flections  method  (/7j  =  0)  with  reference  to  the  conjugate  system 
of  redundant  booms  given  in  Fig.  18. Id.  The  reactive  moment  /?, 
may  he  replaced  by  the  algebraic  sum 

7?1  =7?1;,-)-7?1|-)-  /*,s 

In  the  above  expression  the  second  index  aloLted  to  the  terms 
of  the  right-hand  part  serves  to  indicate  the  cause  which  has  given 
rise  to  that  particular  reaction. 
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Tims: 

Rip  is  the  reactive  moment  developed  by  the  additional  constraint 
under  the  action  of  loads  P  (Fig.  19.13a); 

R i,  is  the  reactive  moment  of  the  same  constraint  due  to  the 

rotation  of  joint  1  through  an angle  Zii 

Jli2  is  tho  reactive  momeut  due 
to  the  deflection  of  joints  1  and  2 
over  a  length  Z2. 

The  reactive  moments  R„ 

and  11, 2  due  to  tho  displace¬ 
ments  Z,  and  Za  may  be  repla¬ 
ced  by  the  following  expressions 

R,i^=Z,t‘i,  and  =  Zjfjg 

whore  r1(  is  tho  reactive  mo¬ 
ment  due  to  tho  rotation  of 

the  fixed  joint  through  an  angle 

equal  to  unity,  i.o.,  to  1  radian 
(Fig.  19.  136),  and  rn  is  the 
reactive  moment  duo  to  a  unit 

displacement  of  joints  1  and  2 
(Fig.  19.13c). 

Substituting  these  values  into 
the  original  equation  we  obtain 

biL 

z?--/ 

zLm 
/ 7 

\  rit 

/  
v 

/ / 
/ f 

t i 
/ 
/ 

\ 

_ o 3 

77 

ic I  V* 

V7, 

Fie.  10.  J  3 

%ir  ii + ̂ -2ri*  +  Rip — t* 

The  second  equation  (f?a=0) 

may  be  written  in  exactly  the 
same  way 

^lrit  "I"  +  R 2p  —  0 

Here  r2,  is  the  reactive  force 
induced  in  the  imaginary  sup¬ 
port  by  the  rotation  of  joint  1 
through  an  angle  equal  to  unity 
(Fig.  19.136),  and  rJ2  is  tho 
reactive  force  developed  by  the 

same  support  when  joints  1  and  2  arc  deflected  over  a  distance 

equal  to  a  unit  length  (Fig.  19.13c),  while  R2p  is  the  reactive 

force  at  the  same  support,  due  to  the  applied  loads  (Fig.  19.13a). 

The  first  of  these  equations  expresses  that  in  reality  no  reactive 

moment  is  developed  at  the  imaginary  constraint  opposing  the 

rotation  of  joint  1,  and  the  second  that  the  reactive  force  at  the 

imaginary  support  is  equally  nil.  the  two  equations  form  together 
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a  system  of  simultaneous  standard  equations  of  the  slope  and  de¬ 

flections  method.  Equations  of  the  same  type  could  be  obtained  for 

any  number  of  unknown  displacements,  the  number  of  equations  in 

the  system  and  the  number  of  unknowns  in  each  equation  coinciding 

exactly  with  the  number  of  displacements  mentioned. 

Thus,  for  instance,  in  the  case  of  four  unknowns  the  system  of 

simultaneous  equations  of  the  slope  and  deflections  method  would 
become 

u  +  Ziip  =0 
Zirsi  +  Z2r22  hZ3rg3  +  Z1r:!4  +  /?!!p  =  0  ,,  ̂  
Z\r  31  +  Zar3a  -f  Z3r33  -1-  Z4r  34  +  R-jp  — 

Z{r 4j  +  Zar4 a  l-  Z3r43  -|-  Z^r^  -f-  /?4p  =  0 

Hereunder  the  coefficients  to  the  unknowns  (unit  reactions)  ru, 

r22,  etc.,  situated  .along  the  main  diagonals  will  ho  termed  main 

coefficients ,  while  the  coefficients  to  the  unknowns  rj2,  r2j,  C|3,  r3j, 
etc..,  will  be  termed  secondary  coefficients.  The  coefficients  to  the 

unknowns  of  the  slope  and  deflections  method  when  situated  symme¬ 

trically  about  the  main  diagonal  are  equal  between  themselves  as. 
was  the  case  with  similar  coefficients  of  the  method  of  forces.  Indeed, 

these  coefficients  are  related  to  one  another  by  the  principle  of  re¬ 

ciprocal  works  rmn  =  rnm  (see  Art.  6.13).  It  follows  that  the  system 

of  simultaneous  equations  of  the  slope  and  deflections  method  may 

be  solved  using  the  so-called  abridged  procedure  described  in  Art. 
6.12.  The  main  coefficients  of  the  equations  under  consideration 

are  always  positive. 

The  equations  of  the  slope  and  deflections  method  differ  from  those 

pertaining  to  the  method  of  forces  by  the  fact  that  the  coefficients 

to  the  unknowns  5nm  and  the  free  terms  Anp  representing  unit  di¬ 

splacements  oE  the  simple  statically  determinate  structure  are  rep¬ 
laced  by  the  coefficients  to  the  unknowns  rnm  and  the  free  terms  R„p 

representing  the  reactions  of  imaginary  constraints,  which  trans¬ 
form  the  given  structure  into  the  conjugate  system  of  redundant 
beams.  In  addition,  the  unknowns  themselves  represent  in  the  latter 

case  the  slopes  (angles  of  twist)  and  deflections  of  iho  conjugate 

system  while  in  the  former  they  represented  reactive  forces. 

5.13.  STATICAL  METHOD  OF  DETERMINING  THE  COEFFICIENTS 
TO  THE  UNKNOWNS  AND  THE  FREE  TERMS 

The  determination  of  the  coefficients  to  the  unknowns  and  of 

the  free  terms  entering  the  equations  of  the  slope  and  deflections 

method  requires  the  knowledge  of  the  bending  moments  induced 
in  all  the  members  of  the  conjugate  system  of  redundant  beams  both 
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by  the  applied  loads  and  by  the  unit  twists  and  deflections  directed 
along  the  unknown  reactions  of  the  imaginary  constraints.  The 
construction  of  the  corresponding  diagrams  can  be  easily  carried 

out  using  data  contained  in  Table  2.13.  Assume,  for  instance,  that 
it  is  required  to  construct,  the  bonding  moment  diagrams  for  the 

system  of  redundant  beams  given  in  Fig,  18.13b. 

Tito  A/p  diagram  for  the  left-hand  column  will  coincide  with  that 
of  a  fixed  end  beam  acted  upon  by  a  concentrated  load  (sec  line  G 

of  Table  2.13).  For  the  cross-beam  this  diagram  will  coincide  with 
that  of  a  beam  built  in  at  its  left  end  and  freely  supported  at  tbe 

right  one  (see  line  2  of  the  same  table).  The  fixed  end  moments  become 

JIT  M  nl  1  t  eh 

•Mot 35 — Mn-  — /  A- y-f— 

been  use 

u  =  i?-  1/2  M,f*— '■£ 
The  Mp  diagrams  are  represented  in  Fig.  20.1.3a. 

The  M[  diagram  due  to  the  unit  twist  of  joint  1  in  a  clockwise 
direction  will  be  obtained  for  the  crossbeam  1-2  using  data  con¬ 

tained  in  the  3rd  line  of  Table  2.13  and  for  the  column  0-1  in  the 

8th  line  of  the  same  table.  This  diagram  is  represented  in  Fig.  20.13b. 

As  for  the  bending  moments  M2  induced  by  a  unit  deflection  of  joint 
2  towards  the  right,  these  will  be  found  using  lines  4  and  9  of  the 

same  table.  The  said  deflection  will  induce  no  bending  in  beam  1-2, 
as  it  follows  the  direction  of  the  beam  axis.  The  A/2  diagram  is  given 

in  Fig.  20.13c. 

Having  completed  the  bending  moment  diagrams  due  both  to  the 

applied  loads  and  to  the  unit  displacements  of  the  system  of  redun¬ 

dant  beams  wc  may  proceed  with  the  determination  of  all  the  coef¬ 
ficients  to  the  unknowns  and  free  terms  of  the  simultaneous  equations. 

For  this  purpose  subdivide  the  latter  into  two  different  groups: 

(1)  those  expressing  reactive  moments  developed  by  the  imagi¬ 
nary  constraints  preventing  the  rotation  of  the  joints; 

(2)  those  representing  reactive  forces  of  the  imaginary  supports 
introduced  in  order  to  prevent  the  deflection  of  joints. 

The  coefficients  to  the  unknowns  and  the  free  terms  belonging  to  the 

first  group  will  be  obtained  isolating  each  of  the  joints  under  considera¬ 
tion  and  forming  the  corresponding  equilibrium  equations  of  the  type 

SAf  =  0 

The  coefficients  and  the  free  terms  belonging  to  the  second  group 
will  be  derived  either  from  the  equilibrium  of  the  whole  system  isolated 

from  Its  supports  or  from  the  equilibrium  of  that  or  another  portion 
of  this  system. 
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These  equations  will  have  the  general  form 

Tf  =  0 

The  direction  of  axis  T  will  be  selected  with  a  view  of  simplifying 
as  much  as  possible  the  subsequent  computations. 

The  following  convention  of  signs  will  be  adopted:  the  reactive 

forces  and  bending  moments  will  be  reckoned  positive  when  they  follow 
the  direction  of  the  angular  rotations  and  of  the  deflections  adopted  for 
the  joint  under  consideration. 

Problem.  Determine  the  coefficients  to  the  unknowns  and  the  free  terms 

entering  the  simultaneous  equations  of  the  slope  and.  defied  urns  method  for 
the  portal  frame  given  in  Fig.  18.13. 

Solution.  Start  by  determining  the  reactive  moments  II lp ,  r,,  and  riZ.  The 

reactive  moment  lt<p  developed  by  the  imaginary  constraint  opposing  the  rota- 

5U-S53 
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Fig.  21.13  F'S-  22.13. 

of  loads  P  (state  Pi  (Figs.  20.13a  and  21.13a).  The  equilibriu
m  ol  joint  7  re¬ 

quires  that 

wherefrom 

“ip-  — fT+  8 

The  reactive  moment  r„  at  the  same  joint  due  to  its  own  unit  r
otation 

Z,  in  a  clockwise  direction  will  be  derived  from  the  equilibrium  equation 
 of  the 

said  joint  corresponding  to  the  case  under  consideration  (state  l.
  Figs.  20.13b 
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and  21.136) 

wherefrom 
£^i=rii — — 

3 EJ  ,  AEJ 

ru  =  — +  — 

As  lor  the  reactive  moment  rl2  developed  by  the  same  constraint  when 
joint  3  shifts  towards  the  right  over  a  distance  Z2  =  1,  its  value  will  be  ob¬ 
tained  from  the  equilibrium  equation  of  joint!  pertaining  to  state  11  ( Figs  20  13c and  21.13c) 

fillJ 
Tl2~  

hi 

Next  compute  the  reactive  forces  R, p,  r2,  and  r22  developed  by  tile  imagi¬ 
nary  support  opposing  the  deflection  oijoint  2.  The  reaction  /?,„  due  to  the 
actual  loads  will  he  found  passing  section  1  -/  which  isolates  the  upper  part 
of  the  structure  (Figs.  20.13a  and  22.13a).  The  projection  of  all  the  forces  ap¬ 
plied  to  this  portion  on  the  horizontal  gives 

SJf  =  P  +  ̂ 2  p  —  -7J-  =  0 

wherofruin 

R2p - j 

The  negative  value  found  for  this  leactivo  force  indicates  that  it  is  opposite 
in  direction  to  the  deflection  of  joint  2  -which  was  assumed  to  move  from  left to  right. 

The  reactive  force  i21  corresponding  to  state  /  will  he  again  obtained  pas¬ 
sing  section  I -I  as  indicated  in  Fig.  22.136  and  projecting  all  the  forces  on  the horizontal  whence 

v  y-  _  bl'-J  , 
—  -p-  —  f21=0 

and  therefore 

6  EJ 
r,,“ - feT 

It  will  be  observed  that  r2l  =  rl2.  This  relation  existing  between  two  secon¬ 
dary  reactions  is  similar  in  all  respects  to  the  relation  existing  between  two 
secondary  displacements  of  the  method  of  forces  (6mn  =  6nM);  proof  of  the above  will  be  given  in  Art.  6.13. 

The  reactive  force  r22  will  he  obtained  passing  section  I -I  as  in  Fig.  22  13c 
and  assuming  that  the  stresses  in  the  system  of  redundant  beams  are  due  soicly 
to  tho  unit  deflection  of  joint  2  (state  II).  Projecting  all  the  forces  on  the  z-axis wo  obtain 

wherefrom 

vv  WIJ  3EJ  , 
- P— p-+^=° 

12fcV  ,  3 EJ  15 EJ 

r*   H~ +  -W   P~ 

39* 
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Wo  have  thus  obtained  the  values  of  all  the  coefficients  to  the 

unknowns  and  of  all  the  free  terms  entering  the  system  of  simulta¬ 
neous  equations.  The  method  used  for  the  determination  of  these 
values  will  be  called  hereafter  the  static  method. 

(».  13.  DETERMINATION  OK  THE  COEFFICIENTS  TO  THE 

UNKNOWNS  AND  OF  THE  FREE  TERMS  BY  THE  METHOD 

OF  GRAPH  MULTIPLICATION 

In  a  large  number  of  cases  the  reactive  moments  and  forces  dev¬ 
eloped  by  the  imaginary  constraints  will  be  easily  obtained  multip¬ 
lying  one  by  the  other  the  corresponding  bending  moment  graphs. 

This  method  could  be  used  advantageously  for  the  analysis  of  the 
structure  shown  in  Fig.  23.13.  The  use  of  the  static  method  would 

lead  to  certain  complications  for  in  the  case  under  consideration  the 

projections  on  the  r-axis  would  contain  both  shearing  forces  and  nor¬ mal  stresses. 

Let  us  consider  two  different  unit  states  n  and  m  of  an  arbitrary 

conjugate  system  of  redundant  beams  (Fig.  24.13).  The  work  Anm 
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performed  by  the  external  loads  of  state  n  along  the  displacements 
of  state  m  may  be  expressed  in  terms  of  the  bending  moments  using 
expression  (12.8)  given  in  Art.  4.8. 

A  _ ,.  .  t _ v  f  Mm-M  n  ds 
el  tim  —  '  mn  'I  —  Si  \  - -jtj - 

wherefrom 
^nwi 

2  l  MmM  „  £ 
(4.18) 

The  theorem  of  reciprocal  works  stating  that  the  work  produced 

by  the  loads  of  state  n  along  the  displacements  of  state  m  is  equal 

to  the  work  accomplished  by  the  loads  of  state  m  along  the  dis¬ 
placements  of  state  n,  wo  may  write 

but 

and  therefore 

Anm  —  Amn 

and  Anm  ==r7iTO*l 

r  nm  —  0 tn  n.  (5.13) 

This  theorem  called  the  theorem  of  reciprocal  reactions  can  lie 

formulated  as  follows:  the  reactive  force  due  to  a  unit  displacement  of 
constraint  m  along  the  direction  n  equals  the  reactive  force  induced  by 

the  unit  displacement  of  constraint  n  along  the  direction  m. 

Problem,  netermino.  the  coefficients  to  the  unknowns  r, 2  and  r2 2  for  tho 
portal  frame  of  Fig.  20.13. 

Solution.  The  multiplication  of  the  Mi  graph  by  the  A/2  graph  leads  to 

M  til/2  ds  h  f0 

ej  WJ  Lz 

&EJ  2EJ  _CEJ  4EJ\  , 
A*  x  h?  x  h  I  + 

■- 

6EJ 

~W 

X 
4EJ  6EJ 

h  ''""P" 

X 2 EJ-]  _  til’J 

h  J 

which  coincides  exactly  with  the  value  obtained  in  Art.  5.13  using  the  statical 
method. 

Tho  main  unit  reaction  r22  will  ho  obtained  raising  the  M2  graph  to  the 
second  power 

F  22  — 
M\ds  h  (36(EJ)2^,  0  36  (£/)*\1  , 

EJ  ~  G EJ  |_M.  hi  *  “  h*  )  J 

,  hZEJ  „  2  „  '6EJ  __  15 EJ 
hi  x  2  X  3  X  h"-  )U 

It  is  Seen  that  this  value  coincides  again  with  the  one  obtained  previously. 

The  reactions  due  to  tho  applied  loads  may  he  obtained  considering 

two  different  states  of  the  conjugate  system  of  redundant  beams,  the 
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first  of  these  states  corresponding  to  the  application  of  the  actual  loads 
and  the  other  being  some  unit  state,  say,  state  n  of  Fig.  25.13. 

The  work  accomplished  by  the  loads  of  state  P  along  the  displace¬ 
ments  of  state  n  is  given  by 

Apn  =P8()n  +  Pnp'  1 

At  the  same  time  the  work  accomplished  by  the  external  forces 

of  state  n  along  the  displacements  of  state  P  equals 

Anp  =  0 The  theorem  of  reciprocal  works  states  that 

.1  pn  —  C\np 
and  therefore 

Rnp—  —  P&pn 

In  this  expression  6P„  is  the  deflection  of  the  load  point  in 

state  n  along  the  direction  of  the  load  P.  If  P  —  1  the  above 
expression  becomes 

r„„=-8pn  (8.13) 

The  latter  expression  establishes  the  relation  between  the  unit 

reactions  and  the  corresponding  unit  displacements. 

The  value  of  8pr,  will  be  obtained  using  the  bending  moment 

diagram  corresponding  to  a  beam  built  in  at  its  right-hand  extr
em¬ 

ity  and  supporting  one  concentrated  load  P  =  1  acting  along^  the 

direction  of  the  desired  deflection  (see  Articles  6.8  and  8.8).  This 

diagram  denoted  hereafter  by  Mp  is  given  in  Fig.  25.13c. 
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Multiplying  this  diagram  by  that  for  Mn  we  obtain 

Introducing  the  value  of  6pn  thus  found  in  the  expression  for 
reaction  R„ ,,  we  find 

Rnt.  —  —PT  J  Wv^~ 

which,  after  simplifica lion  and  replacement  of  PM'r  by  M*v%  leads io 

Rnp~  —  s  J  (7.13) 

In  the  latter  expression  M'v  stands  for  the  ordinates  to  the  dia¬ 
gram  of  the  bending  moments  produced  by  the  load  P  in  any  simple 
statically  determinate  structure  obtained  by  the  elimination  of 

redundant  constraints  either  of  the  given  structure,  or  of  the  conju¬ 
gate  system  of  redundant  beams,  provided  the  constraints  whose 
reactions  are  desired  are  included  in  those  eliminated. 

Thus,  in  order  to  find  the  reaction  of  the  nth  constraint  due  to  the 

applied  loads  we  should  multiply  the  area  of  the  bending"  moment 
diagram  due  to  the  same  loads  applied  to  a  statically  determinate 

structure  (derived  either  from  the  given  structure  or  from  the  con¬ 
jugate  system  of  redundant  beams,  provided  the  nth  constraint  is 

among  those  eliminated)  by  the  bending  moment  diagram  Mu  due 
to  the  unit  displacement  of  the  nth  constraint  in  tlio  system  of  redun¬ 
dant  beams.  The  sign  of  the  product  obtained  as  described  above  will 
be  thereafter  changed  to  the  opposite  one. 

Problem.  Jlequired  the  reactions  It,p  and  li2p  at  the  supports  of  the  portal 
frame  analyzed  in  Art.  5.13. 

Solution.  The  conjugate  simple  structure  and  the  Mt,  graph  related  to  this 

structure  arc  given  in  Fig.  20.13.  Multiplying  this  graph  by  that  for  M,  (see 
Fig.  20.1 3  b)  we  obtain 

Jt, 
_  via  i 

"  3  X  8  X  EJX 

l  3 EJ  ,1  Ph  h  1  2EJ 

x  2  X  j  +  2  x  2  X  2  X  2  X  ‘ 

_vi*  Ph 

8  +  8 

Similarly  lt2j,  will  he  obtained  by  the  multiplication  of  the  M p  by  the  Al2 
graphs  (see  Fig.  2U.i3r) ‘h, 

Ph  J_  2_  foEJ _ /> 
2  ’  2  ’  EJ  3  '  A*  ~  2 

Tfiese  results  coincide  exactly  with  those  obtained  in  Art.  5.13  using  the 
static  method. 
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7.13.  CHECKING  TI1E  COEFFICIENTS  TO  THE  UNKNOWNS 

AND  THE  FREE  TERMS  PERTAINING  TO  TITE 

SIMULTANEOUS  EQUATIONS  OF  THE  SLOPE  AND 
DEFLECTIONS  METHOD 

Check  on  the  coefficients  to  the  unknowns  entering  the  system 

of  equations  used  in  the  slope  and  deflections  method  is  quite  similar 
to  the  one  described  in  Art.  5.12.  One  should  begin  with  the  construe* 

tion  of  the  bending  momont  diagram  M,  obtained  by  the  algebraic 
summation  of  all  the  ordinates  to  the  unit  graphs  pertaining  to  the 

conjugate  syslem  of  redundant  beams 

<=n _ 

Ms  =  Af,-fA/2+...+Afrl  =  2  Mi 
i—1 

This  graph  when  multiplied  by  each  of  the  unit  graplis  will  give 
the  values  of  the  algebraic  sums  of  the  coefficients  to  lhe_ unknowns 

belonging  to  each  equation.  Thus,  the  product  of  the  M.,  graph  by 

the  Mi  graph  equals 

v,  MiMfdt  v  C  A/j  (A/j  +  jWj-(-  . . .  +  A/„)  (Is  _ 

r«*“x  i  — ST  EJ 

J®[*  +  2j2^£?+...+S  J  A 
i—n 

=  rli  rIS  T  •  •  •  +  rin  ~  2l  rli 
j=l 

The  sum  of  coefficients  r2s  =  2ra,  will  be  obtained  iu  exactly 

the  same  way. 

Consequently,  the  sum  of  all  the  coefficients  to  Iho  unknowns  of 

any  equation  (say,  Eq.  i)  must  equal  rls  given  by 

(.3.13) 

Thus,  if  we  wish  to  check  the  values  of  all  the  unit  reactions  (coef¬ 
ficients  to  the  unknowns)  entering  the  first  of  the  equations  of  the 

slope  and  deflections  method  we  must  compare  the  sum  of  these 
reactions  with  the  value  of  rls 

2  fi,  =  rM  (9.13) 

Other  unit  reactions  entering  other  equations  will  be  checked 

in  exactly  the  same  way.  The  above  procedure  permits  to  check 
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separately  the  coefficients  entering  each  of  the  equations.  It  is  equally 
possible  to  check  simultaneously  all  the  coefficients  entering  all  the 

equations.  Indeed  if  we  raise  to  the  second  power  the  Ms  graph  we 
obtain 

rss Mi  ds  y  P 
ej EJ 

’(*S :U?  ds 

?  -HI  * EJ 

W,.t/2  ds 
EJ 

=  (ru  -|-  rl2  4- . . .  —  rnn)  -i-  2  (rt2 +r2n  +  — )  —  2/- 

The  reactions  contained  in  the  first  term  in  parentheses  of  the 

above  expressions  are  the  principal  ones  situated  along  the  main 

diagonal,  while  the  second  term  in  parentheses  contains  all  the 

secondary  reactions  situated  below  or_above  this  main  diagonal. 

It  is  apparent  that  the  square  of  the  Ms  graph  equals  the  algebraic 

sum  of  all  the  unit  reactions  (coefficients  to  the  unknowns)  contai¬ 
ned  in  all  the  simultaneous  equations  of  the  given  system,  i.  e. 

Sr  —  rS6 
(10.13) 

where 

(11.13) 

The  values  of  the  free  terms  may  be  checked computing 

d  v  C  Mg\iftds 
HsJ,~  ^  d  EJ (12.13) 

that  is,  multiplying  ihe  Mp  diagram  by  the  M„  diagram.  It  will 

bo  remembered  that  M'p  is  the  bending  moment  induced  by  the 
applied  loads  in  the  members  of  a  simple  statically  determinate 

structure  corresponding  to  tho  redundant  structure  under  consi¬ 
deration.  Tile  product  obtained  as  explained  above  must  be  equal 

to  the  algebraic  sum  of  all  the  free  terms  of  the  simultaneous  equa¬ 
tions 

r>  v  P  C'W  i  +  +  -  •  .-\-  M  n)  M  pds 

l(,p - Z  )  Ej  ~ 

_  _ ^  MtMp  ds  j  y  ̂  M2\f‘Pds  , 

+  2  $  ds  )=/?,p+  lht,  +  ...+  r<n» that  is 

(Id.  13). 
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8.13.  CONSTRUCTION  OF  THE  M,  A',  AND  Q  DIAGRAMS 

When  the  system  of  simultaneous  equations  derived  from  the 
slope  and  deflections  method  is  solved,  in  other  words,  when  the 
angles  of  twist  and  the  deflections  of  all  the  joints  of  the  given 

redundant  structure  are  known,  one  can  proceed  with  the  construc¬ 
tion  of  all  the  stress  diagrams  pertaining  to  this  structure. 

The  ordinates  to  the  resulting  bonding  moment  graph  ill  will 
he  obtained  by  the  summation  of  the  ordinates  to  the  Mp  diagram 
with  those  to  the  unit  diagrams,  all  the  lattor  being  previously 
multiplied  by  the  magnitude  of  the  unknowns  just  determined 

Mr~MP+MiZt+MiZ2+  ...+MnZn  (14.13) 

The  diagram  thus  obtained  may  be  checked  using  one  of  the  pro¬ 
cedures  described  in  Art  6.9.  It  is  worth  noting  that  the  control 

of  the  equilibrium  of  moments  acting  at  each  of  the  joints  becomes 
particularly  significant  for  in  the  construction  of  all  the  bending 
moment  diagrams  used  in  expression  (14.13)  no  reference  was  mad© 
to  the  said  equilibrium  condition.  If  the  bending  moments  at  one  of 

the  joints  do  not  balance,  this  means  that  some  error  has  been  com¬ 
mitted  in  computing  the  values  of  one  or  more  unknowns. 

The  shear  diagram  Q  is  derived  from  the  bending  moment  diagram 
just  as  in  the  method  of  forces.  The  normal  stresses  may  be  computed 
thereafter.  Tho  shear  and  normal  stress  diagrams  will  be  chocked  as 

described  in  Art.  6.9.  Here  the  equilibrium  of  different  portions 
of  the  structure  under  consideration  becomes  of  particular  importance. 

9.13.  COMPUTATION  OF  THERMAL  STRAIN'S  BY  THE  SLOPE 
AND  DEFLECTIONS  METHOD 

We  have  seen  previously  that  a  change  in  temperature  entails 
usually  tho  development  of  stresses  in  redundant  structures.  Only 
in  a  few  particular  cases  temperature  changes  have  no  effect  on  such 

structures  as,  for  example,  in  the  case  of  a  rectangular  frame  repre¬ 
sented  in  Fig.  27.13.  This  frame  is  externally  statically  determinate 
and  therefore  it  can  expand  or  retract  freely  in  case  of  a  uniform 

change  in  temperature  of  all  its  members,  without  any  stresses  ari¬ 
sing  in  any  of  the  latter. 

Let  us  show  that  temperature  effects  can  be  always  resolved  into 
symmetrical  and  an tisym metrical  components.  Assume  that  bar 

AD  of  Fig.  28.13a  is  of  uniform  cross  section  and  that  tho  tempera¬ 
ture  on  its  upper  surface  is  raised  by  t\  and  on  the  lower  one  by 

with  t,  >  The  effect  of  this  difference  in  temperature  is  equiva¬ 
lent  to  the  simultaneous  change  of  temperature  equal  to  1/2  (i*  — 
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on  both  surfaces  (symmetrical  components,  Fig.  28.136)  combined 

with  changes  of  temperature  equal  to  +  y  (tt  —  f2)  on  the  upper 

surfaco  and  to  — y  (fi  —  tz)  on  the  lower  surface  (antisymmetrical 
components,  Fig.  28.13c).  It  is  clear  that  the  combination  of  these 

Fig.  27  13  Fig.  28.13 

changes  will  result  in  the  specified  temperature  change  on  each  of 
the  two  faces 

-y-  +  — y--l, 
and 

h-rh  4l — h — - ~-h 

He  turning  to  expression  (20.8) 

Wc  note  that  symmetrical  actions  will  lead  to  normal  strains 

only  without  bending  of  the  bar  because  the  difference  (tj — 12) 
reduces  in  that  case  to  zero 

A;,=a^%  =  « 
because  Qj;-  =  lf  (Fig.  29.13a).* 

If  the  neutral  axis  of  the  bar  is  not  situated  at  midheight  of  tho  cross 

section,  -1-  should  be  replaced  by  t2  +  tfwhoroy  is  the  distance  to  tho 

neutral  axis  of  the  fibre  whose  temperature  has  been  raised  by  (§. 
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On  Ihc  other  hand,  when  the  bar  is  acted  upon  by  antisymmetrical 

components  only,  it  will  bend  without  any  change  in  the  length  of 
its  neutral  axis.  The  angular  rotation  between  the  two  end  faces  of 

this  bar  will  equal 

because  C2ji  =  l  (b’ig.  29.136).* 
Consequently,  tixed  end  bars  which  constitute  all  the  members  ot 

a  conjugate  system  o£  redundant  beams  will  expand  or  contract 

Imaginary  state  for  aetermtmng  A'nt 

Imaginary  state  for  aetermie^ng  A’'rl 

Fig.  29.13 

without  bending  when  they  are  subjected  to  a  symmetrical  thermal 

effect  and  will  bend  without  changing  their  length  when  the  ther¬ 
mal  effect  is  antisymmetrical.  The  corresponding  bending  moment 
graphs  may  be  found  in  Table  2.13  (lines  0  and  10). 

The  only  difference  between  the  analysis  of  redundant  structures 

carrying  direct  loads  and  those  subjected  to  a  temperature  change 

resides  in  the  construction  of  the  diagrams  for  the  bending  moments 

Mi  induced  in  tbe  members  of  the  conjugate  system  of  redundant 
♦ 

♦This  expression  is  independent  of  the  position  of  the  neutral  axis. 
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beams  and  in  the  determination  of  the  free  terms  of  the  equations 

{these  being  denoted  in  that  case  by  Rlt,  lizt,  etc.,  and  representing 

the  reactions  of  the  imaginary  constraints  due  to  the  temperature 

change). 

Problem.  Required  the  complete  stress  analysis  of  the  nonsyinroetrical 

frame  shown  in  Fig.  30.1. Ha  subjected  to  a  temperature  change.  All  the  elements 

of  this  frame  arc  ol  constant  cross  section  with  a  flexural  rigidity  equal  to  EJ ■ 

)  <1 
T 

’  ‘rrm 

-1 

© 
c 

Gt  ven 

Structure 

3 Pp 

fffl 

7T 

h  
'■  - 

t>>t, 

© 

$/r'meincal 
thermal  gna,&nt 

(b) 

Ut-'V* to-^ © 
A**taymmctncol 

ther/nol  qrodiii-'t 

fig.  30.13 

Solution.  The  temperature  increment  f  will  be  resolved  into  two  components — 

one  symmetrical  and  equal  to  a  uniform  heating  of  all  iho  elemonls  t’  =  1  £  2 

and  the  otheT  antisymmotrical  t".  The  number  of  unknowns  for  the  conjugate 
system  of  redundant  beams  givon  in  Fig.  31.13  will  equal  two. 

Zlrll  f-  ̂*2^12  If  It  4“  Hit  =0 

^1^21  4“ ̂ 2^22 "f"  ff2t  j  Hit  =  0 
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Tlit>  coefficients  to  tho  unknowns  will  bo  calculated  in  exactly  the  same 
way  as  if  tho  structure  wero  subjected  to  a  system  of  loads.  Each  of  the  free 

terms  will  consist  of  two  reactions  TV  and  /?",  the  first  corresponding  to  the 
symmetrical  component  and  the  second  to  the  antisymmelrical  one.  The  reactive 

moment  Hit  developed  by  the  imaginary  constraint  at  joint  1  and  the  reactivo 

force  It  it  developed  at  the  imaginary  support  will  be  determined  using  the 

Mt  diagram  pertaining  to  the  system  of  redundant  beams  and  due  to  a  uniform 
change  in  temperature  of  all  the  frame  members. 

Let  us  first  calculate  the  extension  of  all  these  elements  duo  to  a  raise  in  tem¬ 
perature  equal  to  V  neglecting  as  usual  the  influence  of  the  direct,  stresses. 

It  will  be  remembered  that  tho  antisymmelrical  components  t "  lead  to 
no  chango  whatsoever  in  the  length  of  the  bars.  The  extension  of  members  0-1, 

2-3  and  1-2  will  therefore  be  given  by  A,  —  at'hc.  A2  —  <xf'A2;  As  —  “f't 

respectively  |at  t'  =  9- 2 j  • 
The  position  of  all  the  joints  of  tho  conjugate  system  of  beams  after  a  uni- 

form'change  in  temperature  is  indicated  in  dotted  lines  in  Fig.  32.13.  It  is  easily 
seen  that  the  relative  deflections  of  tho  joints  will  equal 

Aio  =  A3  =  c iVl 
A2i  =  A2 — A|  —a.1' {hi — Aj);  A 23  =  0 

It  is  also  clem  that,  joint  1  of  the  conjugate;  system  will  sustain  no  angular 
rotation,  and  therefore  the  bending  moments  induced  by  the  displacements 
of  the  joints  may  be  ohtainod  multiplying  the  bending  moments  due  to  unit 
deflections  (sec  lines  4  and  9  of  Table  2.13)  by  the  values  of  the  deflections 
indicated  above.  The  corresponding  diagram  together  with  the  values  of  its 

pertinent  ordinates  is  shown  in  Fig.  33.13.  The  reaction  Du  (Fig.  34.13«> 
Will  he  obtained  isolating  joint  1 

i<u~wj 

wherefrom 
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As  tor  tho  reaction  Rzt  (Fig.  a3.13),  its  value  will  bo  found  passing', sec¬ tion  1-1  and  projecting  on  the  horizontal  all  the  forces  acting  on  that  purl  ion 

r 
12EJ 

Fig.  34.13 

of  the  ( mine  situated  above  the  section  (Fig.  34.13b). 

SX=l^p-A,<H  /?2,=0 
wherefrom 

,  -  12  EJ  . ltii— - Aio 

iNexl  let  us  examine  the  effect  produced  by  the  amtisymmetiical  components 

Knowing  tho  drop  in  temperature  A(  =  ti  —  tn  between  the  inner  and  outer 

surfaces  of  each  elonient  as  well  as  tho  depth  of  their  cross  section  h  we  may 

easily  obtain  the  diagram  for  Alt  (Fig.  35.13)  using  lines  5  and  10  of  Table  2.13. 
The  ordinates  to  this  diagram  will  be  set  off  as  usual  on  tho  side  of  tho  extended 
fibres  or,  in  other  words,  on  the  low  temperature  side.  The  equilibrium  of  joint 
1  (Fig.  30. 13a)  gives 

T.M  -rt’„ 
 EJa&t SiWj-flu-,  — —  - 0 
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whence 

nit  = 

EJ  a  A  t 

~W~ 

Piissing  section  1-1  and  projecting  once  again  all  the  forces  acting  oil  111'* 

upper  portion  of  the  frame  on  the  horizontal  (tig.  3ti.i3b)  wo  lill'l. 

ZX^Hu- 
3ftVgAt 

2  /;  /!" 

=0, 

«■!!> 

3  EJaU 

2  hh<> 

When  nil  the  coefficients  to  the  unknowns  and  all  the  Iron  terms  are  deter- 

imnod.  we  may  proceed  with  the  solution  of  the  simultaneous  equations  which 

will  yield  the  values  of  the  unknown  angles  of  twist  and  deflections  of  the  joints. 

«n 

3EJoc&t 

21) A 
t. 

O 
EJet&t 

*2t 

3EJa&t 

2hht 

(a) 
(b) 

Fig-  36. IS 

The  resulting  bending  moments  acting  at  different  cross  sections  of  the 

given  redundant  structure  may  thereafter  be  calculated  using  the  expression 

+  \-AllZln-W2Z2+  . . . 

The  bending  moment  diagram  being  known,  we  may  proceed  as  usual  with 
the  construction  of  the  shear  diagram  and  finally  with  that  for  the  normal 
stresses. 

10.13.  ANALYSIS  OF  SYMMETRICAL  STRUCTURES 

The  analysis  of  symmetrical  structures  may  lie  facilitated  if  the 

unknowns  are  grouped  together  in  a  manner  .similar  lo  the  one  used 

in  the  method  of  forces.  This  procedure  allows  lo  obtain  symmetrical 

or  antisy mmetrieal  unit  diagrams,  which  leads  lo  a  subdivision 

of  simultaneous  equations  into  two  independent  groups,  one  contai¬ 

ning  only  the  symmetrical  unknowns  and  the  olher  the  antisymmotri- 
cal  ones.  A  substantial  simplification  of  all  the  computations  may  bo 
achieved  thereby. 

As  an  example  take  up  the  double-span  frame  of  Fig.  37.13.  The 

angle  of  twist  of  joint  a  may  he  regarded  as  consisting  of  the  sum  of 

two  unknown  angles  Z i  and  Z2  and  the  angle  of  twist  of  joint  1/  as 

consisting  of  the  difference  of  the  same  angles  and  Z2  (Fig.  ,58.13). 
The  horizontal  displacement  of  the  crossbeam  may  be  regarded 

as  a nlisy m metrical  lor  joint  h  (see  Fig.  37.13)  moves  away  from  the 



10. IS,  Analysis  of  Symmetrical  Structures  (125 

axis  of  symmetry  while  joint  a  moves  towards  the  same  axis  over  the 
same  distance.  In  this  case  the  system  of  three  simultaneous  equa¬ 

tions  with  three  unknowns 

Zirn  +  Z3rl3-\-  Z3rl3-\-  Jilq  —  0 

^lr21  +  ̂2r8a  “I"  %3ri3  q  =  0 

^lr31  33  ~j-  ̂ 3 q  =  0 

falls  iii lo^ two  independent  groups 

and 

because 

%ir  II  +  %3r  13  4-  Rig  =  0 

Ztr3i  -)-  Z3r33  -}-  R3(j  =  0 

22r22-j-i?2?=0 

rn  —  r23=r2t  =  r32  =  0 

4 

ffigmmffim
m 

- 

S3 

Fig.  3S.1S 

The  bending  moment  diagrams  due  to  the  groups  of  unit  reactions 
are  represented  in  Fig.  39.13.  The  coefficients  to  the  unknowns  as 
well  as  the  free  terms  of  the  above  equations  will  he  obtained  as 
-1  0—853 
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Fig.  40.13  represents  a  portal  frame,  loaded  by  one  single  concen¬ 
trated  force,  the  conjugate  system  of  redundant  beams  as  well  as  the 

40» 

Fig.  40.13 
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bending  moment  diagrams  induced  in  the  latter  by  the  symmetrical 
and  anlisymmetrieal  groups  of  unit  reactions  and  by  Lite  applied 
loads.  Tito  reader  is  invited  to  check  both  the  diagrams  and  the 

reactions  (coefficients  to  the  unknowns  and  free  terms  of  the 

simultaneous  equations)  given  boreundcr 

20 EJ 
!  =  r21  —  0 

12  EJ 
l 

Y1EJ 

h* 

r  *4 hJ 
r33  ~  ~p- rt3  —  r32  —  i* 

Rip  •  0 
11.13.  AiV  EXAMPLE  OF  FRAME  ANALYSIS  BY  THE  SLOPE 

AND  DEFLECTIONS  METHOD 

Assume  that  it  is  required  to  construct  the  bending  moment,  the  shearing 
forces  and  normal  stresses  diagrams  for  the  framed  structure  shown  in  Fig.  41 .13. 
The  system  of  loads,  the  length  of  tho  nu  mbers  and  the  ratios  between  (heir 
moments  of  inertia  are  all  indicated  in  the  same  figure. 

1.  Comparison  of  the  number  of  unknowns  in  the  slope  and  deflections  method 

with  that  in  the  method  of  forces.  The  degree  of  redundancy  of  the  given  structure 

being  equal  to  i  —  i  X  3  —  1  =  5,  the  number  of  the  unknowns  in  the  method 
of  forces  would  bo  equally  five.  , 

The  number  of  unknown  angles  of  twist  rtt  =  3  and  the  number  of  inde¬ 

pendent  unknown  deflections  equals  one  and  therefore  the  total  number 

of  unknowns  

in  the  slope  
and  

deflections  

method  
will  

equal  
n,  

-1 2- 
 

nrf  >  -  I  + 

-j-  3  =»  4.  Hence  using  tho  latter  method  we  shall  reduce  the  number  of  simul¬ 
taneous  equations  from  5  to  4. 

2.  Choice  of  the  conjugate  system.  Lot  us  introduce  three  imaginary  con¬ 
straints  opposing  the  rotation  of  the  rigid  joints  of  the  frame  and  one  imaginary 

support  preventing  the  displacement,  of  joint  /  as  indicated  in  Fig.  42.13.  The 

three  unknown  angles  of  twist  will  be  designated  by  Zt.  Z»  and  Zj  and  the 

unknown  deflection  by  Z4.  Tho  conjugate  system  of  redundant  Imams  will  consist 
in  that  case  of  four  hoauis  fixed  at  both  ends  and  of  one  beam  fixed  at  one  end 

only  and  simply  supported  at  the  other. 
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3.  Construction  of  bending  moment  diagrams  for  the  conjugate  system.  The 

coefficients  to  (ho  unknowns  and  the  free  terms  of  the  system  of  simultaneous 
equations  will  he  derived  from  the  bending  moment  diagrams  induced  both 
by  the  applied  loads  and  by  the  unit  reactions  in  all  the  members  of  the  conjugate 

structure.  These  diagrams  are  represented  in  Fig.  43.13.  * 

4.  Calculation  of  the  coefficients  to  the  unknowns  and  of  the  free  terms.  All 
the  necessary  operations  are  carried  out  in  tabular  form  as  indicated  hereunder 

5.  Checking  the  values  obtained  lor  accuracy.  The  accuracy  of  the  coefficients 
to  the  unknowns  and  of  the  free  terms  obtained  as  described  above  will  be  checked 

using  the  Ms  diagram  (Fig.  44.13!  obtained  through  tho  summation  of  the 
ordinates  to  the  four  unit  diagrams  shown  in  Fig.  43.13.  liaising  the  area  of  the 

Mg  diagram  to  the  second  power  |see  expression  (11.13)]  wo  obtain 

rss  • 53 

ds 

in'
 

[W2xix  A 
L  6  EJ  *  3  *  3 

5  (g/)«  , 

0x2  5/;'/ 
X(2x3*+2x3s-2x3*)  +  ̂|i^-  (2x|x|  + 

+2x4xi-2x4x4)+»|g2(2x4xi+ 
«*Tx4-2x|x4) 

On  the  other  band,  the  sum  of  all  the  coefficients  given  in  f  able  3.13 
equals 

^-r  —  rn  -+-  r224-  r33  +  r,l4-j-2  (r  12-j-  r13-j-r14-j- X28-f  rv.  t  r3i)  =•» 

0,+t+4+t)+“'  (<  \  °+t- 44t+1)  - 

The  comparison  of  the  total  thus  obtained  with  the  result  of  graph 
multiplication  shows  that  they  coincide  and  consequently  condition  (10.13)  is satisfied. 

♦ 

*  In  this  example  the  values  of  all  loads  and  reactions  are  given  in  tons and  all  the  distances  are  measured  in  metres. 
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Let  us  proceed  with  a  check  on  the  accuracy  of  the  free  terms.  For  this 

purpose  wo  shall  construct  the  Mp  diagram  whose  ordinates  represent  the  bend¬ 

ing  moments  induced  by  the  given  loads  in  a  simple  statically  determinate 
structure  obtained  by  elimination  of  all  the  redundant  reactions.  This  diagram 

is  given  in  Fig.  45.13.  Multiplying  it  by  the  Mt  diagram  [see  expression 
(12.13)1  tve  obtain 

5  EJ 

6  EJ 
ISEJ 

6  x  2.5 EJ 

X(  —  2X9X3  +  2  X  27  X  3  —  27X3-9x3)  + 

X 

(  _2  x  y  X  57-2  X  X  27  +  27  x  i-  +  57  x  |-)  -  - 14  =  -H.p 

wherefrom  ll„p  — 14. 
On  the  other  hand,  the  sum  of  all  the  free  terms  given  in  Table  3.13 

equals 

SI?  =  Rlp  +  n2p  +  Hsp  +  Rsp  =  2.25  4-0  +  0  + 11.75  =  14.00 
The  coincidence  of  the  two  results  shows  that  condition  (13.13)  is  satisfied 

which  means  that  the  computations  are  correct. 
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6.  Solution  of  the  simultaneous  equations.  For  the  solution  ol  the  simul¬ 
taneous  equations  resort  shall  be  made  to  tho  abridged  method  described 

in  Art.  6.12.  Tho  equations  negating  tho  existence  ol  reactions  of  the  imaginary 
constraints  become  in  that  case 

zirn  +  Z2rn+  Z3ri3+Ziru-t' 11  ip  =  0 

Zir2t  +z2r22"h  ZjC  2a  +  ~r^2p~^ 

Zlr31  +  Z2r  32  +  Z3r  33  +  Z4r34+  ̂ 3p  =  0 

Ztrii  ~h  Z2r 42  +  Z3r43+  Z4r44  4"  ̂ip  ~  0 

Substituting  in  these  equations  the  numerical  values  of  the  coefficients 

to  the  unknowns  and  of  the  free  terms  given  in  Table  3.13  we  obtain 

3Zi+Z2+yZ4-r-^  0 

Z.  +  ̂Za- 

1  7  ■  1  7  - 

TZ3~rT/‘~ 

*£■  Z2  +  -g-  Z3  -f-  -g-  Zs  —  I' 

.  1  7  ,  1  V  .  2  11.75 !■ “■ ¥  Zt  IT _r  ¥  Zi  +  TT 

Tiie  values  indicated  in  parentheses  at  the  end  of  each  equation  represent 

the  total  S  of  all  the  coefficients  coloring  this  particular  equation. 

The  solution  of  the  above  equations  is  given  in  Table  4.13. 
Equation  (IV)  gives 

2,=  - 

175,740  x  206,280 

15,280£/  X  34,760 

-68.253 x 

EJ 
Introducing  this  value  into  equation  (Ill)  we  find 

191 

155 

08.253 X _i_\» _ 2__ 
EJ  I  SOEJ 

wherefrom 

z3=  -)-6.7l9  X  ~rrr 

1’roceeding  in  the  same  way  we  find  from  equation  (II) 

^i-4X6.7i9x-^+^(-68 .253X-^) 
wherefrom 

1 

Z>2  =  0 . 355  X 

and  from  equation  (I) 

3Z,  + 1  X  0 . 355  X  -YJ- 4-  ~  (  -  08 . 253  x -jj-  )  ■ 

1 

EJ 

4  EJ 
wherefrom 

1 
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(IV) 34  7Gfl 200  280 
20ti  230 
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The  values  of  tho  unknowns  are  easily  checked  introducing  them  into 
all  the  simultaneous  equations 

(1)  3Zi-rlZ2  +  yz*  l-2.25Jy.-3x  6.715^  + 

+  1  X  0.335  X-^j-T-y  (-  68.253  X-Jy)  +2.25  x—=0 

(2)  12,+Jz2  +  i-Z3+i-Z1  =  lXG.715-Jr+ 

+  TX  0.355 -^r+J-x6.719x-Jr+-i-(-68.253x-Jr)=° 

(3)  -i-22+|.23  +  4-Z1-i.x0.355x~+|-X 

X6.719X-Jr+-g-  (— 68.253x-Jy-)  »=0 

<4>  yZl+T^+¥^  +  TZ‘  +  11-75^r" 

=  y  X  0 . 71 5  X  ~  + y  X  0 .355  x  -JJ-+  ~ X  6 .719  x -Jy-+ 

+  £  (“68.253x-Jr)+il.75x-Jr  =  0 

All  these  equations  being  satisfied  it  may  be  concluded  that  no  error  has 
been  committed  in  the  computations. 

7.  Construction  of  the  bending  moment  diagram.  The  ordinates  to  tho  result¬ 
ing  bending  moment  diagram  will  be  Calculated  using  expression  (14.13), 
big-  46.13  represents  the  diagrams  obtained  through  the  multiplication  of  the 
ordinates  to  each  unit  diagram  (see  Fig.  43.13)  by  the  magnitude  of  tho  cor¬ 
responding  reaction 

Af,  =  A/,Z,,  IfgsiVjZji  Afg  — AfjZg  and  M,t  — 

Summing  up  all  these  ordinates  and  adding  thereto  tho  ordinates  to  the 

M'p  diagram  (see  Fig.  43.13)  we  obtain  these  to  tho  desired  resulting  diagram which  is  given  in  Fig.  47.13.  All  the  ordinates  to  this  diagram  have  boon  sot 
off  on  the  side  of  the  extended  fibres. 

8.  Checking  the  bending  moment  diagram. 
(a)  Statical  method 

Let  us  isolate  in  succession  nil  the  rigid  joints  of  the  frame  and  lot  us  see 
whether  tho  equilibrium  conditions  aro  satisfied  for  each  one  of  them  (see 
Fig.  47.13) 

Joint  1 

SAf,  =  +13.785 -13.785  =.0 
Joint  2 

SiV2=— 7.4254  11.139  —  3.714  =  0 
Joint  4 

2A/4=  — 0.896  +  6.896=0 

(b)  Method  of  deflections 

Compute  the  algebraic  sum  of  tho  areas  bounded  by  the  bonding  moment 

diagram  along  members  3-2-4-ii  forming  a  closed  contour.  In  tiie  general  case 
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UiuM!  areas  should  ho  divided  l>y  Iho  rigidity  of  the  corresponding  member  but 

in  this  particular  case  ail  the  moments  of  inertia  are  the  same  and  therefore 

Fig.  47.  IS 

v»e  may  simply  calculate  the  value  of  Those  of  the  areas  which  are  situ¬ 
ated  inside  iho.  contour  will  be  reckoned  positive 

11.257  —  11.139  6.896-3.714., 
S>Af=— — - - XU—  2  A 

X4  +  ?'136-^— ■— X6=  —  6.718  +  6.720  ̂ 0 
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9.  Construction  of  the  shear  diagram.  The  ordinates  to  the  Q  diagram  will 
lie  obtained  vising  the  expression 

In 

The  following  are  the  shears  at  various  cross  sections: 
Section  0  of  column  0-1 

<?oi  =  3  +  -  3  -  7.595  tons 
Section  7  of  the  same  column 

Qto  —  2x3  +  ̂~^  =  1.595  tons 

Sections  1  and  2  of^the  inclined  bar  .1-2 

n  „  13.785+7.425  .  , 
Q]?  —  C?2 1  - r - —  —4.242  tons 

Sections  2  and  3  of  column  2-3 

Sections  2  and  d  of  crossbeam  2-4 

„  ^  3.714  +  6.890 
Qzt-Vsz- - 7 - °=  —2.652  tons 

Sections  4  and  5  of4column  4-5 

„  0.896  +  9.130 

QiO  =  Qn~ - — g - - —  =  2.6<2  tons 

These  values  have  permitted  the  construction  of  the  shear  diagram  given 
in  Fig.  48.13. 

10.  Checking  the  shear  diagram.  Let  ns  pass  a  section  through  the  lower 
ends  of  the  three  columns  and  let  us  consider  the  equilibrium  of  all  horizontal 

projections  of  the  forces  acting  on  the  upper  portion  of  the  frame 

ZX~2x3+8-  7.595  —  3. 733  -  2.672  =  0 

11.  Construction  of  the  diagram  for  normal  stresses.  This  diagram  will 
be  obtained  isolating  in  succession  all  tho  joints  of  the  frame.  The  normal 
stresses  acting  in  all  the  members  will  be  der  ived  from  the  equilibrium  of  these 
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joints.  Stresses  causing  extensions  will  be  reckoned  positive.  All  the  necessary 
operations  are  given  in  Table  5.13.  The  desired  diagram  for  normal  stresses 

appears  in  Fig.  49.13. 
12.  Checking  the  diagram  for  normal  stresses.  Pass  as  previously  a  section 

through  the  lowor  ends  of  tho  columns  and  write  the  equilibrium  equation 
of  all  vertical  components  of  forces  and  reactions  applied  to  tho  upper  portion 
of  the  structure 

Sy=  — 6.499 -(-3.847 -f- 2.652  =  0 

This  equation  being  satisfied,  the  stress  analysis  of  the  frame  may  be  con* 
sidered  complete. 

12.13.  TIIE  MIXED  AfETHOD 

In  the  method  under  consideration  one  part  of  tho  unknowns 

represents  forces  (just  as  in  the  method  of  forces)  and  the  other  part 

angles  of  twist  and  deflections  just  as  in  the  slope  and  deflections 
method.  Thus,  the  unkuowu  forces  and  the  unknown  displacements 
will  be  dealt  with  simultaneously. 

The  application  of  this  method  will  be  explained  using  as  an 
example  the  two-stornd  frame  shown  in  Fig.  50.13a.  Let  us  first 
establish  the  degree  of  redundancy  and  the  number  of  unknown  an¬ 
gles  of  twist  and  deflections  for  each  of  the  two  stories.  These  data 
are  given  in  Table  6.13. 

Table  (LIS 

Story 
Degree  of  redundancy 

Number  of  unknown 
angles  of  twtet  and 

>  deflections 

Lower 9 2 

Upper 2 12 

Total 11 

14 

41-853 
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II  is  obvious  that  the  slope  and  deflections  method  can  be  advanta¬ 
geously  used  for  analysis  of  the  lower  story  while  the  method  of 
forces  is  hotter  fit  for  the  upper  one. 

The  mixed  method  based  on  the  simultaneous  use  of  forces  and 

displacements  as  unknowns  was  introduced  in  the  IJ.S.S.R.  by 
Professor  A.  Gvozdev  in  1927.  The  application  of  this  method  to 
the  two-storied  frame  under  consideration  will  lead  to  a  reduction 
in  the  number  of  unknowns  to  4  only  from  11  if  the  method  of  forces 
were  used,  or  from  14  if  it  were  the  slope  and  deflections  method. 
These  unknowns  will  represent  the  angles  of  twist  of  the  lower  floor 
joints  and  tho  stresses  acting  at  the  gable  hinge.  The  conjugate 
mixed  structure  is  represented  in  Fig.  50.1 36.  This  structurejis 

derived  from  the  given  one  through  the  elimination  of  the  con¬ 
straints  at  the  lop  hinge  and  through  the  introduction  of  imaginary 
constraints  at  the  joints  of  the  first  floor. 

Let  us  form  the  simultaneous  equations  of  the  mixed  method. 

These  equations  will  express  that  the  reactions  of  the  imaginary 
constraints  due  to  the  unknown  angles  of  twist  Zi  and  Z2  as  well 

ns  the  mutual  displacements  of  the  two  branches  of  the  frame  along 

the  directions  of  Xs  and  A*  are  nil 

•2irn  -t"^2ri3  t  X$r -J-  A4rt4  -p  i?ip  —  0 

%lr2i  +^2r22  +  ̂3r2,l  "T  •^4rS4  -*-  =  0 

+  Z.j6s2-r  X3S33  +  X453.4  +  Asp  =  0 

Zif>4) 4"  +  Ajfyj  +  A4fi44  -f-  A4p  =  0 

A  closer  examination  of  each  of  the  above  equations  leads  to  the 

following  conclusions.  In  the  first  equation: 
Z\rn  =  reaction  of  the  imaginary  constraint  at  joint  1  due  to  the 

rotation  of  this  joint  through  an  angle  Zt 

Z2r12  —  reaction  of  the  same  constraint  due  to  the  rotation  of  joint 
2  through  an  angle  Z2 

Xsr,3  =  reaction  of  the  same  constraint  due  to  the  application  of 
the  force  X3  at  the  top  hinge 

X^u  —  reaction  of  the  same  constraint  due  to  the  force  Xt 
n,„  —  reaction  of  the  same  constraint  due  to  the  applied  load. 
The  sum  oj  all  the  above  reactions  must  equal  zero  for  the  constraint 

introduced  at  joint  1  is  in  reality  nonexistent  and  therefore  nneapable 

of  developing  any  reactions  whatsoever.  Thus,  the  first  of  the  four 

equations  is  an  equilibrium  equation  expressing  that  the  reactive 
moment  of  the  imaginary  constraint  at  joint  1  due  to  nil  the  unknown 
forces  and  displacements  as  well  as  to  the  applied  loads  remains  nil. 
The  second  of  the  simultaneous  equations  (15.13)  conveys  the 

same  idea  and  the  meaning  of  ail  its  terms  is  also  exactly  the  same 
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with  the  only  difference  that  they  all  refer  to  the  imaginary  con¬ 
straint  introduced  at  joint  2. 

Next  let  us  examine  the  third  equation  of  this  group. 
-=  mutual  deflection  along  the  horizontal  of  Lite  two  branches 

of  the  conjugate  structure  caused  by  the  rotation  Z, 
Z'2&32  =  displacement  along  the  same  direction  due  to  the  rotation  Z2 
X363,=  deflection  along  the  same  direction  due  to  the  unknown 

group  of  forces  X3  itself 

X *6 u  =  deflection  along  the  same  direction  due  to  the  unknown 
group  of  forces  Xt 

A;iJ,  —  deflection  due  to  the  applied  loads 
The  sum  of  all  these  deflections  m.iust  be  nil  for  the  existing  hinge 

prevents  all  mutual  displacements  of  the  two  branches  of  the  frame. 

Consequently,  the  third  equation  expresses  the  idea  that  Ihe  displace¬ 
ments  of  a  certain  point  remain  nil  which  means  that  this  equa¬ 
tion  is  a  kinematic  one.  The  fourth  equation  of  the  simultaneous 
system  (15.13)  expresses  exactly  the  same  idea  with  reference  to  Lhe 
mutual  vertical  displacement  of  the  two  branches  of  the  frame  at  Lhe 
top  hinge. 

The  coefficients  to  the  unknowns  entering  these  equations  belong 
to  four  different  groups: 

1.  Coefficients  representing  reactions  due  to  unit  deflections  or 
twists  as  for  instance  rI2. 

2.  Coefficients  representing  reactions  due  to  unit  forces  or  moments 
as  for  instance  rJs. 

3.  Coefficients  representing  deflections  or  twists  due  to  unit  dis¬ 
placements  as  for  instance  d3|, 

4.  Coefficients  representing  deflections  or  twists  due  to  unit  farces 
or  moments  as  for  instance 

All  these  coefficients  will  be  computed  as  described  in  the  corre¬ 
sponding  articles  of  the  present  and  previous  chapters. 

41* 
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It  should  he  noted  that  for  the  conjugate  structure  shown  in 

Fig.  50.136  only  one  pair  of  coefficients  to  the  unknowns  entering 

equations  (15.13),  namely  634  and  643  reduce  to  zero,  the  unknowns 

X3  being  symmetrical  and  the  unknowns  X t  anlisymmetrical.  The 

free  terms  RIp,  A3/)  and  A4p  will  ho  also  nil  for  the  loads  acting  on 

the  upper  part  of  the  frame  are  nil  themselves.  Even  if  the  lower  part 
of  the  frame  were  nonsymmetrical  634  and  643  would  remain  nil, 

their  values  being  determined  by  the  multiplication  of  bending 

moment  diagrams  induced  in  the  different  members  of  the  upper 

portion  of  the  frame.  Were  the  unknown  angles  of  twist  replaced  by 
their  symmetrical  and  antisymmetrical  components  (Fig.  51.13), 

a  greater  number  of  coefficients  to  the  unknowns  would  become  nil 

and  the  system  of  simultaneous  equations  (15.13)  would  itself  fall 

into  two  independent  groups,  the  first  containing  symmetrical  un¬ 
knowns 

Zirtl  +  -^3r13  +  R\p  —  0 

Zi6j|  -f-  X3633  A3f>  =  0  (if  A»p  =?=  U) 

and  the  second  containing  the  antisymmetrical  ones 

%2r  29  +  X4r24  +  Rtp  —  0 

Z2642  +  X4644  4-  A4P  =  0  (if  A4p?t0) 

The  principles  of  reciprocal  works  and  displacements  provide 
for  the  following  relations  between  the  secondary  coefficients  to  the 
unknowns  of  the  mixed  method 

r mn  —  C nm 

$mn  ”  ̂ nm 

fmn  =  — 

(16.13) 

Problem.  Form  the  system  of  canonical  equations  for  the  frame  given 

in  Fig.  52.13  and  determine  the  coefficients  to  all  the  unknowns  using  that 

Fig.  .IS.lfl 

method  which  leads  to  the  minimum  number  of  unknowns.  It  is  assumed  that 

the  cross  sections  of  all  the  members  of  the  frame  remain  constant  throughout. 
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Solution.  The  choice  of  the  method  will  he  based  on  Table  7.13.  This  table 
shows  immediately  that  the  mixed  method  will  lead  to  the  best  results.  Indeed 
wore  this  method  adopted,  the  number  of  unknowns  would  equal  two.  while 
the  method  of  forces  would  lead  to  four  unknowns  and  the  slope  and  deflections 
method — to  seven  unknowns. 

Table  7.13 

Portion  or  structure of  redundancy 
Nutnld'r  of  unknown 
twists  and  deflection 

Left-hand 

night-hand 

i 
3 

6 
i 

Total 4 7 

The  conjugate  system  which  should  he  adopted  is  given  in  Fig.  53.13.  All 
the  values  aro  expressed  in  tons  and  metres.  The  simultaneous  equations  permit¬ 

ting  the  determination  of  the  unknowns  X,  and  Z2  become  in  that Jcaso 

•^t&n  +  Z2&J2  "1“  P  ~  0 

-^irzi  4*  Zzr22  4"  ̂2  p  —  *1 

The  coefficient  6|,  represents  the  displacement  due  to  a  unit  force  and 

will  he  determined  raising  to  the  second  power  the  M.  diagram  given  in 
Fig.  54.13 

«u ="et  [^ir  x  t*  4+-| (2  x  42+2  x  82+2  x4  x  8>+8  x  2  x  8]  =777- 

The  coefficient  6J2  which  represents  a  displacement  duo  to  another  dis¬ 
placement  will  he  derived  from  the  geometry  of  the  structure  as  shown  in 
Fig.  55.13 

6i2  =  an'  cos  a=  5<p  cos  a=  !<p 



646  Slope  and  Deflections.  Combined  and  Mixed  Methods 

The  angle  of  twist  ic  being  equal  to  1  and  l  to  8,  the  value  of  coef¬ 
ficient  6j2  becomes  equal  to  eight.* 

The  displacement  6)2  will  he  reckoned  positive  for  it  follows  the 

direction  of  the  reaction  A',.  The  coefficient  r21  represents  Hie  reaction  of 
the  constraint  introduced  at  joint  2  duo  to  a  unit  force  JTj.  The  value 
of  this  coefficient  may  he  derived  from  the  equilibrium  of  this  joint 
(Tig.  57.13) 

T  A/ 2  —  r2j  -j-  8  —  0 
wherefrom 

r'i\  —  — 8 
The  same  magnitude  of  this  coefficient  could  ho  obtained  directly  from  the 

relation  r,„„  =  — flnm. 
The  coefficient  r2 2  represents  the.  reaction  of  the  same  constraint  to  a  unit 

rotation  Z2  of  joint  2  (see  Fig.  55.13).  Hence,  this  coefficient  may  he  determined 

Fig.  .17.13 
Fig.  53-13 

using  the  equilibrium  equation  for  the  same  joint 
in  Fig.  58.13 

F  J - EJ  =  0 

wherefrom 

acted  upon  as  shown 

As  for  the  free  torins  A];j  and  ll2p.  their  values  in  the  present  case  will 
be  given  by 

6ip— 0; 

lh„=  — 

qD_ 

12 

as  stipulated  in  the  appropriate  linos  of  Table  2. to. 

13.13.  THE  COMBINED  METHOD 

The  combined  method  is  best  suited  for  the  analysis  of  symmetri¬ 
cal  redundant  structures  acted  upon  by  nonsynunetrical  loads.  The 

♦ 

♦The  same  magnitude  of  this  coefficient  would  be  obtained  by  the  method 
described  in  Art.  15.8.  The  angle  of  twist  of  joint  2  should  be  represented  by  a 
vertical  vector  (Fig.  30.13)  arling  at  this  joint.  The  moment  of  this  vector 
about  joint  1  will  equal  t  x  8  =  8  =  o12. 
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use  of  this  method  will  be  explained  using  as  an  example  the  portal 
frame  shown  in  Fig.  59.13.  Replacing  the  applied  load  P  by  its 
symmetrical  and  antisym metrical  components  (Fig.  60.13s  and  b) 
we  arrive  at  two  different  loading  cases  for  each  of  which  the  num¬ 
ber  of  unknowns  can  be  easily  determined. 

Thus,  in  case  one  corresponding  to  the  symmetrical  loading  the 

displacement  of  the  crossbeam  1-2  will  remain  nil  and  the  angles  of 
twist  of  tlie  two  joints  1  and  2  will 

be  equal  in  amount  and  opposite 

in  sign,  hence  Z3  =  0  and  1 ’n  = 
{Fig.  61.13a).  It  follows  that  if  wc 

applied  the  slopo  and  deflections 
method  we  would  obtain  in  that 

case  one  equation  wi  Lh  one  unknown 

only.  If,  on  the  contrary,  wc 

•employed  the  method  of  forces 
rising  the  simple  structure  of 

Fig.  59.13  fig,  c.0.13 

Fig.  61.13b  we  would  arrive  at  two  equations  with  two 
unknowns  (the  shearing  stress  Xz  being  obviously  nil). 

Hence,  the  slope  and  deflections  method  is  the  one  to  be  adopted  in 
the  case  of  symmetrical  loading. 

Next,  let  us  consider  the  case  of  antisymmetrical  loads,  using  as 
conjugate  structure  the  one  shown  in  Fig.  (32.1 3a.  Jt  is  readily  seen 
that  the  number  of  unknowns  will  in  this  case  equal  two:  the  first 
representing  the  angle  of  twist  of  joints  1  and  2  (which  are  equal 
both  in  amount-  and  direction)  and  the  second  one  representing  the horizontal  dcflcclion  of  these  two  joints. 

Consequently,  the  slope  and  deflections  method  in  the  case  of  anli- 
sjmmetrical  loading  will  lead  to  a  system  of  two  simultaneous 
equations  with  two  unknowns. 

On  the  other  hand,  if  the  method  of  forces  were  used  wc  could 
adopt  the  simple,  statically  determinate  structure  given  in  Fig.  62.13b, 
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which  would  lead  to  one  unknown  only,  this  unknown  representing 
the  shear  X3,  both  normal  stress  Xi  and  bending  moment  X2  being 

nil.  Thus  we  could  once  again  obtain  one  equation  only  with  one 

unknown.  Therefore  the  method,  of  forces  should  be  adopted  in  the  case 
of  antisymmetrical  loading. 

Table  8.13  represents  in  a  concise  form  the  results  obtained  above. 

Thus,  the  combined  method  will  consist  in  the  simultaneous  applica¬ 
tion  of  two  different  methods  as  described  above  to  two  different 

cases  of  loading  of  one  and  the  same  structure. 
Table  8.13 

Lending 

,  Number  of  equations  ] 

Method  to  be  used 

1 

Method 
of  forces 

i 

Slope  and 

deflec¬ tions method 

Symmetrical 2 t 
Slope  and  deflections 

method 

Antisymmetrical 1 2 Method  of  forces 



ld.13.  Construction  of  Influence  Line. 649 

14.13.  CONSTRUCTION  OF  INFLUENCE  LINE  BY  THE  SLOrE 
AND  DEFLECTIONS  METHOD 

The  construction  of  influence  lines  for  stresses  acting  at  any  section 

of  a  redundant  structure  as  well  as  for  tho  angles  of  twist  and  deflec¬ 
tions  can  be  carried  out  using  the  slope  and  deflections  method, 

provided  tho  influence  lines  for  the  displacements  adopted  as  un¬ 
knowns  arc  constructed  in  the  first  place. 

Let  us  study  the  construction  of  these  influence  lines  using  as 

an  example  the  structure  represented  in  Fig.  63.13  all  the  members 

of  which  are  of  uniform  cross  section.  The  standard  equation  corres¬ 
ponding  to  the  conjugate  system  of  redundant  beams  shown  in 
Fig.  64.13  becomes 

Zir  u  +  =  0 
wherefrom 

since 

rtp= Hence  the  shape  of  the  influence  line  for  the  angle  of  twist  will 
coincide  with  that  of  the  diagram  of  vertical  deflections  6},j  caused 
by  a  unit  rotation  of  the  imaginary  constraint  through  an  angle 

Z,  =  l. 
When  the  load  unity  P  travels  along  the  right  span  (Fig.  65.13) 

we  have 

Tip—  — yafl  —  u2) 

and  when  the  same  load  is  situated  within  the  left  span  (Fig.  66.13) 
the  same  expression  becomes 

rip=  +  y«>(1  —  v2) 

The  magnitude  of  ri1t  will  bo  derived  from  the  unit  bending 

moment  diagram  it/,  (Fig.  67.13) 

3 EJ  ,  3 EJ  ,  4 EJ  10 EJ 
r“  =  — I — 1 — I — 1  i - l 

In  the  above  expression  the  values  of  v  and  u  may  vary  only 
from  0  to  1,  these  two  letters  representing  the  ratio  between  the 

distance  to  the  load  point  and  the  span  length.  The  values  of  rip. 
in  terms  of  v  are  given  in  Table  9.13. 
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Table  0.18 

Sp«u 
V 

ri» 

Onimale  Zi 

I.  L. Spun 

Ordinrtle  Zi 

I.  L. 

Right 1 0 0 
Lon 

i 0 u 

0.8 —0. 144 1 
+  0  0144 -jg- 

0.8 ~  0.1441 

-00l4'5l 7T 

0.0 — 0.1021 

+  0.0102 -Ji 0.6 +  0.1921 
1 -0.0192 -iL 

0.4 — 0.168 1 
+  0.0168  -j^j- 0.4 +  0. 168 1 1 

-0.0168-^ 

0.2 —0.0061 
+0.0096  -Jj- 

0.2 

+0.0961 

—  0.0096 

0 
i) 

0 0 0 O 

The  same  tablo  contains  the  values  of  the  ordinates  to  the  influence 

line  for  Zi  given  by  the  expression 

The  completed  influence  line  is  represented  in  Fig.  68.13. 
The  influence  line  for  the  bending  moments  at  an  arbitrary  section 

k  situated  within  the  left  span  will  be  based  on  the  following  expres- 

Influance  line  for  Z, 

vl  i  .  ul 

041 0.61 

Fig.  68.13  Fig.  69.13 

sion  as  long  as  the  load  unity  remains  within  the  same  span 

Ah  =  Mnk-~-Ziak 

In  this  expression 

Mn  =  bending  moment  at  section  A;  of  a  conjugate  redundant 
beam  whose  right  end  is  fixed  and  the  left  one  simply 
supported  (Fig.  69.13) 
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a,t  =  distance  from  the  cross  section  under  consideration  to  the 
left-hand  support 'SEJ 

- p- =  reaction  at  the  left  (roller)  support  due  to  a  unit  rota¬ 

tion  of  the  imaginary  constraint  at  joint  a  through  an 
angle  Zt  =  1. 

The  influence  line  for  the  shearing  force  at  the  same  cross  section 
can  be  deduced  from  the  equation 

When  load  unity  P  shifts  to  the  right  of  the  central  support 
the  above  expressions  are  simplified  and  become 

3  EJ 

1* 

Zlahi 

Qk 

3  F.J 

It 

2. 

Let  us  construct  the  influence  line  for  the  bending  moments  and 
the  shearing  forces  acting  at  a  cross  section  situated  a  distance 

0.4  l  from  the  left  end  of  the  first  span.  When  the  load  unity  travels 
along  the  first  span  the  expression  for  M&  becoinos 

Mk=Ml=—?~ZixOAl=Mi—t^j¥zi 

Let  us  find  the  values  of  Ml  and  Ql  for  the  conjugate  redundant 
beam  of  Fig.  69.13.  As  long  as  load  unity  P  remains  within  the 

first  span  to  the  right  of  section  ft,  i.e.,  when  u  0.6  (see  Table  2.13) 

Ml  =  -y-  (3 —  u)  OAl;  Qi  =  ±(3-U) 

When  the  load  unity  is  within  the  same  span  but  to  the  left 
of  section  ft,  i.e.,  when  u>0.6 

flf  i  =  -^  (3 — k)  0.41 — (0.4/ — vl)  =  —  (3 — u)  OAl — (u — 0.6)  l 

Qt  =  u^zu)_  1 The  values  of  the  ordinates  to  the  Ml  and  Ql  diagrams  computed 
using  the  above  expressions  are  given  in  Table  10.13. 

Table  10.13 

Load  point 
in  terms  of  u m 

Q°k 

Load  point 
In  terms  of  u 

ol 

0 0 0 

0.6 

jin 
0.2 0.0224  l 0.050 0.8 
0.4 0.0832 1 

0.208  i 

1.0 
0 

o.ts 0.1728 1 0.432 
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f>53 

When  the  load  point  shifts  to  the  second  span  the  ordinates  to  the 

Mh  and  Qk  influence  lines  become  equal  to  those  for  the  influence 

Fig.  70.13  Fig.  71.13 

line  for  Zj  (see  Fig.  68.13)  multiplied  by  the  following  factors  respec¬ 
tively 

( - TTa*  = - p-xOAl^ - —  )  and  [ - —j 

Figs.  70.13b  and  c  and  71.136  and  c  represent  the  influence  lines 
for  the  different  terms  entering  the  expressions  of  Mh  and  Qh.  The 

completed  influence  lines  for  Mh  and  Qh  shown  in  Figs.  70.13d 

and  71.13d  have  been  obtained  through  the  summation  of  the  ordi¬ 
nates  to  the  influence  lines  just  mentioned. 



14. APPROXIMATE  METHOD 

OF  STRESS  ANALYSIS 

FOR  REDUNDANT  FRAMES 

1.14.  CLASSIFICATION  OF  APPROXIMATE  METHODS 

The  analysis  of  complicated  frames  using  one  of  the  exact  methods 

described  above  (method  of  forces,  slope  and  deflections  method, 

the  mixed  one,  etc.)  often  remains  exceedingly  labour  consuming 

even  when  all  the  possibilities  of  simplifying  the  equations  have 

been  profited  by.  In  such  cases  resort  should  be  made  to  approximate 

methods  which  may  be  subdivided  into  two  main  groups. 

Methods  belonging  to  the  first  of  these  groups  proceed  by  succes¬ 

sive  approximations  (iterative  methods)  and  therefore  the  precisi
on 

of  the  final  results  may  be  as  great  as  desired.  After  a  sufficient  
num¬ 

ber  of  approximations  these  results  will  for  all  practical  purposes 

be  equivalent  to  those  obtained  using  one  of  the  exact  meth
ods. 

The  methods  belonging  to  the  second  group  are  based  on  simp
li¬ 

fications  introduced  both  in  the  arrangement  of  structural  membe
rs 

and  in  the  distribution  of  loads.  The  simplified  system  th
us  ob¬ 

tained  may  thereafter  be  analyzed  using  either  one  of  the  exact 
 or  one 

of  the  approximate  methods. 

The  simplifications  introduced  into  one  and  the  same  system  m
ay 

vary  considerably  and  each  of  these  simplifications  
will  influence 

the  final  results  to  a  different  degree.  Consequently,  one  must  lea
rn  to 

choose  the  simplest  way  of  analyzing  the  structure  with  d
uo  regard 

to  tlio  desired  precision  ol  the  final  results.  In  order  to  h
e  Able  to  do 

so  one  must  understand  very  clearly  the  work  of  the  enti
re  structure 

and  at  the  same  time  one  must  be  well  versed  in  all  the  exac
t  methods 

of  stress  analysis.  ,  , 

Approximate  methods  are  particularly  useful  when  c
hoosing 

cross-sectional  dimensions  for  preliminary  estimates,  when 
 com¬ 

paring  alternative  layouts  of  one  and  the  same  stru
cture  or  when 

designing  ancillary  or  temporary  buildings. 

As  no  analysis  whether  exact  or  approximate  ot  a  rod
undanl 

structure  can  be  undertaken  as  long  as  the  cross-sec
tional  dimen¬ 

sions  and  rigidities  of  its  members  remain  unknown,  the  sa
me  methods 

are  frequently  resorted  to  in  the  preliminary  choice  of 
 such  dimen¬ 

sions. 
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Approximate  methods  are  scldomly  used  in  the  design  of  simple 
frames,  exact  solutions  being  readily  available  in  appropriate  engi¬ 
neering  hand  hooks. 

2.14.  THE  METHOD  OF  MOMENT  DISTRIBUTION 

The  method  of  moment  distribution  belongs  to  the  first  group  of 

approximate  methods  constituting  in  fact  a  particular  application 
of  the  slope  and  deflections  method  described  in  the  preceding  chap¬ 
ter.  It  leads  to  a  very  substantial  reduction  in  the  number  of  equa¬ 
tions  and  in  the  case  of  structures,  whose  joints  can  sustain  angu¬ 
lar  twists  alone  but  cannot  be  deflected,  the  method  under  considera¬ 

tion  permits  to  avoid  completely  the  solution  of  Simultaneous  equa¬ 
tions  with  several  unknowns. 

For  the  first  lime  this  method  was  suggested  in  1929  by  N.  Ber¬ 

natsky  and  a  few  months  later,  early  in  1930,  a  detailed  descrip¬ 

tion  of  practically  the  same  method  was  given  by  Prof-  Hardy 
Cross.  The  moment  distribution  method  could  be  used  for  the  ana¬ 

lysis  of  all  redundant  framed  structures  but  in  practice  it  is  applied 
only  to  continuous  beams  aud  complicated  frames  whose  joints  are 
not  deflected  by  the  applied  loads.  A  maximum  of  one  or  two  inde¬ 
pendent  deflections  of  joints  may  be  tolerated. 

The  moment  distribution  method  is  particularly  well  fit  for  the 

analysis  of  multi-story  building  frames  and  closed  frames  of  hydrau¬ 
lic  plants,  where  its  application  results  in  a  very  considerable  reduc¬ 

tion  of  computation  work.  The  convention  of  signs  adopted  previously 
for  bending  moments  and  shearing  forces  remains  unchanged  and  the 
conjugate  system  of  redundant  beams  is  obtained  in  exactly  the  same 
way  as  in  the  slope  and  deflections  method. 

The  reactive  moments  acting  at  the  ends  of  the  bars  are  consid¬ 

ered  positive  when  they  act  clockwise,  the  shears  when  they  tend  to 
rotate  clockwise  the  portion  of  the  bar  under  consideration  about 
its  far  eud.  The  reactive  moments  are  usually  denoted  by  the  letter  M 
with  Ihrce  lower  indices  the  first  two  giving  the  numbers  of  joints 
between  which  the  bar  is  inserted  and  the  third,  separated  from  the 
first  two  by  a  comma,  indicates  the  cause  giving  rise  to  that  particu¬ 
lar  moment.  The  end  of  the  bar  at  which  the  reactive  moment  is  dev¬ 

eloped  is  alwmys  indicated  by  the  very  first  of  the  indices.  Thus,  for 

example,  will  represent  the  reactive  moment  developed  at 
end  i  of  bar  i-k,  under  the  influence  of  load  P. 

1.  ANALYSIS  OF  STRUCTURES  WITH  FIXED  JOINTS 

Let  us  examine  the  structure  showm  in  Fig.  1.14a.  in  this  structure 

joint  1  alone  can  sustain  an  angular  rotation  and  no  single  joint 
may  be  deflected.  The  conjugate  system  of  redundant  hearns  shown 
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in  Fig.  1.14 b  is  obtained  by  the  introduction  o£  an  imaginary  con¬ 

straint  preventing  the  rotation  of  joint  1.  The  reactive  moment  dev¬ 
eloped  by  this  constraint  will  equal 

Mu,?  — 
PI 

n PI 

This  moment  will  be  reckoned  negative  for  it  acts  in  an  counter¬ 
clockwise  direction.  The  moment  produced  at  this  joint  by  the  load¬ 
ing  of  bar  1-4  tends  to  rotate  this  joint  in  a  clockwise  direction  and 

[Fig.  1.14 

as  soon  as  the  imaginary  constraint  is  removed  the  angle  of  twist 

of  this  joint  will  become  equal  to  <p(.  This  rotation  will  result  in  the 

appoaranco  of  the  following  moments  at  both  ends  of  all  the  bars  con¬ 
verging  at  joint  1  (see  Table  2.13) 

1  = 

'\JIJ  12 

M„, 

2  EJa 

*12 

1  1)2 

Ma.  i  = 

3  BJa <Pii 

Mu,  1  : 

=  0 

hz 

Mu.  i  = 

4 EJu 

in 

•Pi! 

Mu. 2 ESU ‘  1.* 

q>i  = 
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In  these  expressions  M,2. i  is  the  reactive  moment  induced  at  end 

7  of  bar  1-2  by  the  rotation  of  joint  1  through  an  angle  <p<;  /?./)2 

is  the  flexural  rigidity  of  bar  1-2;  ln  is  the  length  of  the  same  bar,  and 
so  forth. 

it  is  quite  obvious  that  the  angle  of  twist  qt  of  joint  /  must  be, 
such  that  the  sum  of  all  the  reactive  moments  acting  at  the  near  ends 
of  the  bars  converging  at  this  joint  should  become  nil.  This  can  he 
expressed  by  the  equation 

iff  12,  1  +  d/i3,  1  +  Mu.  I  +  Mu.  p  =  0 

This  equation  is  in  no  respect  different  from  the  one  used  in  the 

slope  and  deflections  method.  Since  all  the  bars  meeting  at  joint 
1  are  twisted  through  the  same  angle  cpj,  wo  may  write 

M 1 2 ,  i :  M is,  i :  Mu,  i  —  i|2 :  its  '•  in 
where 

.•  F-J (2  .  Q.lhEJxs  .  .  IMu 

‘IS  —  /  —  l  <13  —   1 - .  <1*—  — 1 - <12  <1.1  <14 

The  terms  i  given  above  are  frequently  called  the  stiffness  factors  of 
the  frame  members.  In  case  of  bars  fixed  at  both  ends  the  stiffness 

factor  is  equal  to  their  flexural  rigidity  per  unit  length  and  for  those 

having  one  end  built-in  and  the  other  freely  supported  this  factor 
equals  0.75  of  their  flexural  rigidity  per  unit  length.* 

The  bending  moments  due  to  the  twist  of  joint  1  become  equal  to 

Mi2i  ,  =  -
 
<«+<”+ iuA/u>  p  ^laM<4'  P 

Mta>i - ",  17iMli’p - r 

Mu.  i  «=■  —  iu  p  =  — e 

The  values  of|u,f2  =  ̂;  p)9  =  ̂  ;  pu  =  fff  indicate  that  part  of  the 
unbalanced  moment  applied  to  the  joint  which  is  taken  up  by  the 
corresponding  frame  member.  Hereafter  these  values  will  be  called 
distribution  factors.  It  is  clear  that  for  each  individual  joint  the  sum  of 
all  the  distribution  factors  must  equal  one. 

The  algebraic  sum  of  moments  induced  by  the  twist  of  joint  1 
with  the  reactive  moments  induced  by  the  applied  loads  in  the  beams 
of  the  conjugate  system  will  yield  the  value  of  the  resulting  moments 
acting  at  the  joints  of  the  given  structure 

PI  .  ,,  PI 
Mu  —  Pi2~o-i  M  is — Pis-©-! nr  Pi  Pi •Mu  — Pl4  ~o  3 - {l  — |«u)- 

♦Ortam  authors  attribute  the  name  stiffness  fartor  to  the  ratio  ~  usually 
denoted  hy  the  letter  K.  In  our  opinion,  it  fits  better  the  term  i.  —  Tr. 
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M21=^  =  m*^;  m31  =  0 
,,  PI  .  PI  I .  .  fin  \ 

=  4Tg-  +  -g — 

in 

8 

'J 'h esc  moments  must  satisfy  the  following  relation 

Mu  +  ;l/i3  +  Mu  0 

The  diagram  of  the  resulting  moments  is  represented  iri  Fig.  1  .14c. 

The  analysis  of  redundant  structures  by  the  method 'under  consid¬ eration  consists  of  the  following  operations: 

1.  Jn  the  first  place  the  reactive  moments  induced  in  the  beams, 

of  the  conjugate  redundant  system  are  determined  using  Table  2.13. 

2.  Next,  equilibrium  equations  for  each  joint  are  formed  applying 

to  the  joints  balancing  moments  equal  in  amount  and  opposite  in 

sign  to  the  reactive  moments,  these  balancing  moments  being  distrib¬ 

uted  among  the  members  converging  at  the  corresponding  joints 

in  direct  proportion  to  their  stiffness  factor. 

3.  Half  the  amount  of  the  distributed  moment  is  transferred  (car¬ 

ried  over)  to  the  far  end  of  the  bar  provided  this  end  is  also  rigidly 

fixed,  in  the  event  the  far  end  of  the  bar  is  provided  with  a  hinge 

the  carry-over  moment  must  be  nil. 

4.  New* counterbalancing  moments  are  applied  to  each  joint 

thrown  out  of  balance  by  the  carry-over  moments. 

In  order  to  accelerate  the  work  several  noncontiguous  joints  may 

he  dealt  with  simultaneously.  The  operation  is  repeated  until  the 

values  of  unbalanced  moments  become  so  small  that  Ihev  may  be 

disregarded.  The  final  value  of  the  bending  moments  acting  at  the 

ends  of  each  member  of  a  structure  are  obtained  summing  up  the 

values  of  the  fixed  end  moments  with  the  valuos  of  the  distributed  and 

carry-over  moments,  due  consideration  being  given  to  their  respective 
signs. 

All  the  computations  should  be  carried  out  in  tabular  form.  The 

table  to  he  used  should  consist  of  a  certain  number  of  columns 

and  lines,  each  column  corresponding  to  one  end  of  each  member 

of  the  structure.  These  columns  are  grouped  joint  by  joint  reserv¬ 

ing.  if  necessary,  extra  columns  for  external  moments.  The  exact 

procedure  to  be  followed  when  no  joint  of  the  structure  may  be 

deflected  will  be  described  in  detail  in  the  following  problem. 

Problem  i.  Kequircd  the  bending  moment  diagram  for  all  the  members 

of  a  roof  truss  with  rigid  joints  represented  in  Fig.  2.1U.  The  length  of  all 

the  bars,  the  relative  values  of  the  moments  of  inertia  and  the  loads  are  clearly 
indicated  in  the  same  figure.  . 

Solution.  Since  all  the  joints  of  the  given  truss  are  completely  rigid  lln» 
E  J  •« 

stiffness  factors  of  all  the  bars  will  amount  to  i  —  -j—.  Assuming  thill  E  —  I 
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and  referring  all  the  moments  of  inertia  to  Jo  we -may  write i  —  The  values 

JqI 

of  the  stiffness  factors  thus  obtained  (or  to  he  more  precise,  their  relative  values) 
are  given  in  the  third  line  of  Table  1.14. 

Table  1.14 

joint  >.0. 1 4 3 2 

Bar  No. 
1-2 m 2-3 Q 

2-1 

Stiffness 

factor t 07 

1 

133  1 133 B 
133 

133  
j
 

! 

HO 

89 

67 

(»7 

Distribution 
factor  p 

0,333 0.067 
0.40 

0.20 
0.40 

0
.
6
0
 
 

j

 

0.40 0.40 0.30 
0  30 

Fixed  end 

moments. 

Ion- me¬ 
tres 

—1.40 
1.40 

1 B 
—1.40 

1 1 B 1 
/ (1.47 

0.113 0.47 _ _ ■ ■ 0  21 

11a  lane- 3 — 

—  . 

— — 

—0.42 
— 0.84 —0.56 

-0.28 

— — 

ing  of  • 
1 — 

—0,01 —0.02 —O.oi —0.02 
—0.01 

— — — _ 

joints 
2  \ — — — — — — 0.01 

0.02 

0,01 

0.01 

1 — 0.01 — — — — — — — — 

(Insulting 
bending 

moments 

0.47 
—0.47 

1.85 

-0.01 —  1.84 

0.55 

-0.55 

O.Oi 0.25 

Having  determined  the  stiffness  factors  proceed  with  the  calculation  of  the 
distribution  factors,  as  indicated  hereunder  for  joint  4 

f‘4i  = 

p,2  = 

(143  = 

*4( 

133 

(41  + 1  42  ”7"  (43  133  —  57  -}- 1 33 

- i/S. - =^-=0.20 

*43 

=0.40 

*41 +  *42 +*43  333 
-S-0.40 

42* 
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It  should  ho  always  kept  in  mind  that  the  sum  of  all  the  distribution  factors 
must  be  always  equal  to  one.  . 

The  fixed  end  moments  corresponding  to  the  redundant  beams  ot  the  conju¬ 
gate  system  are  given  by 

ql* 

M\ p=M ,lJx  —  Mti,  p  —  p—  J2 

»  —  t  =  —1.40  ton-metres 

These  moments  should  bo  entered  into  the  fifth  line  of  Table  1.14. 

All  the  above  entries  having  been  made,  we  may  proceed  with  the  balancing 

or  the  moment  acting  at  joints  1  and  3  of  the  truss,  joints  2  and  4  remaining 

ill  equilibrium  for  tho  time  being. 

At  joint  1  the  unbalanced  fixed  end  moment  1'u.y  ecfuals  — 1 .40  ton-metres, 

this  moment  being  directed  counterclockwise.  This  moment  will 
 be  taken 

up  by  the  bending  moments  acting  at  the  ends  of  all  the  bars  converg
ing  at  the 

joint  under  consideration,  these  bending  moments  being  calculated  ns
  follows 

M )2,  ,-=0.333  X  1.40  =  0.47  ton-metro 

Mu,  ,=0.667  X  1.40  =  0.93  ton-metre 

The  carry-over  moments  which  must  bo  transferred  to  the  far  ends  of
  these 

two  bars  will  amount  to 

JV/2I)  ,=0.30x0.47  0.24  ton-metro 

M41,  i  =  0.50  X  0.93  0.-47  ton-metre 

Passing  to  joint  3  we  note  that  this  joint  is  acted  upon  by  an  unbalanc
ed 

moment  M3 4,p  amounting  to  1.40  ton-metres  acting  clockw
ise.  This  moment 

must  lie  distributed  as  follows 

A/34  —0.60  X  1.40—  —0.84  ton-metre 

jt/jj  s«—  0.40x1.40=  —0.56  ton-metre 

The  carry-over  moments  are  equal  to 

M/,3,  a  =  —0.50  X  0.84  =  —0.42  ton-metre 

,w23.  3  -  — 0.50  x  0.50  =  — 0.28  ton-metro 
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Balancing  joints  7  and  3  as  described  above  we  have  disturbed  the  equilib¬ 
rium  of  joints  2  and  4.  The  unbalanced  moment  at  joint  4  amounts  now  to 

i  +  3=0.47  — 0.42  =  0.05  ton-metre 

Distributing  this  moment  among  the  three  bars  converging  at  joint  4  we 
obtain 

i~  — 0.40  x  0.05=  —0.02  ton-metro 

M 43, 4  =  — 0.20 x  0.05=  — 0.01  ton-metre 

A/ 43, 4  =  —  0.40  x  0.05  =  — 0.02  ton-metre 

One  half  of  each  of  tlie.se  moments  will  be  again  carried  over  to  the  far 
end  of  each  of  tho  bars 

M a,  4  =  — 0.5  X  0.02  =  — 0.01  ton-inotro 

M*, 4  =  — 0.5  X  0.01  =  — 0.005  ton-metre 

A/3t) 4=  — 0.5  X0.02  =  — 0.01  ton-metre 

Proceeding  in  exactly  tho  same  way  for  joint  2  we  shall  find  that  the 
unbalanced  moment  transmitted  to  joint  1  equals  only  —0.01.  This 
unbalanced  moment  is  very  much  smaller  than  tile  one  found  previously,  its 
value  being  practically  no  greater  than  the  degree  of  precision  of  all  our  compu¬ 
tations.  Consequently,  no  further  approximations  are  necessary  for  the  amounts 
of  all  tho  unbalanced  moments  which  will  have  to  he  dealt  with  will  bo  smaller 
than  0.01  ton-metre. 

The  computations  given  in  Table  1.14  ropresent  all  the  operations  necessary 
to  solve  the  problem.  The  bending  moment  diagram  constructed  with  due  regard 
to  the  sign  convention  adopted  is  shown  in  Fig,  2.14b. 

2.  ANALYSIS  OF  STRUCTURES  WITH  DEFLECTED  JOINTS 

Tlie  analysis  of  structures  whose  joints  may  be  deflected  requires 
that  in  addition  to  constraints  opposing  the  twist  of  these  joints 

imaginary  supports  should  he  introduced  preventing:  all  indepen¬ 
dent  deflections.  Schematically  these  supports  may  he  replaced 
by  a  corresponding  number  of  supporting  bars.  As  previously,  the 
bending  moments  induced  at  the  ends  of  all  the  redundant  beams  of 

the  conjugate  system  should  be  calculated  using  appropriate  ready 
made  formulas  or  tables.  Next  all  the  joints  should  be  balanced 

by  a  series  of  successive  approximations.  Finally  tho  corrections 
taking  care  of  joint  deflections  should  he  introduced.  The  exact 

sequence  of  operations  will  he  shown  in  the  following  example. 

Problem  2.  Required  the  bending  moment,  diagrams  for  all  the  members 

of  a  double-span  frame  shown  in  Fig.  3.14a.  Only  one  joint  of  this  frame  can 
sustain  an  independent  deflection. 

Solution.  The  sliffness  factors  for  all  the  members  of  the  frame  are  computed 
us  follows 

*  12  = 

0.75.7 12  _0.75  x  3 =  1.125 
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0.  tbJ 35 

_0_ 75x4 

*36  — 

4 

*45  ~ 

^45 

*45^0 
8.0 

5.33 

=  1.50 
9.0 

*34  T* 

hiJ  0 

4.0 
 = 

=  2.25 

*23“
 

•*23 

27.0 

G.O 

=  4.50 

Knowing  these  values  wo  may  easily  obtain  the  distribution  factors  as 

q-d  Ut/m 

indicated  hereunder  for  joint.  2 
12 _ _ 

1.125 

ll21~'i2+  *23  1.125  +  4.50 

123  _  4.50 

|1®S  Mj+^23  1.125-1-4.50 

=  0.20 

=  0.80 
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Tilt'  fixed  end  moments  for  the  redundant  beams  of  the  conjugate  systems 
shown  in  Fig.  3.14i»  are 

ruev  t  -M2 ■■  —0.80  ton-metro 
-W45,  p  —  - -W„.  p=  - 

0.36  x  5.332 

12 
 ~ 

12 
-%  p  = 

9 1*34 

3x42 

12  
~ 

12 
 ~ 

=  — 4,00  ton-metres 

-Wza.fi  —  — 

M- 

<ll\ s  QalA 

'32.  „  ■ 

12 

Ml 

12 

lh  
~ Qa*b

 

3  X  6*  22  X  4  X  2» 

12  6® 

3x62  ,  22  X  4*  X  2 

-18.8  toil-metres 

12 

6* 

=  28.5  ton-metres 

The  equilibrium  of  all  the  joints  pertaining  to  the  system  whose  deflections 
sire  prevented  by  tile  imaginary  support  at  the  level  of  the  crossbeam  is  ensured 
by  successive  approximations  as  shown  in  tho  upper  part  of  Table  2.14. 

The-  corrections  taking  care  of  joint  deflections  will  bo  obtained  expressing 
that  the  total  reaction  of  the  imaginary  support  due  both  to  tho  applied  loads 
and  to  the  horizontal  deflection  Z(  is  nil,  viz. 

^ip  +  rii'Zi'=0 Here  HiP  is  the  reaction  along  Z,  induced  by  the  external  loads,  and  ru 
is  the  reaction  along  the  same  direction  due  to  the  unit  displacement  Zi  =  1 . 

itoaclion  /?lp  will  be  derived  from  the  shearing  stresses  at  the  lower  ends 
of  the  columns  (Fig.  3.14c) 

n  Mu  5.99 

Viz.  p~ 

l. 

—~-=  —2.995  tons 

0  34,  p ~“ 
Q S3.  P  —  ~

 
W-.5  +  W  54  _ gifts 

2 

Mu 

In 

2.0 
3.71 

;  4.0 

0.10-fl.34 
5.33 

0.925  ton 

0.36x5.33 -1.23  tons 

ft s  2  -  5.55“  2 
Thu  equilibrium  of  the  upper  portion  of  the  frame  separated  from  its 

supports,  requiring  that  2^  =  0,  wo  have 

—  <?12,  p  —  <?63,  f!  —  Q54 ,  p  —  gif 45 4-  }hp  =  0 
wherefrom 

2 .995  —  0.952  -f  1 . 23 — 0. 36  X  5.33  -f  7? i  p  =  0 
and  consequently 

7?jp=  — 1.38  tons 

As  for  reaction  rti  it  will  be  found  assuming  that  the  horizontal  beam  of  the 
conjugate  system  moves  towards  tho  right  ovor  a  distance  Z,  =  1  (Fig.  3.14d). 
The  shearing  forces  which  would  bo  developed  in  that  case  at  tho  lower  ends 
of  the  columns  (divided  by  EJV)  would  amount  to 

3J12  3x3 

>lh  ""  23 

Vm.i-—36
  3  x4 

Vl2, 1  — 

<?**.!  = 

•7<dt« 
12/4S 

43 

12x8 

=  1.125 

=0.1875 

y0f?B  ~  5-333 These  shearing  forces  are  shown  in  Fig.  3.14d. 

0.6325 
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Table  2.14 

Joint  No. 2 2 
1 

4 5 

Bar  No. 2-1 
2-3 

3-2 3-6 3-1 
4-3 

4-5 5-4 

Stillness  factor  j 1.125 4.50 4.50 
0.75 

2.25 

2.25 

1.50 1.50 

Distribution  factor  |i 0.20 
0.80 

0.00 0.10 0.30 
(Mill 

0.40 — 

Fixed  end  moments, — 

-18.8 

28.50 
— 

—4.00 

4.00 

—0.86 

0.86 

ton-metres 2 
3.76 

15.04 7.52 — — — — — 

3 _ 
—9.61 —19.2 —9.61 — 4.80 

— — 

4 _ _ — — 1.00 

0.66 
0.33 2 1.92 7.69 

3.84 
— — — — — 

3 _ —  1 .30 
—2.60 -0.43 —1.31 —0.65 

— — 

2 

and 0.26 
t.04 

0.52 
— 

0.39 

0. 26 

0.13 

Balancing  ot 
4 

H 
—0.21 

—0.13 —0.07 -0.22 
—11.ll 

_ 
joints 2 

and 
0.01 0.17 

0.08 — 
0.03 

0.07 
0.04 0.02 

4 

3 — 
— 0.(14 —0.07 

—0.01 -0.03 —0.01 
— — 

and 0.01 
0.03 0.01 

— 0.01 0.01 — — 

4 

3 — — 
-0.02 

— “ 

Preliminary  value  of 5.09 

—5.99 
18.14 

If 14.43 

0.10 
1.34 

bending  ■  moments. 
ton-metres ■ g 

Bending  moments  due 
-2.25 ■ H i ■ ■ ■ 

to  unit  deflection ■ ■ ■ ■ 1 ■ ■ 
2 ■ ■ ■ 1 anc 0.45 1.80 

0.90 — 0.50 

1 .01 
0.34 

Balancing  of 4 

joints 
3 — 

—0.20 — 0.39 — O.Of — 0.2*; 
— 0.  It 

0.16 
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Table  H .14  (concluded) 

Joint  NO. 3 4 

3 — 

— 0.04 —0.07 —0.01 
— 0.03 

— — 

Balancing  of and 0.01 0.03 0.01 U.01 

joints 4 

3 — — 

— 0.01 

— - — — — 

Correction  correspond- 

-1.75 

1.75 0.52 

—0.82 

0.30 
0.97 

-0.97 

—  1.33- 
ing  to  Z|  =  1 

Correctionc  orrospond- 
—  1.60 1.60 0.47 

—0.74 

0.27 0.88 

-0.88 —1.21 

ing  to  Z|  = 0.912 

Final  values  of 
bend- 

4.39 

—4.39 

18.61 

—4.45 —14.16 

0.78 

—0.78 

0. 13 

ing  moment, 

ton- metres 

The  fixed  end  moments  caused  by  the  same  displacement  of  the  horizontal 
beam  equal 

—  1.125X2=  -2.25 

M3Q,  i=  — 0.1875  x  4=  — 0.75 

43,  1  =  il/34,  l  —  0.6325  ̂   *  =  —  1 .  69 

The  bending  moments  at  the  joints  of  the  given  redundant  structure  due 

to  the  same  unit  displacement  Z,  =  1  "will  be  obtained  balancing  the  joints as  indicated  in  the  lower  part  of  Table  2.14.  Knowing  these  bending  moments 
we  may  find  the  corresponding  shearing  forces  at  tho  lower  ends  of  the  columns 

as  well  as  tho  reaction  rti  which  equals  tho  algebraic  sum  of  shearing  forces- 
acting  at  tho  top  of  these  columns.  These  shears  and  the  reaction  rti  equal 

O'  .  — 

x 12» 1  — 
)  ™**  n  * -  V-Ol  J 

M2  * 
O'  .  — 

_^_<h
82 VC3,  l  — 

i39  4
  -  0-*'3

 n;,  ,  _ M\s  +  MU  0.97  —  1.33 

V&4*  1  — ^45  »5.d3 

=0.433 

rti  —  Qin.  i  “f^csi  i  -i-Q&i,  i  **  0.875  +  0.205  +  0.433 =1.513 

We  may  now  find  the  actual  value  of  the  deflection  of  the  upper  part  of 
the  frame 

Hlp  _  1.38 

r„  '  t.513  = 

Z 0.912 
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The  positive  sign  of  this  deflection  indicates  that  its  direction  coincides 
with  the  one  adopted.  The  corrections  which  must  be  introduced  on  the  bending 
moments  will  now  he  easily  obtained  multiplying  the  magnitudes  of  the  moments 
due  to  a  unit  deflection  by  the  actual  value  of  this  deflection  which  equals 

•0.912.  Adding  these  eorreetod  moments  to  those  obtained  in  the  upper  part 
id  tiie  table  disregarding  the  horizontal  deflection  of  the  crossbeam  we  obtain 
the  final  values  of  the  required  moments  (Fig.  3.14<?). 

If  several  independent  deflections  could  occur  in  the  given  struc¬ 
ture  it  would  become  necessary  to  introduce  separately  the  correc¬ 
tions  due  to  each  of  those  deflections  on  the  values  of  bending  mo¬ 
ments  obtained  for  the  non-deflected  structure.  The  real  value  of 

each  of  these  deflections  would  he  derived  from  a  system  of  simul¬ 
taneous  equations.  The  number  of  these  equations  would  be  equal 

to  the  number  of  independent  deflections  and  therefore  would  re¬ 
main  very  much  smaller  than  the  number  of  equations  used  in  any 
of  the  exact  methods.  Thus,  if  there  are  two  independent  joint, 
deflections,  regardless  of  the  number  of  unknown  angles  of  twist, 

we  shall  have  to  solve  only  two  equations  with  two  unknowns  given 
hereunder 

KffZj  +  r  ij/vj  -j-  1{  |  jj  =  0 

r2t%i  +  Rip  —  O 
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1-15.  BASIC  PRINCIPLES 

Until  quite  recently  the  design  of  all  engineering  structures  was 
based  on  permissible  stresses.  This  means  that  the  internal  forces 

(bending  moments,  shearing  and  normal  forces)  in  different  mem¬ 

bers  of  the  structure  were  determined  using  the  methods  developed 
in  the  Theory  of  Structures  assuming  that  the  whole,  structure 

works  as  a  perfectly  elastic  body.  The  selection  of  the  cross-sec¬ 
tional  dimensions  of  these  members  was  based  on  formulas  established 

in  treatises  on  the  strength  of  matorials  and  was  aimed  at  keeping 
the  design  unit  stresses  in  these  members  within  the  permissible 
ones.  As  for  the  permissible  stresses  themselves  they  were  taken 
equal  either  to  the  ultimate  strength  of  the  materials  or  to  the 

stresses  corresponding  to  their  yield  point  divided  by  a  certain 

factor  of  safety.  In  accordance  with  this  method  the  general  ex¬ 
pression  ensuring  the  strength  of  the  structure  could  bo  written  as 
follows 

In  this  expression  a  is  the  design  stress.  Ou.it  is  the  ultimate 

strength  or  yield  strength  of  the  material,  and  K  is  the  safety 
factor  (K>  1). 

However,  it  became  soon  apparent  that  for  concrete,  reinforced 
concrete  and  masonry  structures  results  obtained  using  tho  method 

•of  permissible  stresses  were  frequently  in  contradiction  wiLh  data 
based  on  observation  or  on  experimental  work.  This  has  led  to  the 

creation  of  a  new  method  of  computation  usually  known  as  the 

■“ultimato  loads  method".  In  this  method  the  safety  factor  is  no 
longer  referred  to  the  maximum  unit  stresses  arising  at  different 
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points  of  the  structure  but  to  tho  ultimate  bearing  capacity  of  the 
cross  section  of  a  member  or  of  the  structure  as  a  whole.  In  this 

method  the  general  expression  ensuring  the  strength  of  the  member 
or  structure  under  consideration  becomes 

Mere  S  is  the  internal  force  acting  in  the  member  under  consider¬ 
ation,  Sun  is  tho  ultimate  load  which  the  same  member  is  capable 
to  carry  (by  ultimate  load  we  mean  a  load  just  sufficient  to  cause 

its  failure),  and  K  is  the  safety  factor.  As  a  general  rule  the  ulti¬ 
mate  loads  are  calculated  with  due  consideration  of  possible  non¬ 
elastic  deformations. 

Both  methods  mentioned  above  suffered  from  one  and  the  same 

drawback:  the  value  of  the  safety  factor  remained  constant  while 
in  reality  it  should  depend  on  a  number  of  circumstances  connected 
with  the  structure  under  consideration. 

At  the  present  lime  the  U.S.S.R.  Building  Codes  require  that 

:ill  I  lie  o.turi rienring  sl.pir.hnres  should  he.  dp-shmed  iiZH-jrrnrdTiire 
with  the  method  of  ultimate  states  developed  by  a  group  of  Soviet 
scientists  under  the  direction  of  Acad.  V.  Keldysh  and  Prof.  N. 
iitrelctskv. 

The  term  ultimate  slate  refers  to  such  a  state  of  the  structure  or 

of  ono  of  its  members  which  makes  further  service  of  this  structure- 
impossible,  whether  due  to  insufficient  bearing  capacity,  or  to  tho 
appearance  of  excessive  deflections  and  deformations  or  finally  to 
the  development  of  some  local  defects.  In  the  general  case 

the  following  three  ultimate  states  should  be  taken  into  consi¬ 
deration: 

1.  The  ultimate  stato  characterized  by  the  loss  of  bearing  capac¬ 

ity  due  either  to  lack  of  strength,  to  loss  of  stability  or  to  fati¬ 
gue  (in  the  case  of  repeated  loading). 

2.  The  ultimate  slate  characterized  by  the  development  of  exces¬ 
sive  deformations  such  as  deflections,  twists,  etc. 

3.  The  ultimate  state  characterized  by  Lhe  formation  and  opening 

of  cracks,  or  the  appearance  of  other  local  defects  preventing  further 
use  of  the  structure,  as,  for  instance,  loss  of  impermeability  in  a 
reservoir,  etc. 

Each  of  the  above  ultimate  states  may  develop  under  the  in¬ 
fluence  of  numerous  factors,  the  main  being 

(1)  the  type  and  intensity  of  external  loads  and  other  actions; 
(2)  the  strength  and  other  mechanical  properties  of  building 

materials; 

(3)  the  conditions  under  which  the  structure  has  been  erected 
and  will  have  to  work. 



1.13  Bamc  Principles m 

The  design  must  ensure  that  during  the  service  life  of  Lhe  struc¬ 
ture  none  of  these  ultimate  states  will  be  allowed  to  occur  at  the 

same  time  preventing  the  overexpenditure  of  building  materials. 
The  problem  may  be  approached  from  threo  different  angles: 

1.  It  may  be  necessary  to  determine  the  ultimate  load  for  a 

given  structure,  in  other  words,  to  find  the  magnitude  of  the 
loads  which  will  lead  to  the  development  of  any  ono  of  the  ultimate 
states. 

2.  One  may  bo  required  to  choose  the  minimum  cross-sectional 
dimensions  of  all  the  structural  members  which  would  ensure  against 
the  appearance  of  any  of  the  ultimate  states  under  a  given  loading, 
noting  under  a  given  set  of  conditions. 

3.  One  may  be  required  to  find  the  real  safety  factor  of  a  given 
structure  under  a  given  system  of  loads  or,  in  other  words,  to  lind 

the  ratio  hetween  the  ultimate  load  and  the  applied  one. 
In  the  method  of  ultimate  states  the  single  safety  factor  used 

in  the  two  methods  mentioned  previously  is  replaced  by  a  set  of 
differentiated  factors. 

Thus,  the  design  loads  (both  live  and  dead)  used  in  all  the  com¬ 
putations  are  obtained  multiplying  the  service  or  normal  loads 
by  a  factor  n  called  the  overload  factor.  This  factor  is  intended  to 

take  care  of  any  possible  increase  of  Lhe  applied  loads  over  and 
above  the  magnitude  of  the  normal  service  loads  (when  the  work 
of  the  structure  becomes  aggravated  by  a  reduction  of  certain 

loads,  the  overload  factor  must  lake  care  of  this  eventuality).  The 

■overload  factor  will  necessarily  vary  dopending  on  the  loading. 
Thus,  for  instance,  the  overload  factor  for  dead  loads  and  hydro¬ 

static  pressures  adopted  by  the  U.S.S.R.  Building  Codes  is  quite 
small  and  equals  only  1.1,  while  the  same  factor  for  live  loads  car¬ 

ried  by  the  floors  of  dwelling  houses  reaches  1.4.  For  wind  pressure 

the  overload  Factor  equals  1.2,  for  snow  1.4  and  for  the  pressure 
exerted  by  granular  materials  it  should  be  taken  equal  to  at  least 

1.2.  When  certain  special  or  exceptional  combinations  of  loading 
arc  taken  into  consideration  an  additional  factor  called  the  com¬ 

binations  factor  should  be  introduced  on  ail  live  loads,  this  factor 
accounting  for  tho  extremely  low  probability  of  all  live  loads 

reaching  their  maximum  values  simultaneously.  The  numerical 
value  of  this  factor  usually  ranges  from  0.8  to  0.9. 

The  design  strength  of  materials  is  obtained  multiplying  their  nor¬ 
mal  strength  (the  latter  being  stipulated  by  appropriate  standards  or 
obtained  by  direct  testing)  by  a  uniformity  factor  k,  this  factor 
taking  care  of  any  possible  drop  in  the  strength  of  tho  material 

used  (as  compared  with  the  aforesaid  normal  strength)  caused  by 
some  fluctuation  in  its  mechanical  properties.  This  factor  will  there¬ 
fore  depend  solely  on  the  properties  of  the  material  under  consi- 
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deration.  The  numerical  values  of  this  factor  adopted  by  the¬ 
ir  .S.S.R.  Building  Codes  are: 

for  structural  low  carbon  steels  from  0.8  to  0.9 
for  timber  working  in  bending  and  for  masonry  work  0.4 
for  concretes  with  cube  strength  between  250  and  600  kg  per 
sq  cm  approximately  0.55. 
The  U.S.S.R.  Building  Codes  contain  the  values  of  uniformity 

factors  k  for  numerous  building  materials  with  due  regard  to 

manufacturing  procedures  and  the  use  for  which  Lhcso  materials- 
are  intended. 

Peculiarities  of  working  conditions  such  as  the  presence  of  ag¬ 
gressive  media,  stress  concentrations,  the  danger  of  brittle  failure 
as  well  as  any  other  circumstances  alleviating  or  aggravating  the 
work  of  the  structure  must  be  taken  caro  of  by  the  working  condi¬ 
tions  factor  m,  whose  value  may  become  both  smaller  or  greater 
than  unity.  Thus,  for  instance,  the  working  conditions  factor  for 
riveted  joints  varies  from  0.6  to  1.0  depending  on  the  typo  of  rivets 
and  on  the  use  to  which  those  joints  are  put;  for  wooden  beams 
whoso  minimum  cross-sectional  dimensions  do  not  fall  below  14  cm 

the  working  conditions  factor  is  taken  equal  to  1.15,  and  for  cer¬ 
tain  precast  reinforced  concrete  elements  the  Building  Codes 
authorize  to  adopt  m  —  1.1. 

The  working  conditions  factor  is  applied  to  the  ultimate  load' 
and  consequently  a  decrease  in  the  value  of  this  factor  is  equiva¬ 
lent  to  an  increase  in  the  value  of  the  overall  safety  factor. 
When  the  design  is  based  on  the  first  ultimate  state  the  general 

expression  ensuring  that  the  structure  complies  with  the  strength, 
requirements  takes  the  shape  of  the  following  inequality 

S  butt 

whore  S  is  the  internal  force  developed  in  the  member  under  con¬ 
sideration  in  the  event  of  the  most  unfavourable  combination  of 

design  loads  (service  loads  multiplied  by  the  overload  factor), 
and  Suit  is  the  ultimate  bearing  capacity  of  this  particular  member 
computed  in  terms  of  its  cross-sectional  dimensions,  of  the  design 
strength  of  the  material  (obtained  by  multiplying  its  actual  strength 
by  the  appropriate  uniformity  factor)  and  with  due  regard  to  the 
working  conditions  factor. 

Iri  a  number  of  cases  the  building  codes  authorize  the  design 
of  structures  on  the  assumption  that  failure  will  occur  well  after 
the  appearance  of  nonelastic  deformations.  This  leads  to  more 
economical  use  of  building  materials,  advantage  being  taken  in 
this  case  of  the  reserve  of  strength  existing  beyond  the  elastic  limit. 

The  strains  and  deflections  are  usually  computed  assuming  that 
the  elastic  limit  of  the  material  is  never  exceeded  and  reducing  to 
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unity  all  the  overload  factors.  The  following  sections  will  ho  devot¬ 
ed  to  a  brief  outline  of  modern  design  methods  ensuring  the  strength 
of  framed  structures,  these  methods  taking  due  account  of  plastic 
deformations  peculiar  to  building  materials. 

2.15.  DESIGN  OF  STATICALLY  DETEUMINATE  BEAMS 

For  simplicity  the  real  stress-strain  curve  of  an  elasloplaslic 
material  is  replaced  by  the  simplified  rectilinear  diagram  given 
in  Fig.  1.15.  This  diagram  consists  of  an  inclined  line  represent¬ 
ing  the  elastic  strains  and  of  a  horizontal  line  corresponding  to 

Fig.  1.15 

plastic  strains.  The  values  of  yield  stresses  in  tension  (a,)  and  in 
compression  (a^)  may  differ  permitting  thereby  a  hotter  representa¬ 
tion  of  the  real  properties  of  certain  materials  such  as  concrete, asbestos  cement  and  certain  plastics. 

It  is  usually  assumed  that  plastic  strains  set  in  without  any  tran¬ 
sition  period  as  soon  as  the  stress  in  the  material  has  exceeded 
its  yield  point.  For  design  purposes  yield  stresses  a  and  a',,  are 
replaced  by  the  design  strength  of  the  material  J1  or  JV  as  the  case 
may  be,  the  latter  being  obtained  multiplying  yield  stresses  bv  the 
corresponding  uniformity  factors. 

It.  is  assumed  that  plastic  deformations  of  the  materials  may continue  indefinitely  and  that  the  increase  in  strength  due  to  strain 
hardening  may  be  neglected.  Strictly  speaking,  the  simplified  dia¬ gram  can  he  used  only  in  the  event  the  plastic  deformations  sus¬ 
tained  by  the  material  do  not  exceed  (he  horizontal  portion  of  the 
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real  stress-strain  curve  corresponding  to  the  yield  point.  For  cer¬ 
tain  building  materials  such  as  rolled  steel,  this  horizontal  stretch 
may  be  quite  short. 

Failure  of  reinforced  concrelo  elements  usually  occurs  when  both 
the  reinforcement  and  the  concrete  itself  have  entered  the  zone  of 

plastic  deformations  and  therefore  the  simplified  diagram  of 

Fig.  1.15  remains  to  a  certain  extent  applicable.  In  all  cases  where 

brittle  failure  may  bo  expected  the  diagram  of  Fig.  1.15  becomes 
totally  unacceptable. 

Let  us  now  examine  the  cross  section  of  a  statically  determinate 

beam  symmetrical  about  its  vertical  axis  and  working  in  pure  bend¬ 

ing  {Fig.  2.15a).  For  simplicity  wo  shall  assume  a’v  =  ay. 

d)  (c)  (d)  (e)  If)  <g) 

Fig.  2.15 

As  long  as  the  stresses  at  all  the  points  of  this  cross  section  re¬ 

main  below  the  elastic  limit  of  the  material  (the  elastic  limit  coin¬ 

ciding  on  the  simplified  diagram  with  the  yield  point)  the  stress 

diagram  for  the  cross  section  under  consideration  will  consist  of 

two  triangles  shown  in  Fig.  2,155.  If  the  bending  moment  is  in¬ 
creased,  the  stresses  in  the  cross  seclion  will  increase  also  and  the 

outer  fibres  will  eventually  reach  the  yield  point  (Fig.  2.15c).  At 

this  moment  the  purely  elastic  work  of  the  beam  comes  to  an  end, 

plastic  strains  beginning  to  develop  within  the  extreme  fibres  of 
the  cross  section. 

The  method  of  permissible  stresses  is  based  on  the  assumption 

that  the  bearing  capacity  of  an  element  becomes  completely  exhaust¬ 
ed  as  soon  as  nonelastic  strains  appear  in  the  outer  fibres  of  the 

cross  soction.  However  in  reality  the  stresses  in  all  the  fibres  located 
closer  to  the  neutral  axis  remain  well  below  the  yield  point  of  the 
material  and  therefore  the  loads  and  bending  moments  may  be 

further  increased  without  entailing  the  immediate  failure  of  the 
bea  m . 
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For  those  of  the  fibres  where  the  yield  point  has  been  already 
exceeded  the  stresses  will  remain  constant  while  tor  the  rest  of 
the  fibres  situated  closer  to  the  neutral  axis  they  will  continue 
increasing  with  a  gradual  decrease  in  the  depth  of  the  elastic  zone 
(Fig.  2.15d).  If  the  bending  moment  is  further  increased  the  stress 

diagram  will  tend  to  that  of  Fig.  2.15c  at  which  moment  the  bearing 
capacity  of  the  beam  will  become  completely  exhausted  and  a  pla¬ 
stic  hinge  will  appear.  Such  a  plastic  hinge  differs  from  an  ideal 
one  by  the  fact  that  it  will  function  only  if  two  couples  acting  in 
opposite  directions  are  applied  to  this  hinge,  each  of  these  couples 
being  equal  to  tho  ultimate  resisting  moment  corresponding  to  the 
section.  The  plastic  hinge  disappears  as  soon  as  the  beam  is  un¬ 

loaded  or  if  the  bending  moment  changes  sign.  In  both  cases  the 
beam  reverts  to  an  elastic  state. 

The  bending  moment  at  the  plastic  lunge  which  characterizes 

the  real  bearing  capacity  of  boam  is  considerably  greater  than  the 
bending  moment  entailing  tho  appearance  of  yield  stresses  in  the 
external  fibres  of  this  beam.  Tho  magnitude  of  this  bending  moment 
may  be  obtained  in  the  following  way.  On  tho  formation  of  a  pla¬ 
stic  hinge  all  the  points  of  tho  extended  portion  of  a  cross  section 
are  stressed  to  ay  while  all  the  points  of  the  compressed  portion 

are  stressed  to  a'u  =  ipor/. 
Since  the  normal  force  in  a  cross  section  working  in  pure  bending 

equals  zero,  the  resultant  of  all  the  unit  stressos  acting  over  the 
extended  portion  must  equal  the  resultant  of  all  tho  unit  stresses 
acting  over  the  compressed  portion,  in  other  words 

wherefrom 

F2  F  . 

^  ’t’-r  1  ’ 
F2  = 

V  +  l 
F  is  the  total  cross  section  of  the  beam. 

This  equation  permits  the  immediate  determination  of  the  neutral 
axis  which  may  no  longer  coincide  with  the  horizontal  axis  of  sym¬ 
metry  for  the  given  section.  The  real  bearing  capacity  of  the  beam, 
characterized  by  the  ultimate  bending  moment,  may  be  now  ob¬ 
tained  taking  the  moment  of  all  the  stresses  acting  at  this  cross 
section  about  the  neutral  axis  just  obtained.  Replacing  the  yield 
stresses  cr(;  by  the  design  ones  R  and  introducing  the  working 
conditions  factor  m  we  obtain 

Mult  =  mR  [if  §  y,  dFt  +  ̂  y2  tfF2]  =  mR  (ifS,  +  St)  =  mRWp Fl  f3 

where  y,  and  tj2  represent  the  distances  of  the  elementary  areas 
dFi  and  dFz  (these  areas  being  situated  in  the  upper  and  lower 
43-853 
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portion  of  the  cross  section,  respectively)  to  the  neutral  axis,  ami 

5,  and  S2  are  the  statical  moments  of  these  two  portions  about 
the  same  axis. 

The  term  (lfS,  -j-  S2)  represents  the  plastic  resisting  moment  of 
the  cross  section  and  will  be  hereunder  designated  by  l V». 

The  magnitude  of  the  ultimate  resisting  moment  would  remain 

unchanged  if  the  moments  of  the  internal  forces  were  referred  to 

the  gravity  axis  instead  of  the  neutral  one.  For  a  rectangular  cross 

section  the  plastic  resisting  moment  becomes 

W  j:  =  if5|  +  S2  =  y  (#;  +  hi)  — 

where  b  and  h  represent  respectively  the  width  and  the  depth 
of  the  cross  section,  and 

hi- 
4>-i >M-i 

bit* 

When  as  is  the  case  for  structural  steel,  IV  j,  equals -j-  and 

consequently 

H’p  _  Sh®  .  W2  _  ,  r 

W  ~  4  ■  R  1,0 
W  representing  as  usual  the  elastic  resisting  moment  of  the  cross 
section. 

When  if^2  as  in  the  case  for  asbestos  cement  we  obtain 

...  bhi  , 

Wp  —  ~y  ai,d 

IV 
-r-  =  2.0 

It  follows  that  the  bearing  capacity  of  structural  elements  may  he 

increased  quite  considerably  if  due  account  is  taken  of  the  plastic 

strains  which  may  develop. 

For  H-bcams  and  I-beams  the  ratio  equals  approximately  1.15 

(provided  i|)  =  1)  and  in  that  case  the  plastic,  design  becomes  less 
attractive. 

For  those  of  the  materials  whose  if  factor  is  the  greatest  the  eco¬ 

nomy  derived  from  plastic  design  becomes  very  noticeable  for  it 

becomes  possible  to  increase  the  service  loads  twice  or  even  more. 

The  distribution  of  stresses  and  plastic  zones  along  the  span  of 

the  beam  is  entirely  dependent  on  the  bending  moment  diagram. 

During  unloading  the  strains  decrease  along  a  straight  lino  (dotted 

line  in  Fig.  1.15)  parallel  to  the  one  representing  their  increase  dur¬ 

ing  loading  while  the  body  still  works  as  an  elastic  one.  Hence 

during  unloading  t,ho  material  behaves  again  as  a  purely  elastic 

one  and  the  stresses  at  any  particular  stage  of  this  operation  will 

be  given  by  the  shaded  portion  of  the  diagram  obtained  by  super¬ 
position  and  given  in  Fig.  2.15/. 
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When  the  beam  is  completely  unloaded  the  stress  diagram  will 

take  the  shape  indicated  in  Fig.  2.log.  The  moment  due  to  the 

internal  forces  must  vanish  for  upon  complete  unloading  the  bend¬ 

ing  moment  becomes  equal  to  zero  itself. 

It  should  bo  noted  that  the  bearing  capacity  of  beams  carrying 
transversal  loads  may  be  reduced  considerably  due  to  the  influence 

of  shearing  stresses,  which  become  particularly  dangerous  when  the 
elastic  limit  is  exceeded. 

Problem.  Required  to  select  the  cross-sectional  dimensions  of  a  simply 
supported  beam  6  m  long  made  of  low  carbon  steel,  the  dead  load  on  the  beam 
equalling  2  tons  per  metre  and  a  concentrated  live  load  of  5.0  tons  being  applied 
at  midspan.  The  overload  factors  equal  respectively  1.1  for  tbo  dead  load  and 
1-4  for  Uie  live  load;  the  working  conditions  factor  m  equals  0.90.  Tbo  design 
strength  of  low  carbon  steel  If  will  be  taken  eqnal  to  2,100  kg  per  sq  cm. 

Solution.  The  design  moment  at  inidspan  is 

,,  nqqP  npPl  UX2.0xfi2  t.4X5x<> 
-“8 — r~  = - 8 - + - 4 - 

=0.9+10.5  —  20.4  ton-metres  ■=  2,040,000  kg-cm 

The  bearing  capacity  of  a  steel  beam  working  in  bending  is  given  by 

Mult  =  m/fTTp  =  0.0  x  2,t00W'p  =  1,89011-',, 

Let  us  adopt,  an  I-beam  whoso  plastic  resisting  moment  Wp  =  \.J&V. 
Equalling  the  design  bonding  moment  to  the  ultimate  resisting  moment 
of  the  beam  we  find 

which  leads  to 

wherefrom 

Muit  —  1.890IE  p 

1,890  x  U5W  =  2,040,000 

IT’ =940  cm# 

We  shall  choose  a  36c  I-beam  (the  tJ.S.S.R.  Slate  Standard)  with  a  resisting 
moment  of  962  cm3.  Were  the  same  beam  designed  using  the  permissible  stresses 
method  we  should  have  to  use  a  40c  I-beam. 

3.15.  DESIGN  OF  STATICALLY  INDETERMINATE  BEAMS 

The  complete  exhaustion  of  the  hearing  capacity  of  certain  re¬ 
dundant  members  of  a  structure  will  not  entail  its  failure  provided 
the  remaining  members  continue  to  form  a  geometrically  stable 
system  capable  of  carrying  the  applied  load.  Plastic  deformations 
of  the  overloaded  members  will  lead  to  a  redistribution  of  stresses 
which  will  increase  the  bearing  power  of  the  structure  as  a  whole. 
Complete  failure  of  the  latter  will  occur  only  when  the  number  of 
members  whose  bearing  capacity  has  been  exhausted  becomes  equal 
to  the  number  of  redundant  constraints  increased  by  1.  The  plastic 
design  of  statically  indeterminate  structures  may  be  carried  out 

43* 
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using  the  method  of  plastic  hinges  which,  in  its  more  goneral  form , 
is  known  in  the  U.S.S.R.  under  the  name  of  the  method  of  ultimate 

equilibrium.  Both  the  static  and  the  kinematic  procedures  may  be 
utilized. 

Tho  kinematic  procedure  requires  the  knowledge  of  lines  or 
points  of  failure,  permitting  the  formation  of  equilibrium  equa¬ 
tions  pertaining  to  the  mechanism  into  which  the  structure  will 

be  converted  once  its  bearing  power  has  been  exhausted.  It  is  usu¬ 
ally  assumed  that  all  external  loads  increase  simultaneously  and 

in  the  same  proportion  and  that  their  points  of  application,  direc¬ 
tions  and  signs  remain  unchanged.  It  is  also  assumed  that  the 

pattern  of  the  actual  failure  will  be  the  one  corresponding  to  the 
minimum  value  of  tho  ultimate  load. 

Equations  of  ultimate  equilibrium  may  be  based  either  on  statics 
or  on  tho  principle  of  virtual  displacements.  In  the  latter  case  it  is 

assumed  that  infinitesimal  displacements  occur;  these  displacements 
remaining  consistent  with  the  constraints  subsisting  after  the  trans¬ 
formation  of  the  structure  into  a  mechanism. 

The  static  procedure  requires  that  the  internal  forces  should  ho 

distributed  in  the  redundant  structure  in  such  a  way  that  together 
with  the  initial  or  inherent  stresses  they  should  lead  to  its  failure. 

For  this  purpose  some  distribution  of  internal  forces  in  equilibri¬ 
um  with  the  applied  loads  is  chosen  and  thereafter  a  number  of 

additional  systoms  of  internal  forces,  each  of  these  systems  being 
balanced,  i.e.,  corresponding  to  zero  loads,  are  added  thereto.  The 

number  of  these  additional  systems  must  be  equal  to  the  number  of 
redundant  constraints  of  the  given  structure. 

Tile  ultimate  equilibrium  is  reached  when  the  bearing  capacity 
of  certain  members  of  the  structure  becomes  exhausted. 

The  real  distribution  of  internal  forces  will  correspond  to  the 
maximum  breaking  load  possible  under  the  given  conditions. 

Both  the  static  and  the  kinematic  procedures  if  applied  to  the 
same  redundant  structure  will  always  lead  to  the  same  results. 

In  a  number  of  cases  resort  may  be  made  to  tho  so-called  method 
of  moment  equalization,  derived  from  the  kinematic  procedure. 

The  appearance  of  each  plastic  hinge  in  a  continuous  beam  always 
corresponds  to  the  elimination  of  one  constraint  and  therefore 

reduces  by  one  tho  degree  of  redundancy  of  the  given  beam.  Hence 
the  bearing  power  of  the  beam  will  be  completely  exhausted  as 

soon  as  the  number  of  plastic  hinges  has  become  equal  to  the  degree 
of  redundancy  of  the  beam  plus  one. 

It  should  be  remembered  however  that  the  bearing  capacity  of 

each  single  span  will  be  also  exhausted  as  soon  as  three  hinges 
appear  within  its  length.  For  this  reason  every  span  of  a  continuous 
beam  must  be  also  considered  separately. 
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Let  us  take  the  continuous  beam  shown  in  Fig.  3.15a  whose 
bearing  capacity  is  required  for  the  given  distribution  of  loads. 

First  let  us  replace  the  given  beam  by  a  conjugate  statically  de¬ 
terminate  structure  consisting  of  a  series  of  end-supported  beams 
as  indicated  in  Fig.  3.15b  and  let  us  construct  separately  for  each 
of  these  beams  the  diagrams  of  bending  moments  induced,  on  the 

Fig.  3. IS 

one  hand,  by  the  ultimate  moment  which  may  be  developed  at  each 
of  the  supports  (Fig.  3.15c)*  and,  on  the  other  hand,  hy  the  bend¬ 
ing  moments  due  to  the  ultimate  loads  whose  points  of  application 
and  directions  are  given  but  whose  magnitudes  remain  unknown 
(Fig.  3.15d). 

It  is  clear  that  the  ordinates  at  the  supports  to  the  diagram  of 
bending  moments  entailing  the  formation  of  plastic  hinges  at  the 
said  supports  will  represent  the  ultimate  bearing  power  of  the  cor¬ 
responding  cross  sections  of  the  beam 

M l,  nll\  M2,  ult‘,  -Ifs,  ultl  Mi t  Uu 

The  resulting  bending  moment  diagram  will  be  obtained  by 
superposition  of  the  negative  bending  moment  diagram  duo  to  the 

♦ 

•This  diagram  has  been  constructed  on  the  assumption  that  the  ultimate strength  of  the  beam  varies  from  sypport  to  support. 
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aforesaid  moments  at  the  supports  with  the  diagram  of  positive 
bending  moments  induced  by  the  applied  loads  in  each  span  of  the 
conjugate  simple  structure.  The  scales  of  these  two  diagrams  will 
be  so  selected  that  in  each  span  the  maximum  positive  ordinates 

to  the  diagram  of  the  resulting  moments  should  represent  the  bearing 
capacity  of  corresponding  cross  sections  (Fig.  3.15e).  The  numerical 
value  of  the  ultimate  load  for  each  span  will  be  found  equating  the 
maximum  ordinate  to  the  bending  moment  diagram  pertaining  to 
the  conjugate  end-supported  beam  to  the  sum  (in  absolute  values) 
of  the  maximum  ordinate  to  the  resulting  diagram  within  the  span 
under  consideration  with  the  ordinate  at  the  same  cross  section 

due  to  the  application  of  ultimate  moments  at  the  supports. 
Thus,  for  instance,  in  the  first  span  from  left  to  right  we  shall 

have 

P i.  ultab    M uita 

l. 

It 

M 
A,  Ult 

wherefrom 

»  .  -^7 1 ,  a  it  |  Ma,  ultlt *  ‘>u“  b  '  all 

Since  Mu  ull  =  Mt,  uit  for  the  second  span  we  shall  have 

wherefrom 

S2^  =  MUuU+M„,m 

?2,  ult 

_ 8  (Ml,  u «  +  ATg.  u It) 

n 

Similarly  for  the  fourth  span  we  shall  have 

uith  _  M3,  uit  1  2 Miw  uit  _j_  M 

3  3  '  3 
wherefrom 

Md,  ult 

n  ..  M3,  „ it  +  2M 1,  uit  +  3Md,  un 

*  * ,  ult    - - - J - 

Knowing  the  values  of  the  ultimate  resisting  moments  we  can 

easily  determine  the  ultimate  loads  for  each  span  which  will  lead 
to  the  value  of  the  ultimate  load  for  the  beam  as  a  whole. 

When  the  ultimate  resisting  moment  of  the  continuous  beam 
remains  constant  the  determination  of  ultimate  loads  becomes 

particularly  simple.  Indeed  in  that  case  the  desired  result  will 
be  achieved  if  the  maximum  ordinates  to  the  resulting  bending 
moment  diagram  within  the  spans  are  made  equal  to  those  at  the 
supports  (Fig.  4.15). 

When  it  is  desired  to  solve  the  inverse  problem  or,  in  other  words, 

to  find  the  necessary  cross-sectional  dimensions  corresponding  to 
a  given  loading,  one  should  start  by  the  construction  of  bending 
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moment  diagrams  for  each  of  the  spans  regarded  as  a  separate  end- 

supported  beam.  This  being  done,  the  values  of  maximum  bending 
moments  in  the  span  and  at  the  supports  should  be  chosen  in  such 
a  way  that  their  ratio  should  be  the  same  as  the  ratio  of  the  resist¬ 

ing  moments  at  the  corresponding  cross  sections.  This  latter  ratio 
should  he  adopted  beforehand  for  otherwise  an  infinitely  great 
number  of  solutions  would  become  possible. 

Assume,  for  instance,  that  it  is  required  to  construct  the  diagram 

of  the  design  bending  moment  for  the  continuous  beam  of  Fig.  4.1">, 
all  the  loads  being  known  both  in  amount  and  in  direction. 

Assuming  that  the  design  moments  are  equivalent  to  the  ulti¬ 
mate  ones  the  desired  diagram  for  each  span  will  he  obtained  in  the 

same  way  as  the  ultimate  moment  diagram.  First  the  bending  mo¬ 
ment  diagrams  induced  by  the  given  loading  in  all  the  conjugate 
end-supported  beams  will  he  constructed  and  the  pertinent  ordi¬ 
nates  to  these  diagrams  computed. 

Thereafter  one  may  proceed  with  the  preliminary  equalization 
of  the  bending  moment  diagrams  for  each  span  as  indicated  in 
Fig.  b.lob.  If  the  cross  section  of  the  beam  is  to  remain  constant 
throughout,  its  dimensions  are  chosen  to  resist  the  maximum  bend¬ 

ing  moment.  In  the  case  under  consideration  tho  bonding  moment 
acting  in  the  first  span  is  the  groatest  of  all.  It  is  obvious  that  no 

plastic  hinges  will  appear  in  any  of  the  other  spans  under  the  given 
loading. 

If  it  were  required  to  construct  the  diagram  of  bending  moments 

leading  to  the  formation  of  plastic  hinges  in  all  the  loaded  spans 
one  should  proceed  with  the  equalization  of  moments  acting  imme¬ 
diately  to  the  left  and  immediately  to  the  right  of  each  support. 
In  doing  so,  one  should  always  start  with  the  spans  carrying  the 
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smaller  loads  passing'  thereafter  to  the  spans  characterized  by  gra¬ 
dually  increasing  maximum  bending  moments. 

Thus,  in  the  example  under  consideration  one  should  start  with 
the  second  span  for  which  the  preliminary  bending  moment  diagram 
will  be  adopted  as  the  fiual  one.  The  diagram  for  the  first  span  will 

be  obtained  immediately  since  the  bending  moment  at  the  right- 
hand  support  is  already  known  (Fig.  5.15«)  and  the  one  at  the  left- 
hand  support  is  nil. 

Thereafter  one  should  pass  to  the  fourth  span  which  is  preceded 
by  the  unloaded  span  3.  Hence  the  preliminary  bending  moment, 
diagram  for  span  4  can  also  be  adopted  as  the  final  one.  The  diagram 
for  the  third  span  will  be  obtained  connecting  by  a  straight  line 
the  ordinates  over  supports  2  and  3  which  are  already  known.  The 
resulting  bending  moment  diagram  is  represented  in  Fig.  5.15c. 
This  diagram  may  be  used  for  the  determination  of  cross-sectional 
dimensions  both  over  the  supports  and  within  the  spans. 

It  is  clear  that  theso  dimensions  will  differ  from  support  to  sup¬ 
port  and  from  span  to  span  but  the  beam  will  be  of  equal  resistance 
for  the  given  system  of  loads. 

Other  solutions  could  be  found  if  the  ratios  between  the  resist¬ 

ing  moments  at  the  supports  and  in  the  spans  were  taken  differ- 



3.15.  Design  of  Statically  Indeterminate  Beams  (>8l 

ent  from  unity.  If  a  beam  of  equal  resistance  were  not  specified 
still  more  solutions  to  the  same  problem  could  be  obtained. 

One  could  also  use  the  bending  moment  diagram  obtained  for 
an  elastic  continuous  beam.  The  cross-sectional  dimensions  would 
be  based  in  that  case  on.  the  values  of  bending  moments  obtaiued 
through  the  equalization  of  those  at  the  supports  with  those  in  the 
spans. 

In  certain  cases  it  becomes  necessary  to  find  tire  safety  factor 

for  a  given  continuous  heam  carrying  a  well-defined  system  of 
loads.  In  that  case  one  must  determine  the  bearing  capacity  of  each 
span,  which  should  be  done  as  indicated  in  Figs.  3.15  and  4.15 

equalizing  I  be  ordinales  to  the  bending  moment  diagrams  at  the 
supports  and  within  the  spans  with  the  only  difference  that  the 
bearing  capacities  of  different  cross  sections  should  be  now  com¬ 
puted  disregarding  the  working  conditions  factors.  The  latter  will 

l>e  calculated  for  each  span  separately,  dividing  the  magnitude 
of  the  ultimate  load  obtained  by  the  amount  of  the  loads  actually 

applied. 
The  same  problem  could  be  dealt  with  in  a  somewhat  different 

manner.  One  could  start  by  the  construction  of  the  diagram  for 
the  equalized  bending  moments  as  in  Fig.  5.15,  derive  therefrom 

the  required  cross-sectional  dimensions  for  each  span  and  there¬ 
after  compare  the  bearing  capacities  corresponding  to  the  dimen¬ 
sions  found  with  those  of  the  given  beam.  This  procedure  will  per¬ 
mit  again  the  determination  of  the  actual  values  of  the  working 
conditions  factors. 

Up  to  the  present  we  have  assumed  that  plastic  hinges  will 
appear  either  at  the  supports  or  at  those  cross  sections  where  the 

bending  moments  pass  through  their  maximum.  In  actual  practice 
beams  whose  bearing  capacity  varies  sharply  from  section  to  sec¬ 
tion  are  frequently  encountered  (for  instance,  reinforced  concrete 
beams).  In  these  cases  it  is  impossible  to  determine  beforehand  the 
location  of  plastic  hinges. 

To  find  them  one  must  first  trace  the  diagram  representing  the 
variation  of  tho  bearing  capacity  along  each  span  (Fig.  6.15).  Such 
a  diagram  will  usually  consist  of  a  positive  and  a  negative  branch, 
since  each  cross  section  is  capable  of  resisting  both  positive  and 
negative  bending  moments,  even  though  their  magnitudes  may 
differ  considerably.  The  bonding  moment  diagram  should  there¬ 
after  bo  inscribed  into  the  diagram  mentioned  above  (the  ultimate 
resisting  moment  diagram)  in  such  a  way  that  the  two  should  have 
at  least  three  common  points.  The  location  of  these  points  will 
indicate  the  position  of  the  plastic  hinges. 

Assume,  for  instance,  that  the  diagram  for  the  resisting  moments 

along  the  first  span  of  the  heam  given  in  Fig.  4.15  is  represented 
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by  the  broken  lines  shown  in  Fig.  6.15.  Inscribing  into  the  latter 
the  bending  moment  diagram  for  the  same  span  we  shall  find  that 

the  plastic  hinges  will  appear  in  cross  sections  A  and  E.  The  ulti¬ 
mate  value  for  load  P  will  be  determined  on  the  basis  of  these  two 

Pig.  7.15 

diagrams,  its  value  being  equal  to 

n  Ms.ult  I  ult  (a-4- 

=  ^ - 

In  the  case  of  a  continuous  beam  of  varying  bearing  capacity 

plastic  hinges  may  appear  at  different  points  as  indicated  in 
Fig.  7.15.  Each  different  set  of  these  plastic  hinges  will  lead  to  a 
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different  value  of  the  ultimate  load  and  therefore,  for  design  pur¬ 
poses,  one  should  adopt  the  smallest  of  these  values  deduced  from 
the  comparison  of  different  failure  patterns.  It  is  obvious  that  such 

failure  patterns  which  are  inconsistent  with  the  stipulation  of  the 
problem  should  be  rejected. 

When  a  beam  carries  both  dead  and  live  loads  which  may  vary 
iri  amount  but  whose  ratio  remains  constaut,  the  ultimate  values 

of  these  loads  will  be  found  using  an  envelope  diagram  for  the 
bending  moments.  The  ordinates  to  this  diagram  will  be  given  in 

terms  of  a  single  parameter  determining  simultaneously  the  mag¬ 
nitude  of  both  dead  and  live  loads.  Assuming  that  the  beam  remains 

elastic  and  having  obtained  the  corresponding  bending  moment 
diagram,  one  should  proceed  with  the  equalization  of  the  maximum 

bending  moments  with  due  consideration  to  the  ultimate  resisting 
moments  of  the  beam.  This  being  done,  the  required  ultimate  loads 
will  be  easily  found.  When  both  the  dead  and  live  loads  are  known 

beforehand  the  required  cross-sectional  resisting  moments  may  he 
computed  equalizing  the  ordinates  to  the  bonding  moment  diagram 
due  to  the  above  loads  multiplied  by  the  overload  factors. 

All  the  above  leads  to  the  important  conclusion  that  the  method 

of  plastic  hinges  permits  the  design  of  continuous  beams  without 
resorting  to  equations  based  on  the  deflections  of  the  structure. 

It  is  worth  mentioning  also  that  the  formation  of  plastic  hinges 
reduces  the  redundant  continuous  beams  to  the  state  of  a  mecha¬ 

nism,  which  is  completely  uneffected  by  such  factors  as  the  set¬ 
tlement  of  supports,  temperature  changes,  or  erection  defecLs. 

Partly  fixed  ends  become  equivalent  to  tho  rigidly  built-in 
ones. 

Once  a  continuous  beam  has  been  loaded  beyond  its  elastic  limit 
residual  deformations  and  stresses  will  appear.  These  stresses  will 
not  balance  within  oach  section  as  was  the  case  with  statically  de¬ 

terminate  beams,  for  the  redundant  constraints  will  develop  certain 
reactions  which  will  not  reduce  to  zero  upon  withdrawal  of  the 
loads.  The  determination  of  residual  stresses  is  rather  complicated 

hut  since  these  stresses  have  practically  no  influence  on  the  bearing 
capacity  of  the  structure  this  question  will  not  be  studied  here. 

Problem.  Determine  the  bearing  capacity  of  a  continuous  I-beam  shown 

in  Fig.  8.15,  whose  resisting  moment  VI'  =  237  cm3-  The  beam  is  made  of  low 
carbon  steel  with  a  design  strength  of  2,100  kg  por  sq  cm.  Hie  working  con¬ 
ditions  factor  m  =  t. 

Solution.  The  ultimate  moment  which  can  he  developed  by  the  cross  section 

of  this  I-beam  working  in  bending  equals 

Mult  =  mliWp  =  mM .  15W  =  1.0  X  2, 100  X  1  -15  X  237  = 

=573,000  kg ‘Cm  =5.73  ton-metres 
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Since  the  bending  moment  within  the  span  and  at  the  support  must  be  equal 
wo  shall  have  for  the  first  span 

wherefrom 

pnitl  i 

4 

=  2Muit 

h 
8x5.73 

5.0  
~~ 

tons 

Similarly  for  the  second  span  we  shall  find 

wherefrom 

16A/uf/  16x5.73  .  , 
Quit  —  — —  =  5.73  tons  per  metre 

I- or  the  cantilever 

wherefrom 

Quitll  _ 

Mult 

2Mult  2x5.73 
Quit  =  — p —  —  •  =  o.!0  tons  per  metre 

4.15.  DESIGN  OF  REDUNDANT  FRAMES  AND  ARCHES 

Frames  and  arches  are  usually  subjected  to  the  simultaneous 
action  of  bending  moments  and  normal  forces  and  consequently 
we  must  study  first  the  combined  action  of  normal  and  flexural 
stresses  on  a  cross  section  working  beyond  its  elastic  limit.  We 

shall  assume  that  the  ultimate  strengths  (or  yield  stresses  as  the 

case  may  be)  of  tho  material  in  extension  (au)  and  in  compression 

(a;,  — tpo^)  differ  but  that  the  cross  section  possesses  at  least  one 
symmetry  axis  in  the  plane  of  the  bending  moment  Muit-  If  in 
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addition  to  this  moment  the  cross  section  is  also  subjected  to  a 

normal  force  N  acting  along  its  axis  (Fig.  9.15),  a  plastic  hinge 
will  appear  at  this  section  when  the  diagram  of  fibre  stresses  will 
take  the  shape  indicated  in  Fig.  9.15c.  The  neutral  axis  will  shift 

towards  the  edge  of  the  cross  section,  its  distance  from  the  centre 

increasing  with  the  reduction  ot  e  =  .  The  magnitude  of  the 

ultimate  normal  force  will  equal  the  resultant  of  all  the  iihre  stresses 
acting  over  the  given  cross  section  and  will  be  given  hy 

A  vit  —  Oy  (t})F |~Fj) 

where  Fi  and  F  2  are  the  areas  of  the  compressed  and  extended 
portions  of  a  cross  section,  respectively. 

Since  Ft  —  F2  —  F  we  can  easily  find  the  areas  of  both  portions 
just  mentioned  which  will  determine  the  position  of  the  neutral 
axis 

In  this  expression  Nht  =  tyouF  represents  the  value  of  the  ulti¬ 
mate  normal  load  for  the  cross  section  working  in  direct  compres¬ 
sion.  The  maximum  value  of  the  bending  moment  which  may  be 

applied  simultaneously  with  a  normal  load  will  be  given  by 

Mull  =  ou  (tyFlyl  -)-  F2F2)  =  Min  •  v 

where  y,  and  ij2  are  the  distances  of  the  centroids  of  the  compressed 

and  extended  portions  to  the  gravity  axis  of  the  whole  cross  sec¬ 

tion.  and  Miu  =  a,,Wp  is  the  ultimate  bending  moment  which 
could  he  applied  when  the  element  works  in  pure  bending.  Hence 
I  ho  value  of  v  given  hy 

v _ ii/i  4-  fiVz 

W
P
 

will  reflect  the  influence  of  a  normal  load  on  the  resistance  which 

a  cross  section  may  develop  to  flexural  stresses,  Wp  representing 
as  usual  the  plastic  resisting  moment  of  the  same  cross  section. 



two 
Modern  Design  Methods 

The  latter  must  be  determined  with  due  consideration  to  the  differ¬ 

ence  between  Die  values  of  the  yield  or  ultimate  stresses  in  com¬ 
pression  and  in  extension.  For  a  rectangular  cross  section  whose 

rig.  m.  is 

width  and  depth  arc  given  hy  b  and  h  respectively  and  whose  re¬ 

sisting  moment  W„  =  u-  ■■ ■  we  find f-’r' 

_  b  ( .1  i  .1.  ̂   utt  t  .  u  (  a  Nutt  1 

~  t  +♦  l 1  4  iV»„  )  •  h* -  1  -r  <p  l1  ) 

A’ln  =  '['Vijbh; h  —  h2  _  h± 

,,  bikz)  (1  +  tp)  (A  ,  ,  A'uo  \  (t  N„u  \ x - p5 — 

In  Fig.  10.15  wo  have  represented  graphically  the  values  of  v 

in  terms  of  the  ratio  for  different  values  of  cp.  Similar  graphs 
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could  bo  obtained  for  reinforced  concrete  members.  The  examina¬ 
tion  of  those  curves  shows  that  when  the  yield  point  or  ultimate 

strength  of  the  material  in  compression  and  in  extension  remains 

equal  (ij)  =  1)  tho  value  of  v  is  always  smaller  than  unity.  On  the 
other  hand,  when  the  said  ultimate  stresses  or  yield  points  differ 

(t|)  rjL  1),  the  value  of  v  may  become  greater  than  unity.  It  follows 
that  in  the  latter  case  the  ultimato  resistance  which  may  bo  devel¬ 
oped  by  the  given  member  to  flexural  loads  will  be  increased  by 
the  application  of  a  normal  load.  The  case  when  i|>  =  0  is  purely 
theoretical,  and  therefore  devoid  of  practical  interest.  For  design 

purposes  c fu  should  be  replaced  by  the  product  mRext  or,  in  other 
words,  by  the  design  tensile  strength  of  the  material. 

When  designing  redundant  arches  and  frames  the  main  difficulty 
will  always  consist  in  the  determination  of  the  position  of  plastic 
hinges  or,  in  other  words,  in  the  prediction  of  the  failure  pattern 
for  tho  given  structure. 

In  a  number  of  cases  preliminary  analysis  of  tho  structure  as  an 
elastic  body  may  be  quite  helpful,  for  it  may  be  assumed  that 

plastic  hinges  will  form  at  those  cross  sections  where  the  bending 
moments  pass  through  their  maximum. 

The  pattern  of  failure  for  an  arch  of  two  hinges  will  differ  depend¬ 
ing  on  the  load  points.  If  Lhe  loads  are  symmetrical,  failure  will 

occur  with  tho  formation  of  four  plastic  hinges  (Fig.  11 .1  Jiff),  their 
number  falling  to  three  when  the  two  central  hinges  merge 
(Fig.  11.155).  In  the  event  of  nonsymmetrical  loading  the  number 
of  plastic  hinges  equals  two  (Fig.  11.15c). 

It  can  be  easily  shown  that  the  procedure  of  the  equalization 
of  maximum  ordinates  to  the  bending  moment  diagrams  remains 

applicable  to  the  design  of  two-hinged  arches  (Fig.  12.15). 
Having  replaced  the  given  redundant  arch  by  the  conjugate 

simple  structure  lot  us  construct  for  the  latter  the  diagram  of  bend¬ 
ing  moments  Mi  due  to  the  thrust  X\  as  well  as  the  Mp  diagram 

for  an  end-supported  reference  beam  of  the  same  span  acted  upon 
by  the  same  loads.  The  diagram  for  the  resulting  moments  M  will 

he  obtained  through  the  summation  of  the  ordinates  to  the  .'V/,  and 
Xfp  diagrams  with  due  consideration  Co  their  respective  signs.  It. 
should  he  noted  that  the  outline  of  the  Mt  diagram  follows  exactly 
the  shape  of  the  neutral  line  of  the  arch.  The  desired  solution  will 

be  obtained  choosing  the  scales  for  Lhe  two  diagrams  mentioned 

above  in  such  a  way  that  the  maximum  ordinates  to  the  resulting 
diagram  at  these  cross  sections  where  plastic  hinges  are  liable  to 

appear  should  he  in  the  same  ratio  as  the  bearing  capacities  of  the 
same  cross  sections. 

Since  these  cross  sections  work  both  in  bonding  and  in  compres¬ 
sion  their  bearing  capacity  must  he  determined  in  terms  of  v.  As 
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the  normal  stresses  acting  at  each  cross  section  are  still  unknown, 

it  becomes  necessary  to  adopt  some  arbitrary  value  for  this  coef¬ 
ficient.  In  the  first  approximation  v  may  be  taken  equal  to  1.0. 

The  resulting  bending  moment  diagram  obtained  as  described 

above  will  enable  us  to  find  the  magnitude  of  the  ultimate  loads 
using  the  relation  between  the  ordinates  to  this  diagram  in  the 

Fig.  11.15  Fig.  IS. 15 

same  way  as  described  in  the  preceding  article  for  continuous 
beams.  The  location  of  plastic  hinges  will  coincide  with  the  maxi¬ 
mum  ordinates  to  the  resulting  bending  moment  diagram. 
Were  it  necessary  to  obtain  the  bending  moment  diagram  due 

to  a  given  system  of  loads  regarded  to  bo  ultimate,  one  should  start 

by  the  construction  of  the  diagram  for  the  reference  beam  from 
which  the  required  diagram  will  be  deducted  using  the  moment 
equalization  method. 

The  pattern  of  failure  of  a  fixed  end  symmetrical  arch  will  depend 
on  the  loading  and  may  be  either  symmetrical  or  nonsymmetrical. 

In  the  first  case  the  number  of  plastic  hinges  will  amount  to  six  or 
five  if  the  distance  between  two  central  hinges  reduces  to  zero 
(Fig.  13.15a  and  b).  In  the  second  case  failure  of  the  arch  will  he 

preceded  by  the  formation  of  at  least  four  plastic  hinges  as  in 
Fig.  13.15c. 

In  order  to  determine  the  ultimate  strength  of  a  fixed  end  arch 
let  us  adopt  as  conjugate  simple  structure  the  one  given  in 
Fig.  14.15a  and  let  us  construct  the  resulting  bending  moment 
diagram  due  to  the  simultaneous  action  of  the  unknowns  Xt, 

X2  and  X3  together  with  the  Mv  diagram  due  to  the  loading  whose 
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intensity  remains  also  unknown.  The  numerical  values  as  well 

as  the  signs  of  the  ordinates  to  the  M s  diagram,  being  equal 
to  Mi  {-  M 9  \-  Mv  remain  unknown. 
The  final  diagram  for  the  resulting  bonding  moments  will  he 

obtained  adding  together  the  ordinates  to  the  M ,,  and  to  the 

diagrams  measured  at  one  and  the  same  cross  sections  (Fig.  14.156). 

Since  the  sysLem  of  loads  is  nonsym metrical,  failure  will  occur 

with  the  formation  of  four  plastic  hinges  which  will  open  up  alter¬ 

natively — one  upwards  and  the  other  downwards. 

The  maximum  ordinates  (in  absolute  value)  to  the  resulting 

bending  moment  diagram  must  coincide  with  the  location  of  these 

plastic  hinges  and  must  he  numerically  equal  to  the  ultimate 

strength  of  (he  corresponding  cross  sections.  The  signs  of  these 
ordinates  will  change  from  hinge  to  hinge. 

If  the  loads  are  known  both  in  direction  and  in  amount,  the 

ordinates  to  the  bending  moment  diagram  for  the  reference  beam 

arc  completely  determined  permitting  computation  of  the  ordin¬ 
ates  to  the  final  bending  moment  diagram  for  the  arch.  The  influence 

ot'  normal  stresses  will  be  accounted  for  in  the  same  way  as  ex¬ 
plained  previously  for  the  case  of  two-hinged  arches. 

Problem.  Required  tlie  final  bending  moment  diagram  for  u  fixed-end  arch 
whose  neutral  line  follows  a  parabola.  The  span  of  the  arch  l  —  12  m,  its  rise 
j  ~  3  m  and  tku  ultimate  strength  of  al(  tbo  cross  sections  in  bending  remains 
the  same.  The  arch  is  acted  upon  by  a  concentrated  load  Puit  —  HO  tons  applied 
at  the  crown  (Fig.  15.15«). 

Solution.  The  final  bending  moment  diagram  will  lie  obtained  summing 

up  the  ordinates  to  the  bending  moment  diagram  due  to  the  thrust  H  =  X,, 

«—  as  a 
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to  those  induced  by  the  fixed  end  moments  Mx  =  ikf«  =  X2  and  to  tlio  one 

induced  by  the  load  P,  all  these  diagrams  relating  lo  the  conjugate  simple  struc¬ 
ture  represented  in  Fig.  15.15b.  Since  failure  of  a  symmetrically  loaded  arch 
will  occur  with  the  formation  of  five  plastic  hinges,  the  final  bending  moment 
diagram  will  have  the  shape  indicated  in  Fig.  15.15c. 

The  thrust  will  be  determined  using  the  following  relation  deduced  from 
that  diagram 

Mx'Ult+Ml-W  +  Mc.un 
Since 

wo  obtain 

JI' 

M"r 

ult 

Pu„l  20xi2 

4/ 

4x3 

=  20  tons 

The  bending  moment  at  cross  section  X D  whose  position  is  yet  unknown 
hut  which  coincides  with  the  plastic  hinge  D  will  ne  given  by 

Md.  Ult  =Ma,  M  +  *b-*iD  =  Ma.uU  +  -I'd —  J'y?D  (l-XD)  = 

—Wx,  ult-lOXD+jX% 
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The  bending  moment  diagram  passing  through  its  maximum  at  this  point, 
the  first  derivative  must  be  nil  and  consequently 

dM  q 

1lx17= 

-10+^XD  =  0 

wherefrom  A'n  =  3  metres.  It  follows  that M. 

\i  here  from 
o,  nit  —  M  Ay  ult  —  1 0.V/j  -g-  AT^-=»  — -T/j),  uit  —  30— J—  lb 

M D.uft—  —  7- ■’>  ton-metres 

M a,  alt  ~Mc-u.it-  —Mn,  „tt  —  7.5  toil-metres 

Next  let  ns  examine  the  simple  portal  frame  given  in  Fig.  16.15. 
This  frame  which  is  subjected  to  horizontal  uniformly  distributed 
loads  will  collapse  with  the  formation 

of  two  plastic  hinges.  Fig.  16.15  repre¬ 
sents  the  bending  moment  diagram  for 
this  frame  provided  the  fibre  stresses 
remain  below  the  olastic  limit  of  the 

material.  The  normal  stress  in  the  cross¬ 

beam  remaining  constant,  the  location 

of  the  plastic  binges  will  depend  solely 
on  the  value  of  bending  moments,  and 
therefore  the  hinges  must  ho  located  at  C 
and  D  where  the  said  moments  reach 
their  maximum.  For  the  same  reason 

plastic  hinges  in  the  columns  may  form 

only  at  points  D'  and  E. 
Theoretically  the  number  of  possible  combinations  of  plastic 

hinges  will  equal  six  hut  practically  this  number  falls  to  four, 

namely,  C  and  D,  C  and  D' ,  E  and  D,  and  finally  E  and  D' . The  ultimate  strength  of  the  frame  must  be  determined  for  each 
of  these  four  possible  combinations  of  plastic  hinges,  its  lower  value 
indicating  the  one  corresponding  to  actual  failure.  In  each  case 
the  ultimate  strength  will  be  derived  from  the  equilibrium  of  the 
mechanism  obtained  by  the  introduction  of  two  plastic  hinges 
functioning  under  a  constant  moment. 

The  exact  plaslic  design  of  multi-story  building  frames  remains 
still  very  complicated,  but  approximate  methods  are  quite  simple. 

in  the  case  of  vertical  loads  alone  resort  can  be  made  to  the  pro¬ 
cedure  described  in  the  second  paragraph  of  Art.  d.14,  bending 
moments  being  equalized  for  each  span  separately  with  due  regard 
to  the  ultimate  strength  of  the  cross  section  at  the  supports  and 
in  the  spans. 

fn  actual  practice  further  simplifications  are  frequently  intro¬ 
duced.  Thus,  in  determining  the  bending  moments  at  the  supports 

44* 
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the  loading  of  the  neighbouring  spans  is  simply  neglected.  This 
leads  to  a  reduction  of  about  35  per  cent  in  the  support  moments 
when  the  live  loads  do  not  exceed  five  times  the  dead  loads. 

When  the  building  frame  is  subjected  to  horizontal  loads  acting 
at  the  joints,  a  procedure  similar  to  the  one  described  in  the  third 
paragraph  of  Art,  3.14  may  be  used. 

With  due  regard  to  plastic  deformation  (Fig.  17.15)  this  pro¬ 
cedure  will  be  based  on  the  following  considerations:  at  each  floor 
level  the  resultant  of  all  horizontal  forces  transmitted  from  the  up¬ 
per  floors  will  equal  the  resultant  of  shearing  stresses  acting  across 

Ftg.  17.15 

the  top  sections  of  all  the  columns  of  the  lower  floor.  It  will  he 
assumed  that  this  resultant  is  distributed  among  all  the  columns 
of  that  particular  floor  in  direct  proportion  to  the  ratio  between 
the  ultimate  strength  of  the  column  cross  section  in  bending  and 
the  design  length  of  the  same  column.  When  all  the  columns  have 
the  same  length,  it  will  be  assumed  that  the  resultant  will  he  dis¬ 
tributed  among  all  the  columns  in  direct  proportion  to  their  ulti¬ 
mate  strength.  In  that  case  the  maximum  bending  moment  at  the 
upper  and  lower  sections  of  each  column  will  bo  given  by 

.  _ nr1-  ^k^e^Quit 

1V1 C.  utl  —  rWc.ull  — - xm: - 2XF 

When  balancing  all  the  intermediate  joints  one  must  lake  care 
to  distribute  the  column  bending  moment  among  the  floor  beams 
also  in  direct  proportion  to  the  ultimate  strength  of  the  latter. 
In  the  first  approximation  the  ultimate  strength  of  the  floor  beams 
may  be  computed  disregarding  the  influence  of  normal  stresses. 
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5.15.  DESIGN  OF  KEDUNDANT  TKUSSBS 

The  plastic  design  of  redundant  trusses  is  based  on  the  same  con¬ 

sideration  ns  that  of  the  framed  structures  with  rigid  joints  and 
the  main  difficulty  lies  once  again  in  the  fact  that  the  failure  pat¬ 
tern  is  not  known  beforehand.  It  may  become  therefore  necessary 
to  examine  a  large  number  oi  different  possibilities. 

It  is  clear  that  actual  failure  will  follow  the  pattern  correspond¬ 
ing  to  the  minimum  value  of  the  ultimate  load. 

Let  us  examine  the  statically  indeterminate  truss  of  Pig.  18.15 
provided  with  a  single  redundant  member.  Failure  of  this  truss 
will  occur  when  the  clastic  limit  of  the  material  is  exceeded  in  at 

least,  two  of  its  members.  Since  the  truss  contains  17  bars,  all  the 

possible  combinations  of  two  bars  out  of  17  must  be  examined. 

Even  if  the  impossible  combinations  are  rejected,  the  remaining 
number  will  be  so  great  that  no  practical  solution  of  the  problem 
could  be  attained  in  this  way.  Consequently,  it  becomes  much 
easier  to  compute  all  the  stresses  in  the  redundant  truss  regarding 
it  as  an  elastic  body  and  to  find  the  member  in  which  the  elastic 

limit  will  be  exceeded  in  the  first  place.  When  this  member  is 

found,  the  stresses  in  all  the  other  members  are  recalculated  again 
on  the  assumption  that  the  stress  in  the  first  one  will  remain  con¬ 

stant  and  equal  to  Nau—mRF.  fn  that,  way  the  second  bar  in 
which  the  elastic  limit  will  be  again  exceeded  may  be  found.  It  will 
be  necessary  to  carry  out  similar  computations  as  many  times  as 

there  are  redundant  members  plus  one.  Having  determined  the 
failure  pattern  of  the  structure  under  consideration,  the  ultimate 

loads  will  bo  deduced  from  the  equilibrium  of  the  mechanism  into 
which  the  truss  has  been  converted. 

Assume,  for  example,  that  the  elastic  limit  will  be  exceeded  at 

first  in  bars  1  and  2  the  ultimate  loads  for  which  are  given  by 

NXt  ait  —  niRF \  and  N2,nu  —  mRF2 
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The  magnitude  of  load  P  causing  the  failure  of  the  truss  will 
he  obtained  from  the  equilibrium  of  moments  about  point  A  of  all 
the  forces  acting  lo  the  left  of  section  /-/  (see  Fig.  18.15) 

=  0;  Pui  td — Nlt  uiih — Nitllltr  =  0 
wherefrom 

pul(  _  ■^Uitltli  +  p2.ultr  __  mR  (iift’i  +  rf2) d  d 

The  design  of  redundant  trusses  is  further  complicated  by  the 
fact  that  compressed  bars  may  loose  their  stability  well  before 
the  internal  forces  become  equal  to  the  ultimate  bearing  capacities 
mHf  of  the  corresponding  members.  In  that  case  it  bocomes  neces¬ 
sary  to  find  the  critical  loads  for  all  the  compressed  elements.  It  is 
worth  noting  that  a  redundant  truss  can  fail  not  only  during  the 
application  of  the  loads  hut  also  during  unloading.  In  the  U.S.S.R. 
this  question  has  been  studied  in  detail  by  Prof.  S.  Bernstein  and 
Prof.  N.  Stroletsky. 

(5.(5.  REDUNDANT  STRUCTURES  SUBJECTED  TO  REPEATED 
LOADING 

The  unloading  of  a  redundant  structure  stressed  beyond  its 
elastic  limit  leaves  residual  strains  in  a  number  of  its  members. 
I  hese  strains  and  deformations  may  increase  with  each  successive 
loading  loading  finally  to  the  failure  of  the  structure.  The  ques¬ 
tion  is  of  the  greatest  importance  for  practically  all  structures  are 
loaded  and  unloaded  repeatedly  during  their  service  life. 

First,  let  us  see  what  will  happen  lo  a  redundant  structure  if 
a  single  load  is  repeatedly  applied  at  Lite  same  place  and  then  re¬ 
moved.  As  an  example,  let  us  lake  the  system  consisting  of  an 
absolutely  rigid  beam  carried  by  three  olasto-plastic  hangers 
(fig.  19.15).  A  single  load  P  is  applied  at  the  centre  of  the  beam. 
In  Fig.  20.15  we  have  represented  the  deflections  sustained  by  the 
system  during  a  series  of  successive  loadings  and  unloadings. 

If  the  magnitude  of  the  applied  load  V  is  smaller  than  that  of 
the  ultimate  one,  hut  sufficiently  large  to  provoke  plastic  deforma¬ 
tion  of  the  central  hanger,  this  hanger  will  retain  upon  unloading 
a  residual  strain.  The  two  other  hangers  even  if  their  elastic  limit 
has  never  been  exceeded  will  also  remain  strained  for  they  are 
connected  to  the  central  hanger  by  means  of  the  rigid  beam.  Hence 
upon  unloading  the  two  outer  hangers  will  remain  extended  and 
the  central  hanger  will  be  compressed,  the  sum  of  the  vertical  pro¬ 
jections  of  these  throe  forces  remaining  nil.  Thus,  the  residual  stres¬ 
ses  will  be  balanced  within  the  system  itself.  Let  the  residual  strain 

of  three  hangers  be  equal  to  A'.  When  the  structure  is  loaded  for 
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a  second  time,  compressive  stresses  will  disappear  in  the  central 
hanger  as  soon  as  the  load  has  reached  a  certain  magnitude  P.  Any 

additional  increase  of  this  load  will  lead  to  the  appearance  of  ten¬ 
sile  stresses  in  this  hanger  whereafter  its  elastic  limit  will  be  exceed- 

Fig.  10.15  Fig.  20.15 

ed  once  again.  However,  the  magnitude  of  load  P"  will  be  consid¬ 
erably  greater  than  at  the  first  loading  and  the  residual  strain 

A"  —  A'  will  he  smaller.  As  soon  as  the  applied  load  is  reduced 

fa)  (b)  ( c )  (d> 

Fig.  21.15 

to  its  former  value  the  stress  in  the  central  hanger  will  become  again 
equal  to  o,,F  while  the  stresses  in  the  two  other  hangers  will  become 
equal  to  those  developed  during  the  first  loading. 

The  additional  residual  strains  in  the  central  hanger  will  decrease 
with  each  loading  and  there  will  be  a  moment  when  they  will  be¬ 
come  completely  stabilized,  the  system  reverting  thus  to  a  perfectly 
elastic  state.  In  that  case  the  magnitude  of  the  load  leading  to  the 
failure  of  the  structure  will  be  the  same  regardless  of  the  number  of 

its  applications.* ♦ 

“It  is  assumed'that  the  number  of  loadings  is  well  below  that  loading  to  the 
appearance  of  the  fatigue  phenomenon. 
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Let  us  examine  also  tiie  case  when  different  loads  are  repeated 
in  succession.  The  structure  will  consist  of  an  elastic  beam  suspend¬ 
ed  to  three  hangers  (Fig.  21.15)  and  loads  P ,  and  P2  will  be  applied 
in  turn,  load  P ,  leading  to  the  appearance  of  plastic  strains  only 
in  the  central  hanger  and  load  P2  only  in  the  outer  ones.  As  for 
the  beam  itself  wo  shall  assume  that  its  elastic  limit  remains  unsur¬ 
passed.  After  the  lirst  application  of  load  Pt  permanent  deformations 
will  set  in  and  the  elastic  beam  will  become  concave  upwards  as 
indicated  in  Fig.  21 . 1 5« .  The  second  loading  will  lead  to  the  inver¬ 
sion  of  the  curvature  of  the  beam  and  after  unloading  the  beam  will 
remain  deflected  upwards  as  indicated  in  Fig.  21.15b.  The  subse¬ 
quent  loadings  and  unloadings  will  increase  the  residual  strains 
of  the  hangers  (see  Fig.  21.15c  and  d)  until  failure  will  occur  due  to 
excessive  strains.  The  bearing  capacity  of  a  structure  will  remain 
uneffecled  by  repeated  loading  only  if  the  increase  of  residual  strains 
stops  completely  after  a  certain  number  of  loadings  and  unloadings, 
and  provided  the  internal  forces  due  both  to  the  application  of  Hie 
loads  and  to  the  residual  strains  remain  below  the  ultimate  strength 
of  the  corresponding  cross  section.  The  above  condition  may  he 
expressed  by  the  following  inequality 

S  -(-  •$„<;  * S,tii 

where  S  is  the  total  stress  in  the  member  of  the  redundant  struc¬ 
ture  regarded  as  perfectly  elastic-  duo  to  the  applied  loads;  S0  is 
the  residual  or  initial  stress  in  the  same  member  existing  in  the 
absence  of  all  loads,  and  Suit  is  the  ultimate  strength  of  the  same 
member. 

It  follows  that  the  deformations  of  a  structure  will  remain  limited 

after  any  number  of  load  repetitions  only  if  it  is  possible  to  lind 
such  a  combination  of  residual  (or  initial)  stresses  that  their  resul¬ 
tant  with  the  stresses  due  to  the  given  external  loads  applied  in  any 
succession  will  remain  below  the  ultimate  strength  of  the  appro¬ 
priate  members. 

On  the  contrary,  if  such  a  combination  of  initial  stresses  and 
stresses  due  to  the  loads  is  impossible,  the  deformations  of  the  struc¬ 
ture  will  increase  indefinitely  until  failure  occurs. 

This  principle  lirst  established  by  BleiJch.  reduces  the  determi¬ 

nation  of  ultimate  loads  for  continuous  beams  to  a  simple  equali¬ 
zation  of  maximum  ordinates  to  the  envelope  bonding  moment 
curve  covering  all  possible  loadings.  In  the  U.S.S.R.  this  question 
has  been  studied  in  detail  by  Prof.  A.  Gvozdev  and  Prof.  A.  Rzha- 
nilsin. 
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parabolic  279-80 
stresses,  114-28 
support  reactions,  107-14 
lied,  141-9 
trussed,  229-33 

two-hinged,  403-4,  478,  180, 
528,  687 
trussed,  229-42,  578 
will)  variable  cross  sections, 
480-1,  528 

Articulation,  space  framed  structure, 

243 

Bur curved ,  331 
idle,  216 

inclined,  595 

number,  20-1,  28  ,  30,  192  ,  248-9 

polygonal,  338 
rectilinear,  338.  415-G,  588-90 
substitute,  182-4,  196,  254 Beam(s) 

cantilever,  69,  87,  365-0,  599-601 
influence  lines,  48-9 

bending  moment,  44-8 
reaction,  38-40 

shear,  44-8 
Continuous,  G77-84 

analysis,  447-8 
influence  lines,  466-77,  585-7 

bending  moment,  408-76 

reaction,  47C-7 
shear,  472-6 

cross,  216 

curved,  335-6 
deflections,  344 

degree  of  redundancy,  79-80 
double-span,  see  also  Beam(s), two-span 

ceiling,  465-6 

hinged,  77-8 
imaginary,  362-3,  371-2 miiltispati 

hinged,  83-5 
statically  determinate,  24-5, 

76-95,  275-6 
with  overhang,  see  Beam  is), 

cantilever 
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polygonal,  95,  381-2 
redundant,  593-601,  (512-3,  (5-19 
reference,  416-7 

simply  supported,  35-48.  77,  80 
influence  lines,  36-52 

bending  moment,  40-51 
reaction,  36-40,  49,  52 
shear,  -43-9,  51-2 

single-span,  595-9 
stability,  25,  80 

statically  determinate,  (571-5 
statically  indeterminate,  675-84 
trussed ,  406-7 
two-span,  464,  see  also  Boam(s), 

double-span  uniformly  loaded. 
416-7 

wooden,  070 
Belyakov,  N.,  13 

Bending  moments,  32-4,  40-3,  77 
carry-over,  658,  660 
determination,  53-7,  87-8,  114-7, 

416,  435,  457-8 
diagram,  32,  34,  77-8,  89,  117, 

186,  -463  ,  535-6  .  540-1,  553-4, 
582-5.  595-9,  602-4,  (508,  625-6. 
637 

summary  unit,  543,  552,  562 

envelope  curves,  4(51-6 
equilibrium,  36,  80-7,  128-9, 

155-0,  193,  225,  240,  618 
influence  lines,  see  Influence  lines, 

bonding  moment  maximum, 
70-6,  78,  465 

minimum,  -465 
positive,  31,  33,  114 
unbalanced,  658,  (560-1 

Bent 
statically  determinate,  95 

three-hinged,  104,  148-9 
Bernatsky,  X. ,  655 
Bernstein,  S  ,  694 
Betty,  321 
Bezukliov,  N.,  13 
Bleikh.  696 
Bolotin,  V.,  13 
Bridge 

cantilever.  84 

deck,  207 

highway,  567-71 
railway,  478,  577 

three-span,  567-71 
through,  207 

Centre 
elastic  430,  507 

rotation,  22 

instantaneous.  271-3 
zero  velocity,  see  Centre,  rotation 

Chain,  kinematic,  376 

deformations,  376-8 
Chord,  truss,  151 
Coefficient,  see  also  Factor 

thermal  expansion,  337,  521 
Cohesion,  granular  materials,  284 

Concreto.  shrinkage,  520-1 
Constraints 

imaginary,  656 

noecssary,  387-8 
number,  2-48-9,  387 

minimum,  246,  387 

preventing  joint  deflection,  594-5 
redundant,  249,  384-5,  388,  411, 

576 

replacement  by  forces,  266-8 
Contraction,  thermal,  sue  Strains, 

temperature 
Coulomb,  285 
Counterbrace,  151 
Cross,  H . ,  655 
Curves,  envelope, 

bending  moment,  461-6 
shearing  force,  464 

Deflections,  321-3 
graphs,  438,  508 

joints,  594-5 
principal,  391-2 
rigid  joints,  601 
secondary,  391-3 
structures,  378-82,  408-9,  413-4, 

421.  423-6 due  lo  temperature  change,  519, 

618-24 
unit.  391-2 Deformations,  sec  also  Deflections, 

Strains 

kinematic  chain,  376-8 
Diagonal,  truss,  216 
Diagram 

Maxwell-Cromona,  177,  579,  see 
also  Stress,  diagram 

virtual  displacements.  264, 

269-73 
Displacements 

computation,  340-82 
accuracy  control,  542-5 
elastic  loads  method,  357-63, 

486  ,  505-18 graph  multiplication  method, 

340-1 
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strain  energy  method,  355-7 

Vereshchagin's  method,  341- 
55,  363,  485,  489 

definition,  312 
dimensionality,  327 
horizontal,  421 
linear,  328 

negative,  263  ,  330 
positive,  263,  275.  330 
secondary,  429,  530 

unit,  489,  499-501 
virtual 

diagram.  204,  269-73 
principle,  261.  263 

Dome,  Schwedier 

Earth,  see  Materials,  granular 
Eccentricity  of  force,  124 
Elasticity,  theory,  11 
Elements,  see  also  Afemberfs) 

bearing  capacity,  674 
failure,  672 

secondary,  218,  223 
Energy,  strain.  317-21 
Ecpjalion(s),  see  also  Formula(s) 

equilibrium.  605  ,  632-5,  642, 
658 

kinematic,  643 
simultaneous 

abridged  solution,  545-50, 
635 

coefficient  checking,  61G-8, 
637 

solution 

by  graph  multiplication 
method,  612-5 

by  statical  method,  607-12 
strain  energy,  373-4 
of  three  moments,  444 

ultimate  equilibrium,  676 
Euler,  L.,  12,  106 
Expansion,  thermal,  see  Strains,  tem¬ 

perature 

Factor 

distribution,  657,  659-60,  662 
focal,  454-61 

lofl-hand,  454-6  ,  469 
right-hand,  456,  469 

load  combination,  669 
overload ,  009 
safety,  667-8,  681 
scale,  271,  273-5,  278 
stillness,  657,  659,  661-2 

uniformity,  669-70 
working  conditions,  670 

Filonenlco-Borodieh,  M.,  13 
Forco(s) 

external,  work  of,  310-6 
influence  linos,  see  Influence  lines 
internal,  see  Stresses 

maximum,  70-G 
normal,  33 

determination,  lf4-7  ,  363-4, 

555-6 diagram.  31,  556  ,  639-41 

positive,  31,  33,  114 
reactive,  606 
resultant,  123 

shearing,  32-4 ,  43 
determination,  53-7,  87-9, 

114-7,  545-5 
diagram,  31 , 34,  89. 555,  639 
direction,  417 
envelope  curves,  464, 
maximum,  465 
minimum,  465 

negative,  34 

positive.  31-2,  34 
triangle,  286,  288 

Formula(s),  see  also  Equalion(s) 

Coulomb's.  284 
Mohr’s.  329-31,  337,  345  ,  355 

Zhuravsky's,  314 
Framefsi,  see  also  Structured), 
framed 

double-span.  550-7.  561-7,  624-6, 

661  -6 knee,  336-7  ,  339-40,  378  ,  380-1, 
398-401,  420-1,  423-4  ,  582 

nuittispan.  422 

nonsymmetrioal,  021-4 
portal.  330  ,  345,  3i8-9  ,  393,  398, 

401-3.  410-5.  417-8.  540,  591, 
593.  009-11,  613,  615,  627,  647. 
691 

rectangular,  618-9 
redundant,  684-5 

rigid,  363-6 symmetrical,  532,  540,  550-7, 

361-7 
three-binged,  94,  353-4 
two-story,  557-64,  595,  641-2 

Framework,  see  Structured).  framed 

Galerkin,  li  ,  13 
Galilei,  G.i  11 
Gauss,  K.,  545 Graph 
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area,  343-4 
deflection,  438 

position  of  centroid.  343-4 
Gvozdev,  A  ,  13.  842,  (itttl 

Ifinge(s) 
crown.  238 

distribution  along  beam,  80-4 
double,  387 

intermediate,  384-5 
mobile,  83 
number,  79 

ordinary.  880-7 
plastic,  073.  081-2.  087.  091 

llonke.  1!..  12 

Hyperboloid,  Slmkliov’s,  243 

Influence  line(s) 

bending  moment,  40-51.  94-5. 
135.  144.  279-8(1,  434.  43fi, 
408-70,  513.  051 

ronsl  ruction 

kinematic  mclliod,  261-$', 
431,  435-4(1.  580 

method  of  instantaneous  cen¬ 
tre  of  rotation,  264-5 

neutral  point,  melbnd,  139, 
444,  239,  241 

slope  and  deflections  method, 
049-58 

statical  mothod,  431 
continuous  beams,  400-77,  585-7 
core  moment,  144 
critical  apex,  62 
normal  force.  138-9,  215,  513 
reaction,  30-40,  49.  52.  91,  93-4. 

130-42,  145,  213,  234,  238, 
241.  432,  430,  470-7 

redundant  structures,  431-40, 
503-18 

shear,  43-9.  51-2,  91-3.  135-7, 
207.  270,  432  3,  437,  472-0, 
513.  052 

similar,  71 

stress,  199-210,  223-33,  238-9. 

277-9 
thrust,  221,  234,  238 

Integral,  Mohr’s.  344,  340-7 

Joints 

deflection.  594-5  ,  00 1 
hinged,  18 
number,  248 

rigid,  17-8,  379,  590,  055 
deflections,  601 

Keldysh,  V'. ,  608 
King-post.  217 
Krylov,  A.,  13 
Kulihin,  T.,  106 

Lagrange,  J.,  12 
Lino 

cleavage,  285 

deflection.  363-7,  371 
elastic  577,  589 

influence,  see  Influence  lines 

pressure.  123-0,  479 
slip.  285 

Load(s) 

anlisymmelrical,  536-42,  640-7 
axle,  74 
concentrated,  34  ,  52-4,  189,  359, 

525,  597 
moving,  59-08 critical.  02,  07 

dead,  401-3.  470 
design,  009 
clastic.  303-72.  430.  506-9,  517 
equivalent,  700 
imaginary,  429 

indirect  application,  49-52 
live,  401-3 
most  unfavourable  position,  35, 

58-09 

moving.  34-5.  67,  466.  470,  479 
uniformly  distributed,  08-9 

position  of  centre  of  gravity,  429 
principle  of  superposition,  35 

repealed ,  694-6 statical.  310 

symmetrical,  536-42 
transformation,  538-42 
ultimate.  668-9,  678 

uniform,  54-7,  189,  596 
uniformly  distributed,  34  .  343 

Loading,  see  Load(s) 

Masses,  elastic,  430 
Materials,  granular 

active  pressure,  284-92 
angle  of  internal  friction,  283-4 
angle  of  repose,  283 
cohesion,  284 

particular  cases  of  pressuro  com¬ 

putation,  298-305 
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porosity.  282 

properties,  282-4 
Maxwell.  J..  310,  325 
Mornher(s),  see  also  Elemcntfs) 

idle,  249 

redundant,  249,  577-8 
stiffness  factor,  057 

truss,  groups  of,  218 
Mcthod(s) 

displacement  computation,  see 
Displacements,  computation 
influence  lino  construction,  see 
influence  line,  construction 

of  moments,  graph-analytical,  435 
Pimentel ’s,  290-2 
stress  d  eterm  iria  l,i  on ,  see  St  rcss( cs), 

determination 
Moment 

bending,  sec  Bending  moment 

core,  143-4 
of  inertia,  379,  480,  521,  528 
origin.  150 

reactive,  005-0 
Statical.  340 

Panel,  49,  151 
length,  210 

Papkovtch,  1’.,  13 
Pile,  sheet,  282 
Plane 

cleavage,  285-6,  294-5,  302,  307 
slip.  285 

Plasticity,  theory,  11 
Plate 

hearing,  15 

pin-connected.  270-3 
single.  269-70 

Poin  I 

focal,  454-61 
left-hand,  454-0 
right-hand,  456 

neutral,  131-5,  239,  241 
panel,  49.  151 

Polygon 

force,  122,  174-7,  179 
funicular,  122 

Poncelet  ,  290 
Ponomarev,  S.,  13 

Porosity,  of  granular  materials,  282 
Pressure 

earth,  282,  285 

active,  284-92,  295,  305 
direct  computation  of,  292-8 
unit,  296-7,  301-2  ,  305 

hydrostatic,  303-5 

of  impervious  soil  surjnouni.ei|  bv 

water,  304-5 
against  polygonally  shaped  sur¬ 

face,  301-3 
water,  305 
water  saturated  earth.  303-4 
wind,  009 

Principle 

of  superposition,  35,  310,  413-5. 
439 

of  virtual  displacements,  201, 

203 
Prokofyev,  I.,  13 

Proskuryakov,  L.,  217 

Kabinovich,  !..  13 

Reaclion(s),  84-7,  411,  405,  001-4, 
see  also  Supports,  reaction 

abutment.  240,  371 

analytical  niethnd  of  determin¬ 

ing,  107-8 graphical  method  of  determin¬ 

ing,  108-10 horizontal  components,  108 
imaginary,  466 

influence  lines,  sec  Influence 
line(s).  reaction 

redundant,  521-4 

unit,  010-7 
vertical  component.  108.  260 

Redundancy,  degree,  383-4,  380 
Rzluinitsin,  A.,  006 

Seinikolenov.  G.,  77 

Shukhov,  V7.,  10O 
Shear,  see  Force,  shearing 
Smirnov.  A.,  13 
Snitko,  N..  13 

Span,  truss,  151 

Strains,  see  also  Deflections,  Deforma¬ 
tions 

plastic,  671-2 
temperature,  337-40,  618-24 Strength 

design,  669 
ultimate,  091 

Stress(es) 

in  arches,  114-28.  481-521,  528 
due  to  concrete  shrinkage.  520-1 
determination 

accuracy  check,  550-7 
analytical  method,  (14-21 
approximate  methods,  484- 

521 ,  054-00 
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combined  method.  646-8 
direct  method,  182-6 
elastic  centre  method,  426-31 

focal  points  method,  453-61 
graphical  method.  122-8, 

174-82 
method  of  bar  replacement, 

254-6 
method  of  forces.  389-94, 

397-8,  408,  588,  641-2, 

047-8 
method  of  joints.  103-74, 

182,  192,  204-5,  251,  253-5 
method  ol  moment  distribu¬ 

tion,  055-66 
method  of  moments,  155-63, 

182,  200-3 .  216.  251-2 
method  of  reducing  spaco 

structure  to  plane  ones, 
256-7,  259-00 

method  of  sections,  161-3, 

251,  257-9 
method  of  shears,  203-4, 

251-3 
mixed  method,  641-6 
slope  and  deflections  method, 

588-653 

diagram,  177-82,  328-9,  415-23, 
582,  618 

distribution  in  trusses,  186-91 
due  to  erection  defect,  581 

in  framed  structures,  182-6,  199- 
216,  550-75 

normal,  143-4,  417 
in  redundant  structures 

due  to  movement  of  supports, 

410-5 
due  to  temperature  changes, 

408-10,  518-20 
in  three-hinged  arches,  114-28 
in  trusses.  153-82,  217 

Strcletsky,  N. ,  13,  668,  694 
Stringer,  49 
Slructure(s) 

adequate  strength,  667-8 
deflections.  344-5,  408-9,  413, 

421,  423-6 
deformations,  372-82 
design  methods,  067-90 
elastic  centre,  482 

framed,  17-30.  150  ,  404-6 

analysis,  628-41 
complicated,  20,  182-6, 

195-9,  213-6,  386 
influence  lines  for  stresses, 

199-216 

with  rigid  joints,  590 

rigidity,  investigation  by  zero 
load  method,  192,  249-50 

simple,  20.  191-5,  199-213, 
393-4,  411-3 
auxiliary,  425 

imaginary  state.  412-4 
space,  243-60.  378-82 
stability,  191-9 
statically  determinate,  26, 

182-6 three-dimensional,  see  Struc¬ 
tures,  framed,  space  thrust 

developing.  22.3-33 
hinged.  358.  366-72 
imaginary  state,  360-1 ,  412-4 
large-span.  106 
masonry.  667 

multispan.  213 

plane,  26-30 redundant,  383-5,  388,  393,  426, 
590-3.  654 ,  694-6 

analysis.  394-408,  529-87. 
620,  646-8.  658-66 
grouping  of  unknowns, 

533-6 
use  of  symmetry,  529-33 

equilibrium.  419 
influence  lines.  431-40,  see 
also  Influence  lines  stresses 

in,  408-15 reinforced  concrete.  667 

statically  determinate,  26-30. 
182-6.  213,  248-51,  482 

statically  indeterminate,  26-7, 
383,  394,  423-0,  581-5 

see  also  Structures,  redundant 

symmetrical,  529,  538 

analysis,  624-41 through,  see  Structures,  framed 

ultimate  state,  668-9 
Strut,  151 

Supports built-in  end,  17 

displacements.  372-6,  410-5 fixed.  22 
fixed  end,  17 
free,  15 

hinged  immovable,  see  Supports. 
fixed  end 

imaginary,  661 
movable,  22 

movable  roller,  15 

pendulum,  15 
reaction.  15,  17,  26.  36-40,  54, 

95,  105,  107-14,  445-0,  see  also 
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Heaclion(s) 

settlement,  415 

space  framework,  245-8 
spherical  fixed,  245-6 
spherical  movable,  245-6 
spherical  roller,  245-6 

stable,  23 

types,  (5-7 
System  (s) 

arched,  12 

auxiliary,  216-8 
complicated,  250 

displacement  graph,  358-60 
hinge-connected,  21,  330 
real  state,  328 

stable.  20.  22-3,  25-7,  192.  194 
statically  determinate,  30,  236, 

252 

statically  indeterminate,  30 
three-hinged,  104-7 
transformed,  182-3,  195-6 
triangulated,  uses,  12 
unity  slate,  328 
unstable.  18.  21 

instantaneously.  18,  23,  25, 
193-4,  196,  250,  270,  272 

unyielding,  18,  21,  23 

Tank,  elevated,  252 
Theorem 

Uastilliano’s,  355-6 
Maxwell’s,  325-7,  375,  391 
of  reciprocal  reactions,  613 
of  reciprocal  works,  321-5,  413-5, 613 

of  three  moments,  441-53 

Zhuravsky’s,  33,  358,  416-7 
Thrust,  115  ,  226  ,  240 

Influence  line,  224 
due  to  temperalaro  change,  520 

Tie,  151 

Train,  standard,  72-3 
Trusses) 

arched,  153,  223 

bridge,  453,  243,  277-9 
cantilever,  153  .  252 
classification,  152-3 
continuous,  577-8 
crescent ,  153 
deflections.  345 
double,  1 53 
double  Warren,  153 

end-supported,  153,  202-3 
equilibrium,  28 
hmge-jointed ,  18,  28,  236 

Howe,  152,  188 

with  inclined  supports,  223-9 K-,  153 

multiple,  153 

parabolic,  189 
parallel  chord.  152,  216 
piano.  17,  20,  251 
polygonal,  152, Post,  153 

Pratt,  152,  188  ,  205-7 
redundant,  093-4 

roof,  153.  658-61 
simple,  20,  28.  30,  153 

number  of  bars,  20-1 , 28  ,  30 

number  of  joints,  20-1.  28.  30 
stresses  in,  153-82 

statically  determinate,  28,30, 1 53 
statically  indeterminate,  » 426, 

438,  575-81,  693 

strain  energy  computations,  321 
with  subdivided  panels,  216-23 
three-hinged,  104 

through  bridge,  220,  278-9 
triangular,  152,  189,  209-13 

unstable,  21-2 
uses,  12,  150 
Warren,  152,  188 

subdivided,  217 

Whipple,  153 

Vereshchagin,  A  ,  341 
Vinci,  L. ,  11 

Vlasov,  V.,  13 
Wull(s) 

pile-,  281-2 
retaining 

loads,  281 

pressure  on,  282-309,  sec  also Pressure 

stability,  287 

types,  281-2 
uses,  12 

Wedge,  theory,  285-7,  305 
Work 

elementary,  315 

of  external  forces,  310-6,  322-5, 614 

of  moment,  312,  314 

or  shearing  stresses,  315 
in  terms  of  internal  forces,  322, 328 

Zavriev,  K.,  13 

Zhornochkin,  11.,  13 
Zhuravsky,  33 
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